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THE GAUSS TEST FOR RELATIVE CONVERGENCE.* 
By R. L. GoopstErn. 





Our problem is to establish in extended recursive number theory a test 
for relative convergence analogous to the familiar Gauss test for positive 
series. Recursive number theory is a formal system admitting only (primitive 
or multiply) recursive functions or relations (and therefore only bounded 
existential and universal operators). Formulations of recursive number 
theory have been given, inter alia, by [1], [2] and [3]*; we consider a 
simple extension of recursive number theory to rational functions of positive 
integral arguments. Propositions and proofs of the extended system R may 
be translated into the parent system with the help of the familiar definitions 
of fractions in terms of pairs of natural numbers and of rational numbers in 
terms of pairs of fractions. A fractional recursive function f(m, N2,° - *, Mx) 
is a pair of recursive functions a(m, 2,° - -,x~)/b(m, Ne,° + >, ,) such that 
b(m,,2,° * -, m,) > 0 for all natural numbers n, n2,- - -, nm, and a/b Za’/b’ 
according as ab’2a’b, and a/b + a’/b’ = (ab’ + a’b)/bb’, (a/b) - (a’/b’) 
=aa’/bb’, and a rational recursive function r(m,2,° ++, ,) is a pair of 
fractional recursive functions [f(m, m2,° - -, Mx), g(M1, N2,° * +, M%)] such that 
[7,9] 2 [f’, 9’] according as f+g’Zf'+g and [f,g)+[f. 9] =—f+fP, 
g+ 9); (fg) If. 91 =[ff + 99, f9 + f9], ete. 

The concept of relative convergence was introduced in [2] to serve for 
the expression in a rational field of an analogue of a convergent sequence of 
real numbers. A rational recursive function f(m, mn) is said to be convergent 
in m relative to n if (roughly speaking) f(m,) satisfies the Cauchy criterion 
for convergence in m only for sufficiently great values of n; convergence 
relative to n does not involve convergence for any fixed value of n, since for 
instance m/n is convergent in m relative to n, but m/n is not convergent for 


any given value of n. 


Definitions in R. A rational recursive function s(n) is said to be con- 
vergent if it is associated with a recursive function n(k) such that {n = n(k)} 
— | s(n) —s(n(k))| <1/(k+1), where n, & are free variables. A rational 
number p/q is said to be the limit of s(n) (and s(n) is said to tend to p/q, 


* Received July 30, 1948; revised December 27, 1949. 
* The numbers in square brackets refer to the bibliography at the end of the paper. 
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denoted by s(n) + p/q) if s(n) is associated with a recursive function n(k) 
such that {n= n(k)}—>| p/qg—s(n)| <1/(k +1), where n, & are free 
variables. If s(n) —>p/q then s(n) is convergent, for | s(n) —s(n(k))| 
S | s(n) — p/q| + | s(n(k)) — p/q| < 2/(k +1), when nZ=n(k). The 
function s(n) is divergent if it is associated with a recursive d(n) and a 
constant k= 1 such that | s(n + d(n)) —s(n)|21/k, where n is a free 
variable. 

The function s(n) is said not to tend to a limit if there are recursive 
functions v(p,q) = 1, n(p,q,7r) =r, such that 


{n =n(p, 4,7) }—> | s(n) — p/(q+1)| 2 1/-(p, 9), 


where p, g and r are free variables. 

In a rational field, of course, a convergent function does not necessarily 
tend to a limit. For instance, if s(n) = u(n)/n!, where u(0) = 1, u(n + 1) 
= (n+ 1)u(n) + 1 then s(n) converges, for if n > q then 0 < s(n) = s(q) 
<1/q(q!) ; but 


{s(q) — p/q}(q!) = u(q) — p{(¢q—1) }} 
= (q—1)[¢: u(q—2) +1— p{(q—2) 3] +2 


= 2(mod(q—1)), gq=4. Hence | s(n) —p/q| 2 (1—1/q)/q!, for 
n >q=4; in the cases gq = 1, 2,3, for n > 4 the difference | s(n) — p/q | 
is least for p= 8, g=3 and | s(n) —8/3| >1/24. Thus s(n) does not 
tend to p/q for any p, q. 

The restriction to bounded operators does not seriously complicate the 
theory of ordinary convergence. The principal classical result lost by this 
restriction is that which asserts the convergence of a bounded monotonic 
sequence. For a proof in # that any non-decreasing recursive function f(n) 
is associated with a recursive n(k) such that 


n= nr (k) >| f(n) —f(mr(k))| <1/(k +1) 
entails that an equivalent of the formula 
(n) (k){n = p(k) > | f(m) —f(mr(k))| < 1/(k + 1)} 


is provable in the system Z, of Hilbert-Bernays [3], and so if T(m) is a 
recursive relation such that T(v) holds for any assigned numeral v but 
(m)T(m) is non-demonstrable in Z,, and if f(n) is the characteristic function 
of the recursive relation (m){m=n&T(m)}, then f(n) is demonstrably 


recursive, non-decreasing and bounded by unity, in Zp. By hypothesis there 
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is a recursive function n;(z) in F# and so a recursive term n7(z) in Zp such 
that the formula 


(n) {n= nj(0) > | f(n) —F(m7(0))| <1} 


is demonstrable in Zy, whence it follows that 


(nm) {n = m7(0) > f(m) = (mr (0) )} 


is demonstrable. Since n;(x) is primitive recursive, there is a numeral w 
such that the equation ns(0) = w is provable in Zz; but T(r) is provable in 
Zu for r—1,2,---,w, so that (n)(nSw&f(n) —0) is provable, and in 
particular f(n;(0)) —0O is provable. It follows that (n)(f(n) 0) is 
demonstrable in Zz, from which we conclude that (m)T(m) is demonstrable 
in Zy, in contradiction to the hypothesis on T'(m). 

We preface our discussion of relative convergence by a brief examination 
of the validity in R of the elementary tests for ordinary convergence of 
positive series. We denote by a(n), u(n), etc., positive (non-zero) recursive 
functions, and define for any function f(n), 


Lio) = Hm), "FS H) =— SH) + h(m+n+y), 


mtn 
so that, e. g., Sa(r) is monotonic increasing with n. 
r=m 


n 
If x is a rational variable then }2" is convergent for 0 << az < 1, and 
r=0 


n-1 
divergent for x21; for if e~1, Sa7=(1—2")/(1—2z) (proof by 
r=0 
induction), and if y>0, (1+y)"21-+ ny (proof by induction), so that 
n-1 
1/(1+y)"—0, whence, taking y= (1/r)—1>0, S}¥at—>1/(1—2), 
r=0 


n+1 n 
provided that 0<a<1. If x21 then Sa’—DS ae —2""'=l, so that 
r=0 r=0 


> a" diverges. Similarly if a(n) does not tend to zero then >> a(r) diverges, 
r=0 r=0 


for ¥ a(r) ~= > a(r) =a(n+ 1) = 1/r(0, 0) provided that n + 1 = n(0, 0, p). 


If ¥ a(r) diverges then (1/ S.a(r)} 30 for any fixed m; let 
r=m 


s(n) =—Sa(r) and $(0)—0, ¢(n+1)—¢(n) + d(d(n)), so that 


s(¢(n + 1)) —s($(n)) 21/k, by hypothesis, whence s(¢(n)) = n/k and 
so, for p= $(n), 1/s(p) S1/s(o(n)) Sk/n 0. 
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The elementary tests. 


The comparison tests. (i) If u(n), v(m) are associated with a non-zero 


constant k, such that u(n) S kv(n), then the convergence of > v(r) entails 
r=0 

that of » u(r), and > v(r) diverges with S u(r). For Su(r) — k> o(r). 

r=0 r=m 


r=0 r=0 r=m 


(ii) Ifu(n+1)/u(n) S v(n + 1)/v(n), then > u(r) converges with 


> v(r) and the latter diverges with the former. For u(n) = {u(0)/v(0)}o(n). 


r=0 


Cauchy's first test. If for some constant k,u(n) Sk" < 1, then » u(r) 
r=0 
converges (by the foregoing test); if u(m) 21, for n=n(r), where 


n(r-+1) >n(r), then ¥ u(r) diverges (for u(n) does not tend to zero). 
r=0 


DAlembert’s test. If for some k, u(n+1)/u(n) Sk <1, then 
u(n+1)/u(n) = k"*/k", and so > u(r) converges, by (ii) above. If 
r=0 
u(n+1)/n(n) = 1, then s u(r) diverges, since > 1 diverges. 

r=0 r=0 
Kummer’s test (original form). If for some constant B 


c(n){u(n)/u(n + 1)}—e(n+1) 2B>0, 
and c(n)u(n) +0, then > u(r) converges, since 


BS u(r) <= c(n)u(n) —c(N)u(N) < e(n)u(n) > 0. 


Dini’s form of Kummer’s test, which omits the condition c(n)u(n) > 0, 
is not valid in R (unless some additional condition is imposed, for instance 
that }}1/c(n) converges, when convergence follows by the comparison test). 
In fact we can show that Dini’s form of the test is equivalent to the assertion 
of the convergence of any bounded monotonic sequence. For if s(n) is any 
strictly increasing sequence bounded by B and if u(n) =s(n) —s(n—1), 


v(n) —B—Su(r) and c(n) =v(n)/u(n), then c(n){(n)/u(n+1)} 
r=1 
—c(n+1)—1. 
Cauchy's condensation test. If f(n) is steadily decreasing, then > f(r) 
r=0 


n on+1_4 
and > 2°f(2") converge and diverge together. For > f(r) < 2"*f(2") and 
r=2" 


r=0 
QN+14 N 


M N 
therefore > f(r) < >} 2°f(2"), whence ¥ f(r) < 5 2°f(2"), if W"#—_1=M. 
r=2" T=n r=2" r=n 
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Qn*l 2N+1 
Feevieemore: >) Ai r) = 2"f(2"*") and so > f(r) = 3 Q°f (271), if 2@+1=m. 
rm r=n 
It follows that > 1/r is divergent, and therefore {1, is (1/r)} — 0, for fixed 


m. Also, y 1/r? converges since > 1/2" converges. 
7T=1 r=1 


Raabe’s tests. (i) If u(n)/u(n+1)21+4k/n, for some k>1, 
then » u(r) converges. 

r=0 

We observe first that n- u(n)/(n + 1)-u(n+1) 21+ (k—1)/(n+1) 


and so, since 
(1+ (k—1)/(n+1)) (1+ (4—1)/(n+2))- 
- (1+ (k—1)/N) > (k—1) S1/r, 


therefore N-u(N) Sn-u(n)/(k—1) 3 (1/r) + 0, keeping n fixed. Hence 


r=nt1 
Kummer’s test applies, and > u(r) converges, since {n-u(n)/u(n-+ 1)} 


oe TS to? ae 

(ii) If u(n)/u(n4+1) S14+1/n+1/n > (1/r), then > u(r) di- 
verges ; we prove first that > {1/r > (1/p)} sibibie Since 3 (1/r) sd 
therefore $ (1 /> (1 Pt es by comparison with > oe: 1)), and 
so, by linia Gilets test, = {1/r( > (1/p)) pment Writing 
v(r) = U/r( 1/p), we find sion 

v(n)/o(n + 1) = {1 + (n+) ¥ (1/r)}/m (1/r) 

<141/n+ 1/n& (1/r) 2 u(n)/u(n+ 1); 


and therefore D u(r) diverges. 


Before summarising the foregoing tests in the Gauss test we must prove 
the theorem : 


If > u(r) is convergent and nu(n) steadily decreases to zero, then 
=2 


{ > 1/r}nu(n) > 0. 


If n=r, nu(n)/r = {nu(n)/r u(r) }u(r) S u(r), and so, since ¥ u(r) 


r-0 
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converges we can choose n(k) so that { >> 1/r}nu(n) < 1/2k, for n> n(k). 


r=n(k)+1 


n(k) 

Moreover since nu(n) — 0, we can determine r(k) such that { }1/r}nu(n) 
r=1 

<1/2k, for n= r(k), whence { > 1/r}nu(n) < 1/k, n=r(k),n>n(k). 

r=1 

The Gauss test. If for some constants a, B, u(n)/u(n+1)—a-+ B/n 

+ 6(n)/n?, where | 0(n)| = M, then by the ratio test, or Raabe’s test, a > 1 

or «=1, 8 > 1 suffice for the convergence of » u(r). Since { > 1/r} (1/n) 
r=0 r=1 

—0 by the foregoing theorem, therefore we can find N(r) such that 

| O(n) |/n? < ind (1/r), for n= N(M), and soa<1,ore¢—1andB=1 

r=1 


suffice for the divergence of > u(r). 
r=0 


This completes the preliminary survey and we come now to relative 
convergence. 


Definitions. 


The recursive function s(m,n) converges in n, relative to m, if we can 
determine recursive functions N(k), M(k,n,n*) such that 


| s(m, n*) — s(m, n)| < 1/k, for all k= 1, n* =>n= N(k), m= M(k, n, n*). 


s(m,n) diverges in n, relative to m, if we can determine recursive 
functions A(n), M(n,n*) and a constant k =1 such that 


| s(m,n+A(n)) —s(m,n)| 21/k, for m= M(n,rA(n)). 


s(m,n) —0 in n, relative to m, if we determine N(k), M(k,n) such 
that | s(m,n)| < 1/k, for all k 21, n=N(k), ma M (k,n). 

Throughout the following theorems a(m,n), b(m,n), c(m,n) are 
positive, non-zero, recursive functions. 


THEOREM 1. If for some k, a(m,n) Sk <1, for m=M(n), then 


n N N 
> {a(m,r)}" ts convergent in n, relative to m. For Sa(m,r)"=>F, 
r=n 


r=0 r=n 
m=max{M(r),nSrSN}. 
THEOREM 1.1. If a(m,n) = 1, forn=<i(r), where i(r + 1) = r+ ir), 


and for m= M(n) then > {a(m, r)}" diverges relative to m; (proof trivial). 
r=0 


THEOREM 2. If for some X>0, a(m,n) SAb(m,n), for m=O(n), 


ne ne aoe 








th 


re 


NA 


IA 


BS =A 4a 


~~ & 
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n n 
then the relative convergence of }b(m,r) entails that of },a(m,r), and the 
r=0 r=0 
m+n 
relative divergence of the latter entails that of the former. For > a(m,r) 
r=m 


m+n 
=rA> d(m,1r), m= max {0(r), mSrsm+n}. 


THEOREM 2.1. If there are constants h,H such that 0 << hSa(m, 0) 
=H, h=b(m,0) =F and a(m,n+1)/a(m, n) S b(m,n + 1)/b(m, n), 


n 
for m= 6(n), then the relative convergence of >} b(m,r) entails that of 
r=0 


> a(m,r), and the relative divergence of the latter entails that of the former. 
r=0 
For a(m,n) = (H/h)b(m,n), m= max{6(r),0SrSsn—}}. 


THEOREM 3. a(m,n+1)/a(m,n) =k < 1, form= Yn), is a sufficient 
condition for relative convergence, since a(m,n-+1)/a(m,n) S k™**/k", for 
m=y(n). a(mn+1)/a(m,n) 21, for m= o(n), suffices for relatwe 


n 
divergence, since > 1 diverges. 


r=0 
THEOREM 4. If there is a constant B >0 such that c(m,n) {a(m, n)/ 
a(m,n + 1)}—c(mn+1)=B, form =T(n), and tf c(m,n)a(m, n) > 0 


n 
in n, relative to m, then S,a(m,r) converges relative to m. 
r=0 


N 
For B Sa(m,r) S c(m, n)a(m,n), m= max (T(r, 8B), nSrsS N—1). 


r=nt+1 


THEOREM 5. If there is a constant p > 1 such that a(m, n)/a(m,n-+ 1) 


n 
=1-+ p/n, for m= M(n) then Sa(m,r) converges relative to m. 
r=0 


We readily prove n-a(m,n) —-0 in n, relative to m, and the result then 
follows from the previous theorem. 


THEOREM 5.1. Jf a(m,n)/a(mn+1)S1+1/n+ 1/fn> (1/r), for 


m= M(n), then >> a(m,r) dwwerges relative to m. (Proof the same as for 
ordinary divergence.) 

THEOREM 6. If f(m,n) ts monotonic decreasing in n, relate to m, 
i.e. if there is a recursive M(n, N) such that f(m,N) <f(m,n), for N >n, 
m= M(n,N), then S f(m, ae > 2° f(m, 2") converge and diverge together, 
relative to m. (Proof as for ordinary convergence. ) 


THEOREM 7. If a(m,n)/a(m,n+1) =a + B/n+ 0(m, n) /n?, 
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m=®(n), | 0(m,n)| < M, then a>1, or a1, B>1, are sufficient con- 
ditions for relative convergence, and «<1, or a1, BS1 are sufficient 
for relative divergence. This follows from Theorems 3, 5, 5. 1. 

We proceed next to sharpen Theorem 7, proving first a series of pre- 
paratory theorems. 


THEOREM 8. If a>b, nb™ < (a*—b")/(a—b) < na™, n= 2. 


Proof. If x >1,n>1, then Sa >n--+ 1 (proof by induction), and 
r=0 
therefore (2"*t—1)/(x—1) >n+1, whence, taking x= a/b, 
(a — b") /(a—b) > ($1). 


Similarly, if <1, > 1, then > x" < (n+1) and therefore (1— x"*’)/ 


r=0 


(1—2z) <n-+1, and the second half of the theorem follows by taking 
x = b/a. 


THEOREM 8.1. If @ is positive, and p, q are positive integers, p> 4q, 
then (14+)? > {1 + (p/q)ay@. 

This is a simple consequence of a special case of the famous theorem of 
the means, viz. 

(ma + nb)"*"/(m + n) > ab", a4b, m,n positive, non-zero integers. 
(There are several algebraic proofs of the theorem of the means which are 
valid in the present system, for instance Cauchy’s proof as it is given in [4]). 

Take m=q, m+n=—p, a=1-+ (p/q)a, b=1 and the theorem 
follows. Similarly, if p< q, taking m—p, m+n—q, b=1, a=1+4, 
we have (1+ a)? < {1+ (p/q)a}4. 

THEOREM 9. If p,q,x are integers, x >1, g>1, p=1, and if a 18 
the greatest integer such that (ax,)%S 2 - 2"4, then 2/2" 1s convergent. 

Proof. Since (2a,)%S a? - 2+), therefore x;,, 2 2a, and so 2%/2* is 
monotonic increasing, and since 2, is the greatest integer such that (2)? S 2?, 
and 149 < 2, then x 1 and so % >2*. From (a2,)?S 2-244 < ad. Qk 
it follows that 2, < a?-2*.2 Hence 

OS oP — (4/2) 4 < (te + 1)4— (te) 3/24 < g(a + 1)T7/2k4 

(by Theorem 8) 
< q{a? + 1/2*}24/2" < qa + 1}61/2 > 0, 


i.e. (2%/2*)% converges to 2. 


q-1 
* Since t¢—1= { ¥t7}(t—1), it follows that if t > 0, then t2?> 1 according as 
r=0 


t¢@2> 1. 
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Writing 2x;,/2" = yx, so that y, is monotonic increasing and 4,2 converges, 
then, since {(Yisr)?— (ye)"}/{Yerr — Ye} > G(Ye)* > GQ, Le. Yer — Ye 
< {(Yxr)?— (yx)/q, so that y, converges, which completes the proof. 

Definition. We define, for p=1, g>1, t>1, x(a, p,q, k) = 14/2 
(where 2; is given alone) and y(1,q, p,k) =1. 


n 
THEOREM 10. > 1/x(1, p,q, &) is convergent in n, relative to k, if p>q 
r=1 
and divergent in n, relative to k, if pS q. 


Since {x(2, p,q,k)}4—>a?, therefore, writing a,—y(¢+1, p,9q,k)/ 
x(t, p,9,k), we have if p>q, (a)4—~(1+1/z)?> (1+ p/qz)? by 
Theorem 8.1; the convergence of a, determines a recursive function Q(z) 


such that | (1+ 1/r)®— (a)27| < (1+ 1/c)*?— (1+ p/qz)? for k= Q(z), 
and therefore (a,)4 > (1+ p/qx)%, i.e. a >1+ p/qe for k= Q(z). It 


follows, by Theorem 5, that > 1/x(r, p, q, &) converges relative to k, if p > q. 
r=1 


It p=q, x(n, p,4,k) =n, and so 31/x(r, p,q, k) diverges. If p <q, 
r=1 
&%<1+ p/qx for k= Q*(x), whence, by Theorem 5.1, > 1/x(1, p, q, &) 
r=1 
diverges relative to k. 


THEOREM 11. If (n,p,q,k) =1/x(n,p,9q,k) then, for p>q, 
o(n, p,q, *) 1s monotonic decreasing to zero, relative to k. 


For 


$(n, p, 9, k)/b(m + 1, p,q, k) > {n/(m + 1) }{1 + p/gn} 
=1+ ((p/g) —1)/(n +1) 
if k= Q(n), p > q, 8o that $(n, p,q, &) is monotonic decreasing, relative to 
k, and further, if N >n, 


N 
$(N, p, 9, &)/o(n, p,q, k) < 1/ TI (1 + ((p/¢q) —1)/r} 


T=nt+ 


N 
<1/((p/q) —1) 2 (1/r) 0, 


k = max {Q(r), nSrsSN—}}, 
i.e. O(N, p,g,k)— 0 relative to k. 


THEOREM 11.1. If p>q, { > (1/r) }n/x(n, p, gq, &) 0, relative to k. 


r=1 


If n >r, by Theorem 11, 
$(n, P; % k)/$(r, P> 4; k)x(1, P> %, k) < 1/x(r, P; % k) 
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for k = max{Q(m),rim=n—1}. Since > 1/x(r, p, 7, &) converges rela- 
r=1 
tive to k, if p>q, given x=1, we can determine n(x) and 8(n,2x) such 
n 
that, >& 1/x(r, p, 9,4) < 1/22, for n2=n(r), k2=S(n,x). Furthermore, 
r=n(a) 


since $(n, p,q, k) +0, relative to k, we can determine v(x) and (zx) such 
n(2) 
that { > (1/r)}4(n, p, 9g, k) < 1/22, for nZ=v(x), k= n(n, 2). Hence 
r=1 
{¥ (1/r)}$(n, p,q k) < 1/2, 
rT=1 
n> max (r(2),n(z)), k= max{y(n,2),3(n,2), [max {Q(m), n(x) <m 


= n— 1}]} 1-e. (> (1/r) }o(n, p,q, &) 0 relative to k. 


We are now in a position to state the analogue, for relative convergence, 
of the Gauss test. 


THEOREM 12. If a(n, k)/a(n+1,k) =a+ B/n-+ O(n, k)/x(n, p, q, *), 
for p>q, | 0(n,k)| <M, and kZ[A(n), then a>1 or a—1, B>1 are 


n 

sufficient conditions for the convergence of S\a(r,k) relative tok, and «<1 
r=0 

or a1, B=1 are sufficient conditions for relative divergence. 


We have to consider only the cases a1, B>1; a—1, B=1. If 
B>1, since 0(n, k)d(n, p, q,k) 30 relative to k, we can find No, K(n) 
such that 


| n° 4(n, k)/x(n, P; q; k) | < (1/2)(B — 1), for n = No, k = K(n), 
and so 
a(n, k)/a(n + 1, k) > 1+ (1/2)(8 + 1)/n, for n= No, k = max {K(n), A(n)}, 


which suffices for relative convergence, by Theorem 5. 
Similarly, if B<1, a(n,k)/a(n+1,k) << 1+ (1/2)(8 +1)/n, which 
proves relative divergence, by Theorem 5. 1. 


If B =1, since { > (1/r) }(n, p, g,&) + 0, relative to k, therefore we 
r=1 
can find n) and J(n) such that | 6(n,k)/x(n, p,q, k)| < i/n> (1/r), for 
r=1 


n= nN, k = J(n), whence > a(r,k) is divergent, relative to k, by Theorem 
r=0 


5. 1. 
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Appendix. 
The index laws for x(n, p, q, k). 

1. If r>0, x(n, pr, gr, k) = x(n, p, g, &). 

Writing m —2*- x(n, p,q,%), then mS nPr-2r and (m-+1)% 
> nor - 24 so that nm, is the greatest integer such that n,2" = npr - 2*ar, whence 
the result follows. 

Accordingly we may write x(n, p,q, k) wm the form x(n, p/q, k). 


2. x(ab, p/q, k) — x(a, p/g,) -x(b,p/q,k) 0 in k. 
We have {x(a, p/q, k)}4S a, {x(0, p/q, k) }4 S 0, and therefore 
{2% (a, p/q, b) - 2*x(b, p/q, &)}4S (ab) 924; 
but 2*y(ab, p/q, k) +1 is the least integer such that 


{2% (ab, p/gq, &) + 1}4 > (ab)?- 2*, 
and therefore 
2°ky (ab, p/q, &) + 2* > 2 x(a, p/q, k) - 2*x(b, p/q, k), 
i.e. 
x(ab, p/gq, &) — x(a, p/q, &) -x(b, p/g,&) > —1/2*. 
Similarly 


(x(a, P/4: k) + 1/2*) (x (6, P/ > k) = i 1/2") > x(ab, P/4 k), 


whence 
— 1/2" < x(ab, p/g, &) — x(a, p/g, &) +x (6, p/q, &) 
< {x(@, p/q, &) + x(b, p/q, &) + 1/2*}/2*, 
which proves the theorem, since x(a, p/q,&), x(b, p/q, &) converge in k. 
&% IfipZ=i,¢>1,°21,3>1, 2 = 1, then 
x(n, p/q, k) + x(n, 1/8, k) —x(n, p/q +1/8,k) +0 in be. 
(Proof the same as in 2 above.) 


Definition. We define, for a= 1, b> 1, 


xr (a, b, P/4: k) me x(4@, P/d, k)/x(6, P/4; k). 


Since x(a, p/q, k), x(b, p/q, &) are both convergent in k, and x(b, p/q, k) > 1, 
therefore x;(a, b, p/q,k&) is convergent in kh. 


4. Ifc=1, x;s(ac, be, p/q,k) —xz(a, b, p/q, k) 0 in k. 
For x7(ac, bc, p/q, k) —xz(a, b, p/q, k) 


__ x(ac,p/q,k) _ x(a, p/q,k)  x(c, p/q, k) 
x(be, p/q, k) x(5, p/q, k) x(¢, P/9, k) 


— 0, in k, by 2. Accordingly we may write x;(a/b, p/q, k) for xz(a, b, p/q, k). 
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5. xr(x(2, p/g, &),7/s,A) is convergent in & relative to A and 


x(x, pr/qs, &) — xr(x(«, p/9, &), 1/8, 4) 0 
in k, relative to X. 
Proof. Write rz, = 2*- (2, p/q, k), so that 
xr (x(a; P/4 k), r/s, A) = x (2x, r/s, A)/x (2, r/8, A). 
Keeping k fixed, {x(ax,1r/s,rA)}*— (a)" and {x(2*, r/s, A) }*—> 2", and, 
further, (2,/2*)?—> 2, in k, wherefore we can find K(n) and L(n,k) such 


that 
0S a — (2, /2*)” < 1/n, for k= K(n), 
| {x/2*} 9" — {x (ae, 7/8, X)/x(2*, 7/8, 4) }% | << 1/n, for AZ L(n, k), 
and so 
| Pr oe {x (x, r/s, d)/x(2*, r/s, d) jas | < 2/n, for k = K(n), A = L(n, k), 

i.e. {x¢(x (2, p/q, &), r/s, 4) }% is convergent to x" in k, relative to 4; denoting 
xt (x(2, p/q, &),1r/s,4) by O(k,A) we see that, since x, > 2” and x(y, 1/s, A) 
increases with y, therefore 0(4,A) = 1, and so for any n, N, by Theorem 8, 
if p=1, | A(N,A) —QA(n, d)| S | O(N, A)? — Q(n, A)? | /p, whence it -follows 
that Q(k, A) converges in k& relative to A. Furthermore {y(2, pr/qs, k)}%* — xr 


and so 
{x (x, pr/gs, k) }4 — {Q(k, 4) }# 30 


in k, relative to A; since O(k,A) = 1 and x(a, pr/gs,k) = 1, therefore 
| x(2, pr/gs, &) — O(k, X)| S | {x(2, pr/gs, k) }4* — {Q(k, d) }4* | /gs 


(if g 21, s=1) and so x(z2, pr/qs, k) —Q(k,r) +0 in k, relative to X. 


UNIVERSITY COLLEGE, LEICESTER, ENGLAND. 





BIBLOGRAPHY. 





1. H. B. Curry, “ Formalisation of recursive arithmetic,” American Journal of Mathe- 
matics, vol. 63 (1941), pp. 263-282. 

2. R. L. Goodstein, “ Function theory in an axiom-free equation calculus,” Proceedings 
of the London Mathematical Society (2), vol. 48 (1945), pp. 401-434. 


3. D. Hilbert and P. Bernays, Grundlagen der Mathematik, Berlin, I (1934), II (1939). 
G. H. Hardy, J. E. Littlewood, G. Pélya, Inequalities, Cambridge (1934). 




















JACOBIAN EXTENSORS.* 


By Homer V. Crate and Wittiam T. Guy, JR. 





1. Introduction. The purpose of the present paper is to extend the 
general notions of contravariance and covariance so as to include what we 
shall call Jacobian-contravariance and Jacobien-covariance or briefly j-con- 
travariance and j-covariance. As the title perhaps suggests, the essence of 
this innovation is the introduction of quantities which follow a transformation 
law which is formally equivalent to that of tensor analysis but differs in 
content by the presence of certain coefficients X%» which depend upon the 
Jacobian and are analogous to the extensor coefficients X sup aainfpr. To 
be more specific, the new transformation equations contain, in addition to 
the coefficients X*, (X%, = 02*/0z") and X sup aa inf pr of tensor and extensor 
analysis, certain coefficients X%» which are related to the weighted Jacobian 
X (X =«2z/Z)”) in the same way that the coefficients X sup aa inf pr are 
related to the quantities X*,. The symbol X sup aa inf pr denotes the partial 
derivative of z“ with respect to “" and the relationship just mentioned is 


X*,, — (*) X4, (A-P) . 


Here Aa, Pp and the enclosed superscripts indicate differentiation 
with respect to the curve parameter ¢. The capital indices are introduced 
to forestall summation. , 

We shall find that Jacobian extensors include weighted and absolute 
tensors and scalars as special cases and that their properties are so similar 
to those of ordinary extensors that much of the older theory may be taken 
over without proof. In addition, we shall show that given an ordinary 
connection one may develop readily its Jacobian counterpart, which we call a 
Jacobian connection. Finally, the Jacobian connections are such that they 
enable us to express the higher order intrinsic derivatives of weighted tensors 
as contractions of certain extensors. This provides a very satisfying theory 
of the algebraic structure of these rather complicated derived tensors. 

The material to be presented falls into two rather sharply delineated 
subdivisions. Part A is concerned entirely with developments which are 
valid in any N-dimensional space which bears a coordinate system, while 


* Received December 1, 1948. Presented to the Society, November 27, 1948. 
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Part B presumes a space with symmetric connection. The symmetry of the 
connection facilitates the work by providing for the use of geodesic 
coordinates. 


Part A. 


In the present major division, we assume that there is given an N- 
dimensional space, a coordinate system, and the group of one-to-one differen- 
tiable coordinate transformations. 


2. Notation. The notation employed is for the most part that of 
certain related works, particularly numbers [3], [4], [5] of the appended 
bibliography. Accordingly, we describe it rather briefly. Enclosed Greek 
and numerical indices as well as primes indicate differentiation with respect 
to a curve parameter ¢. Repeated lower case Latin and Greek indices engender 
summations from 1 to N and from 0 to M, respectively, unless the contrary 
is indicated; while repeated capital indices do not generate sums. Further, 
indices at the last of the alphabet such as r, s, t, u, v, w, p, o, r indicate that 
the symbol of which they are a part belongs to coordinate system (Zz). Thus 
we write 2" for @". Indices at the first of the alphabet a, b, c, d, e, a, B, y, 8, « 
are correlated to system (x). Finally, the symbols (2/Z), (Z/x) denote, 
respectively, the Jacobians associated with the coordinate transformations 
x* = £*(Z), @ —# (x), while X and X stand for these Jacobians raised to 
the w power with w a given positive integer or zero, thus X = (z/Z)”. 


Special convention. All terms which contain symbols bearing numerical 
indices out of their natural range are to be given the value zero. For 
example X‘*?) —() whenever p exceeds a, for we take the range of indices 
which indicate the order of differentiation to be zero and the positive integers 
instead of extending this range by a definition. 


3. The Jacobian symbols X%, X°,. The coefficients of the components 
in the transformation equation for Jacobian extensors are defined as follows: 


A - 
Definition 3.1. X%» = (?) X‘A-P) X?, = (Z)z (P-A) 
A=a, P=—p. 
With regard to this definition, it should be borne in mind that the new 
symbols vanish, by virtue of our special convention, whenever the subscript 


exceeds the superscript. A second and very important property of these 
symbols is expressed by 
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THEOREM 3.1. If Z, x, and & are any three coordinate systems of the 
infinite group of tensor analysis and if we correlate the indices d, a, and p 
to these coordinate systems, then 


XX%y =e Xp. 
.Proof. By virtue of Definition 3.1 and the fact that the effective range 


of « is from p to A since an X vanishes whenever its subscript exceeds its 
superscript, we may transcribe the left member as follows 


XA4X%p oe > (*) (f)xo-oxe, 
a=P 4 P 


We now replace the dummy index 2 in the right member with A — 8 with B 
ranging from 0 to A—P. The result is 


A-P are * 
2 ( a ) * " XB) X(A-P-B) 
B=0 A— B P 
4 [A\fA—P\, A A—B 
which upon substituting P ey for “s~ P becomes 


A\A-P nee ~ 
Y¥(B) Y(A-P-B)_ 
(els 2" 


But by the Leibnitz rule for differentiating a product and the fact that 
XX = (@/x)” (ax/%)” = (%/Z)” =X, we may transform this last expres- 
sion successively into the members of the equality 


A Fea A 
(>) (XX) (A-P) — (S) xu we X%p. 


Thus we have proved that ¥\,X%) = X*» and the theorem is established. 
An immediate consequence of this theorem is the 


CoROLLARY. XgA%g = Ho. 


Proof. Xg = (5) 1(P-2) —= $y, 


4, Jacobian extensors. As we have indicated in the introduction, the 
essential point of distinction between ordinary and Jacobian extensors is the 
presence of the symbols X%p) in the transformation equations of the latter 
quantities. To illustrate, the transformation equations for the two types of 
Jacobian extensors of the first order of weight w (w >0) and range M are 


as follows 
(4. 1) Ut = UPX%, ; (4. 2) Va = VpX"a. 
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The first of these quantities U will be described by saying that it is j-contra- 
variant, while the quantities such as V, which follow the transformation 
equation (4.2), will be said to be j-covariant. Similarly, the single Greek 
indices such as the « on U* and the a on Vz will be said to be j-contravariant 
and j-covariant indices, respectively. The distinction between these two 
equations, it will be observed, hinges on the fact that w by convention is never 
negative. The concept extensor when enlarged so as to include the present 
innovation, may be formulated as follows: 


DEFINITION 4.2. Let there be given at a point P of a parameterized 


arc of class c™ one set of labelled numbers Eg 34, for each coordwnate system 


of the infinite collection of tensor analysis. Further, let x and & denote 


any two coordinate systems of this group and let Egjq, and E% 5", be asso- 
ciated with systems x and i, respectively. If these quantities are related 
according to the equation 

(4. 3) Eotat == fein X p*X poX rt VX gah X y PX 7” 


T-WW-V 


then, we shall say that they are the components of an extensor of range M 
and weight w which is j-contravariant, j-covariant, excontravariant, exco- 
variant, contravariant, and covariant—each of order one. 


The extension of this definition to higher orders of contravariance and 
covariance and the generalization to the case in which not all of the Greek 
indices have the same range are obvious and do not require special enunciation. 
It should be observed in passing, however, that if a Jacobian superscript is 
confined to the value zero or a Jacobian subscript to the value M (in the 
case of doublet indices these are tensor values), then the effect of these indices 
is to weight the extensor in the ordinary sense of the term; in other words, 
the effect is to introduce a weighted Jacobian as a multiplier. To illustrate, 
if a in H;* is confined to the value zero, then the transformation equation 


E;* = E.PXp°X 7" reduces to Ey? = (Z/r)-" HX 7"; 
while the introduction of the restriction 8 = M into 
Eg? = Eo"Xp°Xx° yields Ey® = (%/r)”Ey"X,°. 


Thus E£;° is a tensor of weight —w, while Zy* is a tensor of weight w, and 
we can see that the concept Jacobian extensor encompasses that of weighted 
tensor as a special case. 


Reduced range. Obviously, the property just noted admits of an imme- 














BS © fu 
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diate extension since it is true in general that Xp* vanishes whenever p 
exceeds a Thus, in particular, we see from the transformation equation for 
Eg%, namely, H'g* = Eo’ X p*Xg°, that the components of Eg* which have « = 6 
and 8 = © are independent of the components in the other coordinate systems 
which do not meet the corresponding restrictions. 





Transitive property. Since Xp*Xpg? = 8% and X_°X)* = X)/, it follows 
at once that the inverse of Equation 4.3 is of the same type as the original 
and that the transformation law for Jacobian extensors is transitive. 


Invariance, sums, products, and contractions. From the fact that 4.3 is 
linear and homogeneous it follows as in tensor analysis that extensor equations 
of the Jacobian type are invariant equations, and that the familiar rules 
regarding the sums and products of tensors have their counterparts in the 
new theory. Similarly, as in extensor analysis, there are M +- 1 contractions 
of a mixed second order Jacobian extensor. The form of these contractions 
is given by the following statement: 


THEOREM 4.1. If Eg* is a Jacobian extensor of the type indicated by 


M 
the indices, then for each fixed value of # from 0 to M, inclusive, =(7 a+, 
a=6 


is an absolute scalar or wnvariant. 


Proof. Applying successively the transformation equation for Jacobian 
extensors, Definition 3.1, and the formula 


a\ (a —é (7 Po ae 
6)\p—O0]\p} = \ 0)? 
we get the chain of equalities 


M M 
+ (§) E29, mae > (§) Ee X% pn 4X % 


a=0 6 a.p=6 


M _ a a os 
= 3(¢) . | (*) Ee, X%, _ 3(0) Brtaae ant >(0 art, a =p, 
sis = p= 


and the theorem is established. 

Remark. This proof is obviously sufficiently typical to enable us to infer 
the corresponding theorem for higher order extensors. The additional indices 
whether single Greek, doublet, or single Latin would call for only trivial 
modification. 

Remark. This contraction process, except for the cases #0, 6= UM, 
is more complicated than that of tensor analysis. However, it will be found 
to be easy to reproduce if we note that the essential point is the pattern 


2 
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M 

of a and 6 in the expression >( 5) Ett Strictly as a memory device, this 
a=0 

pattern may be regarded as generated by rotating the a@ in £** first clock- 


wise into the binomial coefficient cS and then counterclockwise to the 


M 
summation symbol, thus ©. With this in mind, we denote >(F)ze. by 
a=6 a=6 


the abridged symbol RH*®,. In this notation the contraction theorem asserts 
that RE**--, is an extensor of the type indicated by the remaining indices. 


Quotient law. Following the pattern of the parent theories, there is 
associated with the contraction theorem a quotient law involving a partly 
arbitrary Jacobian extensor A. The degree of arbitrariness is of course that 
required in the proof. The theorem in question is as follows: 


THEOREM 4.2. If E--.. is independent of A, and tf for some admissible 
value of 0, RE*-*-- Aq is an extensor of the type indicated by the free indices 


for arbitrary choice of the Jacobian extensor Ag, then the same may be 
asserted of E*--.. for a in the reduced range 0 to M—8. 


Proof. As in the case of tensors and ordinary extensors the proof consists 
of merely writing out the given transformation equation, “factoring out ” Ag 
and then assigning A, certain special values. The details are as follows. 
We have given that for some fixed value of 6 


RE? A, hw REA oX a 0, 


if X represents the set of Jacobian symbols and partial derivatives that are 
tied into the missing indices on £. Replacing Ap with AgX%p (the range of x 
here may be taken to be 6 to M since p= @), we get 


[RE — RE... X%] Aq and, 


We now assign A, the special values 6%?,, 6+ 6= M, and simultaneously 
replace the dummy index p with p+ 6, with the new p ranging from 0 to 
M—06. The result is 


c : 7 E®... —S(’ - *) Ee X95. == (), 


p=0 


: P+06\/#+0 (Ry -(* 4" 
An easy calculation will show that ( 9 be 4 A ‘A we 9 } 


Hence a . *) XP) om ¢ . *\x*, and the Theorem follows. 
P+8 
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Remark. For M—B any number from 0 to M, Ag will reduce to 6”-8, 
at tc, if BIAg=[(t—c)?]‘~. Later we shall encounter Jacobian 


extensors. satisfying the relationship Ag —(X) Aw ore, Thus the fore- 


going proof will be valid if it is required, in addition, that A, -(X) Ay (M-A) 
in all coordinate systems. 
Remark. The corresponding proposition for A® is 


THEOREM 4.3. If E--.. is independent of the arbitrary extensor A and 
for some admissible value of 6, RA*°E---,,. is an extensor of the type indicated 
by the free indices, then the same may be asserted of Eq... for « ranging 
from @ to M. 


The proof of this theorem may be obtained from the proof of the 
corresponding theorem for ordinary extensors, making the obvious changes. 
See [3],? page 272. 


Examples of Jacobian extensors. Obviously, as we have tacitly assumed 
in the preceding proof, Jacobian extensors may be manufactured by arbitrarily 
assigning values to the components in any one coordinate system and then 
defining the components in the other coordinate systems by means of the 
transformation law itself. In addition, we may, of course, take over without 
proof many of the theorems of ordinary extensor analysis because of the 
formal similarity between absolute and Jacobian extensors. Certain of these 
theorems will point the way to the construction of Jacobian extensors. As 
cases in point, we may cite the following propositions: 


THEOREM 4.4. If V° is a completely reduced Jacobian extensor and 
hence of range 0 (or, in other words, if V° 1s a scalar of weight — W), then 
the quantities V0, OS a M, constitute a Jacobian extensor of the range 
0 to M. 


THEOREM 4.5. If Vy 1s a completely reduced Jacobian extensor of the 
type indicated, i.e., a scalar of weight W, then the quantities Vg defined by 


Va -(%) Vu (“A A=a, OSa=M are the components of a Jacobian 
extensor of range 0 to M. 


Remark. Since the proofs of these theorems are very short and essen- 
tially the same, it will perhaps be defensible to present one of them in place 


* Numbers in brackets refer to references in the appended bibliography. 
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of reexamining the corresponding proofs for ordinary extensors. Accordingly, 
we give the argument for Theorem 4.4 in outline form. 


Proof. From the transformation equation V? = V*X,, we derive as the 
transformation equation for the completely reduced Jacobian extensor, the 
relationship V° = V*X°, = V°X. Differentiating p times by the Leibnitz 


tule, we get 


P 
VC) rae (V°X) wm > Vola) (*) ¥ (P-a) ae V° (a) Xe, 
a=-0 % 


These theorems provide the means for expanding the range of completely 
reduced Jacobian extensors (weighted scalars) to the full range (0, /). 


A moment’s consideration will show that similar theorems exist for higher 
aa.Bb.c 


order weighted tensors. To illustrate, the quantities F5; defined by 


Bb. A,B, T ‘ . 
| re "s -| i 4 Tbe, (A+B+T-2M-A) constitute the components of an abso- 
9 


lute extensor provided T*"*; is an absolute tensor.2 Furthermore, the con- 
version of the fixed Jacobian subscript M in Theorem 4.5 into a full range 
Jacobian subscript by differentiation with respect to the parameter is, as we 
have pointed out, perfectly analogous to the conversion of a tensor subscript d 
into the doublet subscript 8d in the illustration just cited. Similarly, the 
conversion of a Jacobian superscript zero (this indicates weight —w in the 
usual nomenclature) into a full range Jacobian superscript a is formally 
exactly equivalent to the conversion of a tensor superscript a into the doublet 
superscript aa. Accordingly, we may take over without proof the following 
theorems from [5], pp. 335, 336. 


THEOREM 4.6. If T°-°¢ is a second order contravariant tensor of weight 
—w and the necessary derivatives exist, then the quantities defined by 


eS — 
[i -Bb.ve ee [ 4 V ] TobclA+B+I1 2M) A ee a, eee B, a cote Y> 


are the components of an extensor which is j-contravariant of order 1 and 


excontravariant of order 2. 


Remark. To make the complete formal equivalence of this theorem 
with Theorem 2.1 of [5] evident, we present for comparison the following 


Proof. The quantity (T°-"°AyB,C.)( is an invariant for arbitrary 
choice of the scalar of weight w, Amy, and the covariant vectors B and C. 


* See reference [5] pages 334-336. 
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Dropping the original indices, performing the indicated differentiation, and 
finally replacing « with M—a, etc. we get 


M 


) A‘ BIC (YT (M-a-B-y) 
a, B,y 


(T ABC) —¥( 


M M\"? (M\"?/M\"(M M 
- .(M-a) .(M-B) 
eee ee Be, (i) 4, (77)40 (7) 


(* )e. (M-y) To. be( a+B+y-2M) __ 7o-Bb.v¢ AM pC ye, 


and the theorem follows from the quotient laws. The summation on a, 8, y 
is from 0 to M throughout and the quantities Ag, Bgr, Cyc denote, respec- 


: M M M 
tively, the extensors ie ). uw (MA), ( " ) Boar ( - Jowaen : 


THEOREM 4.7. If Ty is a third order contravariant tensor of weight 


w, then E%-8)-v¢, defined by the statements: 
5 


F240. Bb.ve pets 1 A, B, P 

6 M,A 

A. 5.1" A!B!T! " 
M,A § ~ MiMiAl(aA+B+r—2M—A)! © 


Ta ben (A+B+T-2M-A) : 


0 





according as A+B+T—2M—A=0 or <0, ts an extensor of excontra- 
variant order three and j-covariant order one. 


Remark. The multiplier of M in (A+B+TP—2M—A) and the 
number of times M! occurs in the denominator of the preceding fraction is 
one less than the number of doublet superscripts on HZ. To illustrate, if there 
A, B,-:- 
M,T,A 
regarded as occurring (¢—1) times, and thus the symbol { } is equal to 
(A!IB!---) + (MIO TAl[A+ B+---— (q—1)M—Tr—aA]!). 


are g top numbers in t, then the bottom number M should be 


TuroreM 4.8. If T4? is contravariant of order q, of weight w, and 


° 4aa.Bb... 
covariant of order one, then E ry defined by 


pombe i Ao hy °° ab... LA+B+...-(q-1)M-T-A] 
4 ».6d ae M.T.A M.d 


is an extensor which is extravariant of order q, j-covariant of order one, and 


excontravariant of order one. 


TrroreM 4.9. If Tre is a second order covariant tensor of weight w 
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M [os (M-A-B-T) 
A, B,T M.be 
j-covariant order one and excovariant order two. 


and tf Eagoyc denotes ( » then Ea goye ts an extensor of 


Remark. These theorems are sufficiently typical to indicate the general 
situation. They may be proved directly or by following the method used in 
establishing Theorem 4.6, or by differentiating the transformation equations 
of the given tensors by the product rule of Leibnitz. Perhaps it should be 
remarked in passing that the treatment of subscripts on 7 is much simpler 
than the treatment of superscripts. In the former case it is not necessary 
to change the associated Greek index, and to introduce the reciprocals of the 
binomial coefficients. To illustrate, the proof of Theorem 4.9 may be read 
out of the following equation : 


(Ty.vcA°BC?) (Pa =. M 


2 


) 4°(a) Bo(B) Oey) T --. (M-a-B-y) 
Y ~ -be " 


Similarly, by expanding the indicated derivatives by means of the multi- 
product rule and proceeding as in the proofs of the foregoing theorems, we 
obtain the formulas: 


(4. 4) (T°-°°B,C-) LQ) see E%-8o.v¢ Bar C ye, 


(4.5) ( ) (Tay AgByCc) (M-A) == B22-80-154 a BgrC ye, 


(4. 6) oer AqBy: - - D4) (4-1) = BE AaBpy . Dae), 


(4. 7) (1) (Pa rcB°0°) (M-A) — By gy.ycB? (8) Ce), 


Finally, we note for future reference that if the extensors Aga, B°‘) etc 
appearing in the right members of these relationships are all expressible by 
extensor equations of the type V*") = V°L% or Vaa = Vola, then we have 


at once: 


(4.8) — (T?-°°ByCo) @) — E%- 80-11 g,1%ByCy ; 


(4. 9) (% (Ty AgBrC~) MA) = 4-8-1 30 egg Ll gL ygAeBsCn; 


4.10) (%) (ra AgBy- + - D8) HD) — BB LeggLtgy- - « LyA<By + + Ds 
T M.d .6d 


(4. 11) > (TuveBC*) (M-A) = Eq gy yl Pa L7°, BAe. 
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In our application of these formulas the quantities L will be taken to be the 
extended components of connection introduced in the major division imme- 


diately following. 
Part B. 


The foregoing developments have been presented against the background 
of a space devoid of the structure imposed by an affine connection, and are 
of course valid regardless of the nature of any connection that might be 
added subsequently. In the two sections which follow, numbers five and six, 
we shall apply the preceding theory to the fundamental problem of con- 
structing tensors from weighted tensors by differentiation with respect to 
the curve parameter—or, in a word, the problem of intrinsic differentiation. 
Accordingly, we now assume that we have given in addition to our space a 
set of components of connection of class C™ and, in order to secure the 
possibility of introducing geodesic coordinates, we suppose further that these 
components of connection are symmetric three index symbols L%%e, L%y_ = Leo. 
From the quantities Z*,,, we can of course derive the two index components 
of connection L%, L% = L%x’* and finally the extended components of 
connection 1%, L%qq. These latter quantities may be constructed from 


the following formulas: L°gq = (Ay San, Amma; [% 19 1% eg + I cahd, 
[yg = 8a; L4, = LY’, — [%L,, [, = 8. The extended components 
of connection are extensors and are involved in iterated intrinsic differen- 
tiation. In addition, they enable us to express the derivatives of the com- 
ponents of a vector which is equipollent along a given curve in terms of the 
components of the vector. Specifically, if V* and Vq are the components of 
vectors defined and equipollent along a curve C, then® Ve() — VL, and 


> ; M 
Veo = Vabac, Vea —(4)r (M-A), A=a, A not summed. Thus we note 


in passing that formulas (4.8)-(4.11) inclusive are valid if the vectors 
A, B,C are each equipollent along the curve in question. Perhaps it should 
be emphasized that equipollence throughout space is not required. 


5. Jacobian connections. In addition to the foregoing methods for 
constructing Jacobian extensors from weighted scalars and tensors, it develops 
that it is possible to construct the new quantities from certain absolute 


’ These equations were obtained by B. B. Townsend and H. V. Craig in a paper 
that has not yet been submitted for publication. They may be proved readily by 
induction. 
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extensors by merely contracting components through their Latin indices and 
then multiplying by the appropriate invariants, 1/N and w.. To convince 
ourselves that such procedures may be fruitful, it will suffice to compare 
the transformation equations for Jacobian and absolute extensors with M 
equal to unity. These equations expanded on the Greek superscripts are: 


Jy = I-y XX) + Jy XX?,; Bor, = E%X0r,,X?, + E4,X0r,,X?,. 


In either equation if p= 0, the second term drops out and the Jacobian 
equation becomes the transformation equation for an absolute invariant while 
the second equation reduces to the transformation equation of an absolute 
tensor of the right type to yield an invariant on contraction. When p—1, 


the first equation becomes 


(5.1) Jy = Jy XX’ + J1y = J°ywln’ (%/t) + Jy, 
while the second may be written 

(5. 2) EY, = EX X, + H*,X,X',. 

Now, according to a well known formula, In’(Z/x) = X",X% (X*%, is the 
normalized cofactor of X’,). Consequently, if HE, is the Kronecker 
delta 5% and we multiply equation (5.2) by w and contract, the result 


wk", = win’ (z/x) + wE', may be identified with (5.1), if we adopt the 
definitions: Jty—=wE",, Py¥=wE?%, Jy =1 (= 1/N, = 1/NE™,). 


To recapitulate, we assert 


THEOREM 5.1. If E% is an absolute extensor of the type indicated by 
its indices for M = 1 and if further EF, = 8%, then the quantities J*y defined 
by Jy =1/NE%, J'y = wk", constitute the components of a Jacobian 


extensor. 

The corresponding proposition for extensors of the type Hqq is as follows: 

THEOREM 5.2. If E%aq is an extensor with M=—1, Hq = 8", then the 
quantities J°, defined by 

J%q = I(A)E*, A =a, I(0) =W, I(1) =1/N, 

are the components of a Jacobian extensor. 

The proof of this theorem is similar to that of number (5. 1), accordingly 
we omit it. 

Remark. The connection extensors 1%, and DL ., with M—1, are 
examples of extensors of the types involved in the two preceding theorems. 
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These extensors it will be recalled are defined by the equations 1% — L%» 
= §,, L134, = — Ly = —1%,a"°, L%») = L%. Here the L, are the Chris- 
toffel symbols or, more generally, the components of a symmetric connection. 
Symmetry is desirable since it allows the introduction of geodesic coordinates. 


DEFINITION 5.1. The Jacobian extensors J*y and J°, which are derived 
from the ordinary connection extensors in accordance with the formulas: 


J% = I(A) LA, J%a=1(A)L*, A = 4@, M =1, 


with I(A) =1/N or w accordong as the index A on the operand L 1s a tensor 
index or a nontensor index, will be called the Jacobian connection extensors. 
The table of values for these symbols is J°; =1, —J*; =J% = wL%. 


Remark. It will be found that the Jacobian connection extensors play 
a role in the intrinsic differentiation of weighted tensors which is entirely 
analogous to that played by the ordinary connection extensors in the differen- 


tiation of absolute tensors. 
As an illustration of this remark, let us consider the following proposition : 


THEOREM 5.1. If Sy and 8S are scalars of weights w and — w, respec- 


: J ’ 
tively, and if Sg= 7 Sy (“-A), S*—S§™, then the contractions J*ySq 


and J°,S*%, M =1, yield the intrinsic derivatives of Sy and 8. 


Proof. J%ySq=J°u8So + J1yS81, = S’u — Suwl*, = 58y/dt, and J,S* 
= 8’ + Swi, = $8/at. 


Extensive differentiation and the extended Jacobian connection. A 
moment’s consideration will show that the processes upper and lower extensive 
differentiation, which were defined in [4], have their counterparts in the 
present theory. Thus, if H°%s is a Jacobian extensor of the type indicated by 
its indices, S° is a scalar of weight —w, while S® denotes 8°), then EH°%5S® 
and its intrinsic derivative [(H#°58°) are scalars of weight — w—(the operator 
I indicates intrinsic differentiation). Consequently, by the quotient law the 
multipliers of S® in [(£°sS*) constitute the components of a Jacobian extensor 
of range + 1. We denote this derived extensor by the symbol DEF |% and 
call it the wpper extensive derivative of H°%s. The details of this procedure 


are as follows: 


I (£%5S°) = B%sS** + B%s8* + B°swL S86 


M 
=> (2%, + £5 + Bowl) + BySM4, LoL, 
5=0 


Thus we are led to formulate 
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DEFINITION 5.2. If H% ts a Jacobian extensor, then the quantities 
DE|°s given by the equations 


DE |% = E%) + E%owL; DE|% = E%. + E%s + B°swL, DE | uss = Eu, 
will be called the upper extensive derivative of Es. 


Remark. The process upper extensive differentiation extends the range 
of the variable index. Except for the additional term, it is similar to intrinsic 
differentiation of a contravariant vector. 

The lower extensive derivative may be obtained by a similar procedure. 
The starting point is the intrinsic derivative of the weighted scalar H%yS,. 


Here s— (4) Sy (%-A) with Sy a scalar of weight w. The intrinsic 


derivative of E%yS, will involve linearly the derivatives of Sy from order 
zero to order +1. Application of the quotient law will then yield a new 
extensor which involves the total derivative of H and the connection quantity 
L. In order to carry out this procedure it will be necessary first to evaluate 
S, and S’, in terms of S*,, the corresponding quantities for range M + 1, 
with S*y,, — Sy. These formulas 


(5.3) (M + 1)S’, = (M—A-+1)8*,, (M +1)Sa— (A+ 1)8* 


A=4@, 


may be verified readily. Applying them to the intrinsic derivative, which is 
given by the equality, 


I(£%yS,) = E%yS’, + EY yS, — E%yS,wL, 


we get the relationship 


(M + 1)I(E%yS,) = > (M—a+1)E%yS*, 


M1 
4+ 3 a(E’y — EywL) 8*, 
a=1 


=F [(u —a+ 1) E%y a( Be’ y — EywL)]8*q. 


The conclusion is that the quantities in the bracket constitute the components 
of an extensor of range zero to M + 1. 


DEFINITION 5.3. If E%y is a Jacobian extensor of the type indicated 
by the free indices then the quantities D,E|%y,, defined by DE |v. = E°u; 
(M+ 1)D,E|¢u.. = (M—a+1)E%y + «(E°'’y — E**ywL) will be called 
the lower extensive derivative of the original extensor H%y. 
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Remark. Again the range of the derived extensor is one greater than 
that of the original extensor. 

Since any absolute invariant is a Jacobian extensor of the type Hy, 
it follows that we may apply upper and lower extensive differentiation to any 
such quantity. As an illustration, we complete the extensive derivatives of 
unity. Thus, if we take the M—0 and H°y —1 and apply Definition 5. 2, 
we get DE|°, =1; DE|% =wL, the components of the Jacobian connection 
extensor J°,. Similarly if we apply lower extensive differentiation (Definition 
5.3), we obtain the results D,£|°, 1; D,EZ|1; =—wL or D,E|*, =J%. 
As a recapitulation, we state 


THEOREM 5.2. The upper and lower extensive derwatives of unity are 
equal respectively to J°, and J%,, the components of the Jacobian connection 


extensors. 


From the development of extensive differentiation, it is obvious that if 
E°,8* gives the M-th intrinsic derivative of S°, then DE|°,S*, with « summed 
from zero to M + 1, will give the intrinsic derivative of order M +1 of 8°. 
Likewise, D,£|%y..S*, with a summed from 0 to M +1 is the intrinsic 
derivative of S*y,, (S*u.1 = Su) of order M + 1, if H*ySq is the M-th order 
intrinsic derivative of Sy. Consequently, since the first order extensive 
derivatives of unity constitute the components of the Jacobian connection 
extensor, we may generate quantities H, having the properties just postulated, 
by repeated extensive differentiation. With this as a background, we introduce 


DeFINITION 5.4. The Jacobian extensor generated by applying re- 
peatedly upper and lower extensive differentiation to unity will be denoted by 
the symbols J°, and J*y, respectively, and. will be referred to as the extended 
Jacobian connections ; 


and assert 





THEOREM 5.3. If S is a scalar of weight —w and S* denotes S™, 
then the M-th order intrinsic derivative of S is gwen by the relationship 
IMS = J°,S8*; 
and 


THEOREM 5.4.4 If Sy is a scalar of weight w and Sq denotes 


‘Mr. J. M. Hurt has treated in his Master’s thesis the problem of expressing 
certain intrinsic derivatives of weighted tensors as contractions of the appropriate 
extensors with the components of the absolute extended connection. In particular he 
investigated the case of the first order derivatives of higher order weighted tensors and 
the first and second derivatives of weighted vectors. 






























244 HOMER V. CRAIG AND WILLIAM T. GUY, JR. 


({, )S a), then the contraction J*ySq yields the M-th order intrinsic 


devrivative of Su, I@Sy. 


Because of the formal similarity of Jacobian extensive differentiation 
and absolute extensive differentiation, we may take over the rules given in 
[3] for the computation of extended connections. Specifically, to compute 
J°,, we proceed as follows: We start with J°y 1; then we differentiate 1 
and add in the product of 1 with wl; next we take the result just obtained 
and differentiate it and add in its product with wl. This process is con- 
tinued until we have constructed M + 1 terms. The final step is to multiply 
in the binomial coefficients from row number M + 1 of Pascal’s triangle. 

The procedure to be followed in the construction of J*y is somewhat 
simpler. We start with J°y — 1 as before, but instead of adding the products 
with wZ we subtract these products and do not introduce the binomial 
coefficients. Thus to obtain any component of J*y after the given one, we 
differentiate the preceding component and subtract the product of this pre- 
ceding component with wl. 

As an illustration of these rules, we compute J°®, and J*; for the case 
M =3. The calculation is as follows: 


J°s =1, J%, = 3(1’ + lwL) = 3wL, J, =3(wL’ + w°L?), 
J%y = (wl! + w*L2)! + (wl + wL?)wL; 


J, =1, 1}; = 1’—wL = — wl, J*?; =— wl’ 4+ w’* 2D, 
J*, = (— wl’ + w*L*)’ — (— wl’ + wD’). 


6. The structure of the intrinsic derivatives of weighted tensors. In 
a preceding paper [5], the M-th order intrinsic derivatives of certain typical 
higher order tensors are expressed as contractions of the extended components 
of connection with certain derived extensors. Thus it appears that these 
rather complicated derivatives may be “factored” into quantities which 
themselves have desirable invariantive properties. We shall now show that 
the M-th order intrinsic derivatives of higher order weighted tensors admit 
of a similar “ factorization.” 

The method of attack is to contract the weighted tensors with arbitrary 
equipollent vector fields so as to yield a weighted scalar, which we denote 
by Su or S° according as the weight is + w or —w,w>0. We then form 
the M-th order intrinsic derivative of S first employing Theorem 5.4 or 
Theorem 5.3 and then by employing the analogue for intrinsic derivatives 
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of the formula for the derivative of a multiproduct. This formula may be 
verified readily by introducing geodesic coordinates and considering the key 
case M1. The extension to higher values of M follows the pattern of the 
parent theorem. 

The specific theorems to be studied are: 


THEOREM 6.1. Jf T°? is a tensor of weight —w and of contravariant 
order two and if E%-8-7¢ is the associated extensor (given in Theorem 4. 6), 
then J°gH*8-v¢Tfg, L9y¢ is the M-th order intrinsic derivative of T°-%, 


Proof. Let 8° denote T°’°B,C., with B and C arbitrary, equipollent, 
absolute vectors. By way of Theorem 5.3 and Equation 4.8, we may write 


IMS? = JgS() = J°g*80-1D, 1 p51. %y¢B iC. 


Similarly, from the rule for expressing derivatives of a multiproduct in 
terms of the derivatives of the factors, and the fact the intrinsic derivatives 
of B and C of order greater than zero vanish, we have 


mMgo—> ( Fs ) (I8B,) (11C,) IM-8-T0.be — ByCyIMT®-19, 
Y 


Consequently, 
BC gIMT®-19 == BrC gy] °g H*-0-V° Lt gy Lye, 


and the theorem follows by way of the arbitrariness of B and C. 


THEOREM 6.2. If T°%y is a tensor of weight w and of contravariant 
order three, and if E%-8).v¢s is the corresponding derived extensor, then 
Poy B-B0-V6 57 eg Lt gy L4yc is the M-th order intrinsic derivative of T?'%y. 


Proof. Following the pattern of the previous proof, we employ Theorem 
5.4 and Equation 4.9 and conclude that 
I“Sy ae J 5yS5 Po) Joy a Sw (M-5) — Joy F-Bb-V6 57 gq Ly LI ycAeBsCyg. 
Next we apply the multiproduct rule to Sy and simplify the result by taking 
advantage of the equipollence of the vectors A,B,C. Thus we have 


M 
a,B,y 


The theorem then follows by comparison of results. 


—_ ( ) (14Aq) (18By) (IVC ,) IM BT oey == AgByC IMT y. 


THEOREM 6.3. If T%---y4%is contravariant of order q, of weight w, and 
covariant of order one, and E%-6..., 54 is the extensor presented in Theorem 
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4.8, then the contraction J¥yE%-----, saL%aaL' gy: - - L®4, is the M-th order 
intrinsic derivative of Tel--yn. 


Proof. Since the salient features of the proof are the same as in the two 
preceding theorems, we present the argument in skeleton form only. The 
foundations are supplied by Theorem 5.4 and Formula 4.10. Briefly, we 
have, on the one hand, 
IMSy = J %ySy = Jy (- 


: sur = JV y EB... 541 galt pr LGA BD" ; 


while on the other 


IMSy oialié thy (I*Aq) (I®B,) I oS (12D?) [M--B...-6 Tab... 4 
—=A,B;- + - DY[MTet--y , 
THEOREM 6.4. If Tyre ts a second order covariant tensor of weight w 
and Eq gv.ye 1s the extensor of Theorem 4. 9, then 
I*y Ea py-yoL gL, = IMT y ae. 


Proof. From Formula 4.11 and procedures simiiar to those employed 
in establishing the foregoing theorems, we get the equalities: 


M 
a 


IM8y = J%y8, = Ju( \sw (M-a) — J4y Fy gy yclP%aL°,BIC®, 


and 


IMSy = > ) (8B?) (110°) I 4-8) Ty re = BCCOIM Ty te 


and the theorem is established. 


UNIVERSITY OF TEXAS. 





BIBLIOGRAPHY. 


1. A. Kawaguchi, “Die Differentialgeometrie héherer Ordnung I. Erweiterte Koordi- 
nantentransformationen und Extensoren,’ Journal of the Faculty of 
Science, Hokkaido Imperial University (I), vol. 9 (1940). 
2. H. V. Craig, “ On tensors relative to the extended point transformation,” American 
Journal of Mathematics, vol. 59 (1937), pp. 764-774. 
, Vector and Tensor Analysis, New York (1943). 
, “On the structure of certain tensors,” Mathematics Magazine, vol. I (1947), 
pp. 21-30. 
, “On the structure of intrinsic derivatives,” Bulletin of the American Mathe- 
matical Society, vol. 53 (1947), pp. 332-342. 














ALGEBRAIC SYSTEMS OF POSITIVE CYCLES IN AN ALGEBRAIC 
VARIETY.* 


By We1-Liane CHow. 








1. Introduction. In a paper’ some years ago van der Waerden and 
the author introduced the idea of the associated form of a positive cycle. 
For a positive cycle of dimension d and degree n in the projective space Sp 
of m dimensions the associated form is a form of d+ 1 sets of m + 1 indeter- 
minates each, which has the degree n in each set of the indeterminates. If 
we arrange all the monomials of this type in an arbitrary but fixed order 
Wo, @;,° * *,, then each form of this type can be expressed in a unique way 
as a linear combination y cw; of the monomials. By assigning to each such 

i=0 
form the point in the projective space S; with the (homogeneous) coordinates 
(Co, C1," °°, €¢), we obtain a one-to-one correspondence between all the forms 
of this type and all the points of S;. Applying this in particular to the asso- 
ciated form, we can then assign to each positive cycle of dimension d and 
degree n in S» a point in S;; we shall call the coordinates of this point, 
which are the coefficients of the associated form, the natural coordinates of 
the positive cycle. In this way the totality of all the positive cycles of 
dimension d and degree n in S, (or in any variety contained in Sm) is 
represented by a set of points in S; The main theorem about this repre- 
sentation of positive cycles in S» by points in S;, proved in the above men- 
tioned paper,’ asserts that this set of points constitutes a bunch of varieties 
in S; An important consequence of this main theorem is that it enables us 
to give a precise definition of an (irreducible) algebraic system of positive 
cycles in Sm: If V is a variety contained in the above mentioned bunch of 
varieties in S;, then the set of all the positive cycles in Sm which correspond 
to the points in V is called an algebraic system of positive cycles. The 
variety V is then called the associated variety of the algebraic system. The 
associated variety gives a representation of the algebraic system of positive 
cycles in the sense that there is a one-to-one correspondence between the 






* Received January 20, 1949. 

1 Chow and van der Waerden [5]. Following Weil [8], we shall use the expression 
“ positive cycle ” instead of “ reducible variety.” 

2Chow and van der Waerden [5], p. 698 and p. 700. 
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points of V and the positive cycles of the algebraic system, and that this 
correspondence is of an algebraic nature. This latter statement means that 
there is an algebraic correspondence 7 between the variety V and the carrier 
variety U of the algebraic system * such that to each point of V there corre- 
spond under 7’ exactly the points of the corresponding positive cycle. This 
algebraic correspondence 7 is called the associated correspondence of the 
algebraic system of positive cycles. The significance of such a representation 
of an algebraic system of positive cycles as an algebraic variety is easily 
seen, for it enables us to apply the concepts and results in the theory of 
algebraic varieties to the study of the algebraic systems. Thus, for example, 
the set of all linear subspaces (i.e. positive cycles of degree 1) of a given 
dimension in a projective space is represented by means of their natural 
coordinates, which in this special case are the well-known Pluecker coordinates, 
as a certain variety-called the Grassmann variety, and various algebraic 
systems of such linear subspaces are then represented as subvarieties of the 
Grassmann variety. It is well-known that the study of these algebraic systems 
of linear subspaces is greatly facilitated by their representation as such 
subvarieties. 

However, except in very special cases such as the Grassmann variety 
and its subvarieties just mentioned, the usefulness of the associated variety 
of an algebraic system has been hitherto rather limited. The main reason 
for this lies in the fact that we know very little about the properties of the 
associated variety besides its algebraic nature and the fact that it represents 
the system of positive cycles in a one-to-one manner. In fact, if we consider 
an associated variety in general without any restriction, it cannot have by 
itself any special properties; for it is easily seen that any variety whatsoever 
can be the associated variety of a suitably chosen algebraic system of positive 
cycles of any given dimension. Therefore we must look for whatever special 
properties that might exist in the relation between the carrier variety U and 
the associated variety V under the associated correspondence 7; in other 
words, we must study the special properties of the associated correspondence 
T and the manner in which it connects the properties of U with those of V. 
In particular, it is important for the purpose of application to know under 
what conditions about the variety U and the correspondence T can we be 
sure that the associated variety V is non-singular or at least simple at a 
given point. For, most of the deeper concepts and results in the geometry 
of an algebraic variety can be applied without serious restrictions only to a 


* The carrier variety of an algebraic system is defined as the smallest variety which 
contains all the cycles of the system. 
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non-singular variety or only to a simple point or subvariety of a variety. 
For example, the entire intersection theory has been up to now developed 
only for the case when the ambient variety is simple at the intersection point 
or variety, and there are strong indications that such an intersection theory 
cannot be extended to a substantially more general class of varieties without 
a radical change of its character. Thus the usefulness of the Grassmann 
variety in the study of the geometry of systems of linear subspaces is due 
by no mean measure to its being non-singular. A particular case in point is 
the problem of the Jacobian variety of an algebraic curve, a problem which 
we have studied in some detail in a recent paper.t We have shown there that 
each class of equivalent positive divisors of degree n > 2g—2 on a non- 
singular curve C (where g is the genus of C’) can be represented as a sub- 
variety of dimension n — g on the n-fold symmetric product C” of the curve C, 
and that the set of all such subvarieties forms an algebraic system. The 
associated variety of this algebraic system would then be a Jacobian variety 
of the curve C, if we could prove that it is non-singular; and this require- 
ment of being non-singular is essential, for without this property a Jacobian 
variety would not be of much use in the study of the geometry of the divisor 
classes. In the quoted paper we have solved the problem by proving that 
any derived normal model of the associated variety is a Jacobian variety; 
however, as we have indicated there, the entire results would be much more 
satisfactory if we could prove that the associated variety itself is already a 
Jacobian variety. That this is so will follow from the results of the present 
paper ; in fact, the attempt to prove this particular result about the Jacobian 
variety is the original problem from which we started out and which leads 
us finally to the géneral problem considered here. 

Before we go over to the exact formulation of the problem and results, 
we shall give a short summary of the main definitions so that there will be 
no ambiguity about the terminology we are going to use in this paper. This 
is the more necessary in view of the fact that there has been so much diver- 
gence in terminology in the recent works in the field of algebraic geometry. 
Although this is a rather unfortunate state of affairs, yet it is in a sense 
not entirely avoidable; for the different terminologies of different authors 
are actually more suitable for their particular purposes, and it is difficult 
to adopt a uniform terminology without its being too cumbersome to be con- 
venient. In fact, we ourselves are forced to adopt in the present paper a 
somewhat different terminology from that of our recent paper on the Jacobian 
variety ; for, in our present problem the consideration of “ relative ” varieties 


*Chow [4]. 
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over a given ground field is natural and in a sense essential, while in the 
other paper we have only to deal with the absolute varieties. 


We consider a field & called the “ universal domain ” which is an alge- 
braically closed field of infinite degree of transcendency over the prime field 
contained in it. The set of all subfields K of the universal domain & such 
that & has an infinite degree of transcendency over K, has evidently the 
property that the intersection of any number of fields of the set is also a 
field of the set, and that any subfield of R which is a finite extension of any 
field of the set is also a field of the set. In this paper, whenever we speak 
of “a field,” we shall always mean a field of this set; on the few occasions 
when we have to consider a field not in this set, we shall expressly say so 
and refer to such a field as an “ abstract field.” Any ordered set of m+ 1 
elements (x) = (2,21,: * *,@m) in the universal domain &, not all zero, 
is called a point of the projective space S,, of dimension m, and two points 
are regarded as identical if their coordinates are proportional. Given any 
point (x) in S,, and a field K, the field K((2)) is the extension of K generated 
by the adjunction of the ratios of the m-+-1 coordinates 2, 2,° - -,2m of 
the point (x). We can regard this field K((x)) as the field generated by 
the adjunction of the point (2); it serves the same purpose as the ordinary 
field extension by adjunction of coordinates in the case of a point in the 
affine space. In similar way we can define the extension K((x), (y),- - °) 
generated by the adjunction of several points (x), (y),: -*- in the same or 
different projective spaces. The degree of transcendency of the field K( (x) ) 
over K is called the dimension of the point (x) over K; the point (2) is 
called algebraic over K if its dimension over K is zero, and it is called 
rational over K if K((v)) =X. Beside the elements of the universal 
domain &, we shall consider also elements which are not in &, mainly as 
symbols by means of which we can express polynomials and functions. Such 
an element is called an indeterminate, and an ordered set of m + 1 indeter- 
minates (X) = (Xo, X1,- --,Xm) which are independent variables over 
is called a set of indeterminates in S,,. We shall always denote the indeter- 
minates by such capital Latin letters as X, Y, Z. 

Let K be a field and let (X) be a set of indeterminates in S,. Any 
homogeneous prime ideal X in the ring K[X] = K[Xo, X,,- - -,Xm] is said 
to define a variety U/K in S,», over the field K. A point (2) is said to be in 
the variety. U/K if all the polynomials of the ideal {§ vanish for (X) = (2). 
A variety W/K’ over any other field K’ is said to be contained in the variety 
U/K if every point of W/K’ is in U/K; if we have furthermore K — Kk’, 
then the variety W/K is said to be a subvariety of U/K. Two varieties are 
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identical if they are subvarieties of each other. Any point (x) in S» deter- 
mines over any field K a homogeneous prime ideal consisting of all the 
polynomials of K[X] which vanish for (X) = (a), and hence it determines 
a variety over K. A point (2’) is called a specialization of the point (2) 
over K if it is contained in the variety determined by the point (x) over K; 
and if the point (2) is at the same time also a specialization of (2’) over 
K, then the two points are called generic specializations of each other over K. 
Any variety U/K contains a point (x) such that the variety determined 
by (x) over K is identical with U/K; such a point (2) is called a generic 
point of U/K. Any two generic points (x) and (2’) of a variety U/K are 
equivalent over K in the sense that the fields K((x)) and K((a’)) are K- 
isomorphic under the correspondence (7) <= (a’), i.e. the ratios of the 
corresponding coordinates are to correspond to each other. In particular, 
all generic points of a variety U/K have the same dimension over K; this 
dimension is called the dimension of the variety U/K. A finite set of 
varieties is called a bunch of varieties; and any point or variety contained 
in any one of the varieties of the bunch is said to be contained in the bunch. 

Let K be a field containing K. If U/K is a variety such that its 
defining ideal § in K[X] generates also a prime ideal § in K[X], then the 
variety defined by § over K is called the extension U/K of U/K over K. 
The extension of a variety is in a sense essentially the same as the original 
variety, for they not only are contained in each other but also can be defined 
by the same set of equations.° This is the reason why we denote the exten- 
sion by the same symbol U as the original variety. If a subvariety W/K 
of U/K has also an extension W/K over K, then W/K is also a subvariety 
of U/K. In order that a variety U/K has an extension U/K over K, it is 
necessary and sufficient that the fields K and K((z)) are linearly disjoint ° 
over K, where (x) is a generic point of U/K, free with respect to K over K. 

Two varieties in S,, are called equivalent if they are both extensions of 
a third variety. It is easily seen that equivalent varieties are contained in 
each other and can be defined by the same set of equations; and that two 
varieties over the same field can only be equivalent if they are identical. 
We shall consider equivalent varieties as essentially the same and shall denote 
all of them by the same symbol over different fields such as U/K, U/K’,: - -. 
A variety over K which has an extension over any field containing K is called 































° Following Weil [8], we shall say that a variety is defined by a set of equations 
f,(X) = 0, if the polynomials f,;(X) generate the corresponding prime ideal in K[X]. 
° See Weil [8], p. 15, Theorem 3. We observe here that the prime ideal determined 
by the point (#) in K{X] has a basis in K[-X] if and only if the prime ideal determined 
by (x) in K[X] generates a prime ideal in K[X]. 
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absolutely irreducible. If a variety is absolutely irreducible, then any variety 
equivalent to it is also absolutely irreducible. A complete set of mutually 
equivalent absolutely irreducible varieties is called an absolute variety, and 
any variety in the set is to be regarded as a representative of absolute variety 
over the particular field. If an absolute variety U has a representative U/K 
over a field K, then it is said to be defined over K. It is known’ that among 
all the fields over which a given absolute variety U is defined, there is a 
smallest one which is contained in all of them; this smallest field is called 
the defining field of U. As an absolute variety is uniquely determined by 
any one of its representatives, there is little danger of confusion in identifying 
it sometimes with one of the latter. The absolute varieties are of great 
importance for us, for it is by means of them that we are going to define the 
concept of a cycle in S». Before doing this, we shall introduce the associated 
form of a variety. 

Let U/K be a variety of dimension d in Sm. As we have shown else- 
where,® there is associated with U/K a K-irreducible form F(Z, Z,.--, 7) 
of the same degree n in each of the d+ 1 sets of indeterminates (Z), (Z)), 
-++,(Z@) in S» with coefficients in K. This form is called the associated 
form of the variety U/K, and the number n is called the degree of the variety. 
Conversely, given any K-irreducible form F of this type satisfying a certain 
set of algebraic conditions, there is a uniquely determined variety U/K of 
which F is the associated form. It is easily seen that equivalent varieties 
have the same associated form; the converse of this statement is also true in 
case the varieties are separably generated or (which is the same thing) the 
associated form has no multiple factors. A variety is absolutely irreducible 
if and only if its associated form is absolutely irreducible. It follows then 
that an absolute variety is uniquely determined by its associated form; this 
is the reason why the associated forms are particularly suitable for the study 
of absolute varieties and cycles. 

A cycle of dimension d or d-cycle in 8 is an element of the free Abelian 
group, the generators of which are the set of all absolute varieties of dimension 
d in Sm. Thus a d-cycle is a finite set of absolute varieties U;, called its 
components, to each of which is assigned an integer n; which is called the 
multiplicity of U; in the d-cycle. If the degrees of the varieties U; are s; 
respectively, then the number n = > sjn; is called the degree of the d-cycle. 

J 


A cycle is said to be contained in a variety if each of its components is con- 
tained in the variety. A cycle is called positive if all the multiplicities n, 


7 See Weil [8], pp. 70-1, Theorem 1, Corollary 3. 
® Chow and van der Waerden [5], pp. 693-694. 
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are positive. If F; are the associated forms of the varieties U; respectively, 
then the form F =|] F;” is called the associated form of the positive cycle. 
j 


A positive cycle is said to be rational over a fieid K if its associated form 
is rational over K, i.e. the ratios of its coefficients are rational over K; and 
if furthermore the associated form is irreducible over K, then the positive 
cycle is said to be prime rational® over K. Since such a K-irreducible form 
determines a variety over K and vice versa, it folows that there is a one-to-one 
correspondence between the varieties over K and the prime rational cycles 
over K. It is clear that every rational cycle over K can be factorized in a 
unique way into a sum of prime rational cycles over K corresponding to the 
factorization of its associated form into a product of irreducible forms over 
K. Therefore every rational cycle over K can also be regarded as a sum 
of varieties over K, each with a certain multiplicity; we shall call these 
varieties the K-component of the cycle. 


Let (x) be a generic point of a variety U/K, then the field K((z)), 
which is uniquely determined up to an isomorphism by the variety, is called 
the field of U/K. Let (&) be any point of U/K, then the ring of all the 
elements of K((x)) of the form f(x)/g(x), where f(x) and g(x) are two 
homogeneous polynomials of (2) of the same degree and g(é) 0, is called 
the quotient ring U—@Q(U/K, (€)) of U/K at the point (€). It is clear 
that if (é) is a generic specialization of (€) over K, then Q(U/K, (&)) 
= ((U/K, (&)), so that the ring U1 depends only on the subvariety W/K 
in U/K determined by the point (é) or (&) over K, not on the particular 
choice of the generic point (€) or (é) of W/K. Therefore we shall also 
call the ring U1 the quotient ring of U/K at the subvariety W/K, and shall 
sometimes write 11 = Q(U/K, W) to indicate its dependence on W/K. The 
quotient ring 11 is a local ring in the sense of Krull,’ i.e. a Noetherian ring 
in which the set of all non-units is an ideal, and its maximal prime ideal u 


® This is not the “correct” way to define a rational cycle, but is more convenient 
for our present purpose. The “correct” definition is as follows. A cycle is said to be 
rational over a field K if it satisfies the following conditions: (1) Each component of 
the cycle is algebraic over K; (2) if an (absolute) variety occurs in the cycle, then all 
the conjugate varieties over K also occur in it with the same multiplicity; (3) the 
multiplicity of each component is a multiple of its order of inseparability. See Weil 
[8], Chapter VII, §6. Our definition differs from this “ correct” definition in that the 
multiplicity of a component will in general be a multiple of a smaller power of the 
characteristic of K than the order of inseparability of this component over K. 

1°Krull [7]. Our Appendix, On the Extensions of Local Domains, contains a 
detailed treatment of many of the concepts and results concerning local rings which 
are used in the text. 
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consists of all elements f(x)/g(x) such that f(é) =0. It is also known™ 
that the completion U* of the local ring U has no nilpotent elements; in 
other words, the zero ideal in U* is an intersection of a finite number of 
prime ideals. Let V/K be another variety, and let B be the quotient ring 
Q(V/K, (»)) of V/K at one of its points (7); if W/K is the subvariety in 
V/K determined by the point (yj) over K, then % is also the quotient ring 
Q(V/K, W’) of V/K at the subvariety W’/K. We shall say that the varieties 
U/K and V/K are analytically equivalent’? at the points (€) and (ym) 
respectively, or at the subvarieties W/K and W’/K respectively, if the com- 
pletions U* and ¥* of the two local rings U and ¥ are K-isomorphic. Local 
properties of a variety at a point or a subvariety which are invariant under 
analytical equivalences are called locally analytic properties. It is known 18 
that the property of a variety being simple at a point or subvariety in the 
absolute sense is a locally analytic property. 

For an absolute variety U the concept of a quotient ring can only be 
defined with respect to a given field of definition. However, in order that 
this concept has a significance independent of the choice of the particular 
field of definition, it is advisable to restrict ourselves to the case where the 
subvariety W is also an absolute variety and the field K is a field of definition 
for both U and W. Then the ring Q(U/K, W) is called the quotient ring 
of the absolute variety U at the absolute subvariety W over the field K. 
This includes in particular the case when W has the dimension 0 and hence 
consists of a point which is rational over K. The advantage for imposing 
these restrictions regarding W and K lies in the fact that if K’ is any field 
containing K, then the quotient ring Q(U/K’, W) is the extension ** of the 
quotient ring Q(U/K, W) over K’, so that the ring Q(U/K’, W) is uniquely 
determined by the ring Q(U/K,W) and the field K’. Furthermore, the 
completion of Q(U/K’, W) is the completion of the extension of the com- 
pletion of Q(U/K,W) over K’, so that the completion of Q(U/K’, W) is 
also uniquely determined by the completion of Q(U/K, W) and the field K’. 
Let V be another absolute variety and W’ be an absolute subvariety in V; 
let Ko be the smallest field over which all the varieties U, V, W, W’ are 
defined. Then the absolute varieties U and V are said to be analytically 


11 See Chevalley [3], p. 11, Theorem 1. 

**In this definition of analytical equivalence we are following Zariski [10], p. 49, 
Definition 4. 

*8 See Zariski [10], pp. 49-51, Theorem 15, where this theorem is proved for the 
most general case. 
14 See Appendix. 
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equivalent at the subvarieties W and W’ respectively, if the completions of the 
two local rings Q(U/Ko,W) and Q(V/K>, W’) are K,-isomorphic. It 
follows then from what we have just said above that if K is any field con- 
taining Ky, then the completions of the two local rings Q(U/K, W) and 
Q(V/K, W’) are also K-isomorphic; or, in other words, the (relative) varieties 
U/K and V/K are analytically equivalent at the subvarieties W/K and W’/K 
respectively. 

Let U/K and V/K be two varieties in the space S», and S; respectively, 
and let (2) be a generic point of U/K. If V/K has a generic point (y) 
which is rational over K((x)), then the correspondence (x) — (y) defines a 
rational transformation T of U/K onto V/K; and the pair (x), (y) is said 
to be a pair of corresponding generic points of U/K and V/K respectively 
under the rational transformation T, and we shall write (y) =T (zx). For 
every point (€) of U/K, its image under the rational transformation T con- 
sists of all the points (7) such that (é,7) is a specialization of (2, y) over 
the specialization (x) — (é) over K. If for a suitably chosen linear form 


t 
> ay;, the elements yi/ } ajyyj, 1=0,1,- - -,¢, are all in the quotient ring 
j=0 j=0 


Q(U/K, (€)), then the transformation T is said to be regular at the point (é). 
In this case the image of (€) under T is a uniquely determined point of V/K. 
The rational transformation T is called birational, if conversely the point (2) 
is also rational over K((y)), i.e. if we have K((x)) = K((y)); the resulting 
rational transformation of V/K onto U/K is called the inverse T-? of the 
transformation 7. If a birational transformation T is regular at a point (&) 
and the inverse transformation T-! is also regular at the image point (7) 
of (€) under 7’, then the transformation is said to be biregular at this point 
(£) or at the pair of points (€), (7). Two varieties U/K and V/K which 
are in biregular correspondence at the two points (€) and (») respectively, 
have evidently the same quotient rings Q(U/K,(é)) and Q(V/K, (n)); 
hence they are also analytically equivalent at these two points. These concepts 
can be carried over to the case of two absolute varieties, just as we have done 
above for the definitions of quotient ring and analytical equivalence; we have 
then to replace the points (€) and (7) by two absolute subvarieties W and W’ 
in U and V respectively, and the field K must be a field of definition for all 
the varieties U, V, W, W’. 





2. Statement of the problem and result. Let U/K be a variety of r 
dimensions in the projective space S». As we have indicated at the beginning 
of the previous section, any positive d-cycle of degree n in U/K can be repre- 
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sented through its associated form by a point in the projective space S;, and 
the set of all such points in S; constitutes exactly the points of a bunch of 
varieties over K. Let V/K be any variety contained in this bunch, then the 
set of all the positive cycles in U/K corresponding to the points in V/K is 
called an algebraic system of positive cycles in U/K, and the variety V/K 
is called the associated variety of the algebraic system. Let (y) be a generic 
point of V/K, then the cycle G(y) determined by (y) is called a generic 
cycle of the algebraic system and we shall denote the algebraic system itself 
by | G@(y)|. We shall assume that the generic cycle G(y) is prime rational 
over the field K((y)), and that a generic point (x) of G(y) over K((y)) is 
also a generic point of U/K. This last assumption means simply that U/K 
is the carrier variety of the algebraic system | G(y)|. The pair of points 
(x), (y) then determines an algebraic correspondence 7 between the varieties 
U/K and V/K, which we shall call the associated correspondence of the 
algebraic system | G(y)|. 

The problem with which we are concerned in this paper can be described 
as follows. Let T be any (K-irreducible) algebraic correspondence between 
the variety U/K and another variety V/K (which may of course lie in a 
different space). If (¥) is a generic point of V/K, then the set of all points 
in U/K which correspond to (#) under the correspondence 7 constitutes a 
variety or prime rational cycle G(y) in U/K over the field K((y)). If this 
cycle G(¥) has the dimension d and the degree n, then there corresponds to 
G(y) by means of its natural coordinates a point (y) in the projective 
space S;; let V/K be the variety in S; determined by the generic point (y) 
over the field K. This variety V/K then determines an algebraic system of 
positive cycles in U/K, of which the cycle G(y) = G(¥) is a generic member, 
and there is an algebraic correspondence 7 between U/K and V/K associated 
with this algebraic system. Thus every algebraic correspondence 7 between 
U/K and a variety V/K induces in U/K an algebraic system of positive 
cycles, but in general the variety V/K is of course different from the associated 
variety V/K of the algebraic system and the correspondence 7 is different 
from the associated correspondence 7. In fact, under the correspondence T 
between U/K and V/K, the points of V/K will not in general be in one-to- 
one correspondence with the positive cycles of the algebraic system without 
exception; that is, to some points of V/K there might correspond more than 
one or even an infinite number of cycles of the algebraic system.’® The 
question arises as to whether there are any other properties which distinguish 


15 For a more detailed description of the relations between the correspondences 
T and 7, see Chow and van der Waerden [5], § 2. 
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the associated variety V/K from the rather arbitrarily chosen variety V/K, 
apart from the fact that V/K represents in a one-to-one manner the cycles 
of the algebraic system | G(y)|. One would naturally ask for those properties 
which are invariant under a biregular birational transformation of the asso- 
ciated variety V/K. In terms of local geometry we can formulate the question 
as follows: Let (7) be a point of V/K to which there corresponds a uniquely 
determined cycle G(7) in U/K and let () be the corresponding point in V/K 
so that we have G(n) == G(7). Then both varieties V/K and V/K can be 
said to represent through the correspondences 7 and T respectively the 
algebraic system of positive cycles | G(y)| =| G@(¥)| in a one-to-one manner 
in the neighborhoods of the points (y) and (7) respectively. The question is 
whether there are any locally birational or analytic properties which distin- 
guish the associated correspondence 7’ in the neighborhood of the pair (7), 
G(n) from the correspondence 7 in the neighborhood of the pair (7%), 
G@(7). In this paper we shall give an answer to this question in the special 
case where the correspondence 7 is a rational transformation of U/K onto 
V/k and consequently the associated correspondence T is also a rational 
transformation of U/K onto V/K. We shall show that in this case the local 
analytic properties of the variety V/K in the neighborhood of the point (7) 
has a very simple connection with the local properties of the variety U/K 
in the neighborhood of the cycle G(m), which is not true in general for the 
variety V/K in the neighborhood of (7). 

We shall from now on restrict ourselves to the case where the associated 
correspondence 7’ of the algebraic system | G(y)| is a rational transformation 
of U/K onto V/K. It is clear in this case that the variety V/K has the 
dimension *—d. We shall call such an algebraic system of positive cycles 
an involutional system, on account of the fact that in case d = 0 such a system 
is essentially what is usually called an involution in the classical algebraic 
geometry. For the sake of convenience, we shall assume that the ground 
field K contains infinitely many elements. Our main result is the following 


theorem: 


THeorEM. Let U/K be a variety; let | G(y)j| be an involutional system 
of positive cycles in U/K with the associated variety V/K and the associated 
transformation T, where (y) is a generic point of V/K. Let (n) be a 
rational point of V/K and (&) be a generic point of a K-component G’/K 
of G(); we assume that the field K((€)) is analytically disjoint ** with respect 
to the quotient ring Q(V/K, (y)) over K; this implies in particular that 





16 For the definition of analytical disjointness, see Appendix. 
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K((y)) and K((é)) are linearly disjoint over K, so that the product variety 
W/K of V/K and @’/K is defined. If the transformation T is regular at 
the point (é) and the variety G’/K is a simple K-component of G(n) and ts 
separably generated, then the varieties U/K and W/K are analytically equi- 
valent at the points (€) and (n,€) respectively. - 


For the sake of greater generality, we have stated our theorem above 
for the “relative ” varieties; this is the reason why we have to make the 
assumptions that the point (7) is rational and the field K((é)) is analytically 
disjoint with respect to the quotient ring Q(V/K, (»)) over K. In the 
applications, however, we are mostly concerned with the case where both 
varieties U/K and V/K are absolutely irreducible; in other words, we are 
concerned with an involutional system of positive cycles in an absolute variety 
U with an absolute variety V as the associated variety. It is then natural 
to assume that G’ is an absolute variety, i.e. an (absolute) component of the 
positive cycle G(m), and that the field K is the smallest field over which all 
the varieties U, V, G’, (m) are defined. Since the field K((€)) is in this case 
a regular extension of K, it follows (Appendix, Theorem 4) that K((é)) is 
analytically disjoint with respect to any local domain with K as a basic field, 
hence in particular with respect to the local domain Q(V/K, (»)) over K. 
Recalling our definition of the analytical equivalence between two absolute 
varieties, we can state our theorem for absolute varieties as follows: 


THerorEM. Let U be an absolute variety; let | G(y)| be an involutional 
system of positive cycles in U with the associated (absolute) variety V and 
the associated transformation T. Let (ny) be any point of V and let G’ bea 
component of G(n). If G’ is a simple component of G(n) and the trans- 
formation T is regular at the subvariety G’, then the variety U and the 
product variety W=V X G@’ are analytically equivalent at the subvarieties 
G’ and (n) X G’ respectively. 


From this theorem we can derive as an immediate corollary a criterion 
for simple points or subvarieties. Since the product variety W is simple at 
the subvariety (7) X G’ if and only if both V and G’ are simple at the sub- 
varieties (7) and G’ respectively, and since the variety G’ is certainly simple 
at the variety G’ itself, i.e. at its generic point, it follows that under the 
conditions of the above theorem the variety U is simple at the subvariety @’ 
if and only if the variety V is simple at the point (7). It is evident that 
the application of this criterion to the problem of Jacobian variety gives an 
affirmative answer to the question we have posed at the beginning of the 
previous section. 
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Finally, we should like to add that the significance of our theorem goes 
beyond a mere criterion for simple points; it gives us a certain information 
about the analytic structure of U in the neighborhood of a cycle of an 
algebraic system. In order to express this more clearly, we introduce yet 
another definition. An involutional system | G(y)| in an absolute variety 
U is called a fiber system if the transformation T is regular at every point 
of U and the cycle G(m) is an absolute variety (i.e. consisting of one com- 
ponent with multiplicity 1) for every point (») of V. It is evident that 
in this case each point of U belongs to exactly one cycle of the system, so 
that the entire variety U is fibered by the algebraic system of cycles. Our 
result can then be expressed roughly as follows: If | G(y)| is a fiber system 
in U with the associated variety V and the associated transformation 7, then 
U has properties similar to those of a fiber space in the topology, with V as 
the base space and T’ as the projection. In fact, there seems to be more than 
a formal analogy between this algebraic “fiber space” and the fiber space 
in topology; we hope to be able to come back to these questions on some 
future occasions. 

Before we proceed with the proof of our theorem, we shall make a change 
in our terminology. It is clear that our main theorem is of a purely local 
nature, and as such it can be stated just as well for varieties in affine spaces 
instead of projective spaces. In fact, this is the form in which we shall 
prove the theorem in the next two sections; for, as is usually the case with a 
problem of purely local nature, it is very convenient to be able to work with 
the affine coordinates. It is easily seen that most of the definitions and 
concepts as developed and indicated in this and the previous sections can be 
carried over with suitable modifications to the varieties and points in affine 
spaces, and we can replace such field extensions as K((x)) by the ordinary 
field extension K(x). Thus we shall from now on consider only varieties 
and points in a suitably chosen affine space in the projective space Sm; we 
shall denote this affine space also by S,, and represent a point in it by the 
affine coordinates (2) = (21, --,2%m). We shall assume that the affine S,, 
has been so chosen that the d-cycle G(7) is finite; this implies of course that 
the variety U/K as well as the generic cycle G(y) of the system are also finite. 
A variety is said to be finite with respect to an affine space if every generic 
point of it is finite (i.e. in the affine space), and a cycle is said to be finite 
if all its components are finite. Similarly, we can assume that the affine S; 
has been so chosen that the point (7) is finite, which implies that the variety 
V/K is also finite; but for the sake of convenience later in our proof, we 
shall make a more definite choice of this affine space S; with respect to a 
given choice of the affine coordinate system in the affine space Sy. 
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We set w= (ZoZ,---Za)" in the ordered set of monomials 
®o, 1," * *,@¢ in the d+1 set of indeterminates (Z), (Z),---,(Z2@) 
as defined in the beginning of the previous section. Then the affine 8; is 
defined as the set of all points (¢,¢:,- - -,¢:) with ¢)340, and such a 
point will be denoted by its affine coordinates (¢,/co- - -,¢:/¢o). In order 
to insure that the point (7) is finite with respect to such a choice of the 
affine S;, we shall assume that the affine coordinate system in the affine 
space S,, has been so chosen that the linear variety defined by the d equations 
Xi =v, i= 1,- - -,d, where the v,,- - -, va are independent variables over 
K, intersects the d-cycle G(») properly and finitely, i.e. the intersection 
consists of a finite number of finite points. Then the coefficient of the term 
w) in the associated form Fyn) (Z,Z,- - -,Z) of G(m) cannot be zero. 
For, let v(), = — yj, v(); =1, v; =0, for i—1,- - -,d, and 7 #1, then 
the form Fin) (Z,v™,---,v) is the associated form of the intersection 
of G(») with the linear variety. It is easily seen that the coefficient of the 
term Z," in the form F(n)(Z,v,--+-,v) is exactly the coefficient of 
the term w, in the form Fin,)(Z,Z™,---,Z@). If this coefficient were 
zero, then the form Fn) (Z,v™,---,v) must contain as factor at least 
one linear form. without the term Z,, and this linear form would then corre- 
spond to an infinite intersection point of G(m) with the linear variety, in 
contradiction to our assumption. Thus the coefficient of the term w, in the 
form Fin) (Z,Z7Z™,- --,Z) is not zero, and this means that the point (n) 
is in the affine space S;. From now on we shall assume that the associated 
form has been so normalized that the coefficient of the term w, is equal to 1; 
the coefficients of the rest of the terms will then be the affine coordinates of 


the corresponding cycle. 


3. Two lemmas. We begin by recalling some well known facts con- 
cerning the semi-local rings. A ring o is called a semi-local ring,’’ if it is 
a Noetherian ring and contains only a finite number of maximal prime ideals. 
We shall consider o also as a topological space in the following way. Since 9 
is in particular a group with respect to the addition, we can define a topology 
in o by specifying a fundamental system of neighborhoods of the element 0. 
Let a be the product of all the maximal prime ideals of 0, then the sets a’, 
for s =1,2,- --, will be taken as a fundamental system of neighborhoods 
of 0. It can be shown that the usual conditions are satisfied; they are all 


trivial except the one asserting that {] a*—0, which is the well known 
g-1 


17 Chevalley [1]. 
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theorem due to Krull. Thus o is a topological group and consequently a 
regular space; moreover, not only the addition but also the multiplication 
is a continuous function in o. 

Let o’ be another semi-local ring which contains o as a sub-ring, and 
let o’ be topologized in a similar way by means of the product a’ of its 
maximal prime ideals. The question arises as to the relation between the 
topologies of the two rings o and o’. In general, they are not concordant ; 
in other words, the sets a’ {] 0 do not in general constitute a fundamental 
system of neighborhocds of 0 in 0. However, in the important special case 
when o’ is a finite o-module (and this implies itself that o’ is a semi-local 
ring) and no non-zero element of o is a zero-divisor in 0’, it can be shown ** 
that the sets a’* {) 0 also constitute a fundamental system of neighborhoods 
of 0 in 0, so that o’ contains o not only as a sub-ring, but also as a sub-space. 
Explicitly this means that, in this case, there exist two sequences of positive 
integers 1(s) and m(s), with 1(s) +0 and m(s) —0 as s—>o, such that 
the relations a’) Ca’* () oCa™s) hold for all s. 

Let U/K and V/K be two varieties of the same dimension r in the affine 
spaces S,, and S; respectively. Let T be a rational transformation of U/K 
onto V/K, and let (x) and (y) T(z) be a pair of corresponding generic 
points of U/K and V/K respectively. Then K(z) is a finite algebraic exten- 
sion of K(y); let n be the degree of the extension. To the generic point 
(y) of V/K there correspond in the inverse transformation T-' n (not neces- 
sarily distinct) points (2 @)) = (2), (2®),---,(2™) of U/K, which 
are all generic points of U/K and which together constitute a complete set 
of conjugates over K(y). We shall say that the inverse transformation 
T-* is defined at a point (7) of V/K, if there is a finite specialization 
(a,- +» -,a() — (EM, - -,E™) over the specialization (y) — (7), such 
that every specialization of (x@,- - -,2)) over the specialization (y) — (») 
coincides with this one except possibly for a reordering of the points 
(€M),---,(é€™). It is clear that if the rational transformation 7’ is one 
which is associated with an involutional system of positive 0-cycles on U/K, 
so that V/K is the associated variety of the system, then the inverse trans- 
formation J~-' is defined at every point of the variety V/K, for a suitable 
choice of the affine spaces S», and S;. 


LemMaA I. Let T be a rational transformation of a variety U/K onto 
a variety V/K, both of the same dimension r. Let (é) be a point of U/K 





*8 See Chevalley [1], p. 699, Proposition 7. For the properties of semi-local rings 
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such that T is regular at (€) and the inverse transformation T-' is defined 
at the image point (yn) =T(é). Then the quotient ring U=Q(U/K, (&)) 
contains the quotient ring 8B = Q(V/K, ()) as a subspace. 


Proof. Let r= Kl[y] be the coordinate ring of V/K, and let p be the 
prime ideal in r determined by the point (7), and let 8—r—p be the 
multiplicatively closed system of all the elements of r not in p. Then the 
quotient ring of r with respect to § is a local ring 0, and the ideal m = op 
is the maximal prime ideal of 0. It is easily seen that o is the quotient ring 
B= Q(V/K,(n)) of V/K at (yn). Let r’-=K[a] be the coordinate ring 
of U/K, and let p’,,- - -, p’n be the nm prime ideals (not necessarily distinct) 


in r’ determined by the n points (€),- - -, (€™), and let 3’ = a (r’ — p’;) 
i=1 


be the multiplicatively closed system of all elements of r’ not in any one of 
the ideals p’,,- --,p’n. Let 0’ be the quotient ring of r’ with respect to 9’. 
Then o’ is a semi-local ring, and its maximal prime ideals are the ideals 
nv’; = 0’p’; (t-=1,- + -,n), which are not necessarily distinct. Let 0’; be 
the quotient ring of o’ with respect to the multiplicatively closed system 
o’ —nv;; each ring 0’; is a local ring with the maximal prime ideal o’;’;. 
It is clear that 0’, is the quotient ring U—Q(U/K, (€)) of U/K at (6&). 
We have to show that if 0’; 0, then 0 is a sub-space of 0’;. We shall achieve 
this by constructing a bigger ring which contains both 0’, and o as sub-spaces. 

Consider the ring R = K[x™,- - -,x™], and for each i (t= 1,- - -, 2), 
let Bi;, 7 =1,- - -,a, be the distinct prime ideals determined by the speciali- 
zations of (#,---,x2) over the specialization (2) > (€) over K. 
Since there is an automorphism of the field k(a™,---,a™) over K(y) 
which carries any one of the points (a‘)) into any other, it follows that 
we can arrange the ideals $3; in such a way that the ideals $,;,- - -, Bnj are 
conjugate to each other for every j—1,2,---,a. Let G=f) (R— iy) 

isi 


be the multiplicatively closed system of all elements of # not contained in 
any one of the prime ideals $;;, and let © be the quotient ring of # with 
respect to S. The ring © is then a semi-local ring, and its maximal prime 
ideals are the ideals Mi; = OY; Let O be the integral closure of D; since 
© is a finite D-module, it is also a semi-local ring. For every i and j, let 
Min (kK =1,---,b) be the distinct maximal prime ideals of © such that 
Me iin () © = Mi;; and we shall arrange these ideals in such a way that the 
ideals Dtsjx.,° - -, Dtnjx are conjugate to each other, for every j and k. Now, 
since every element of 0 is finite over any finite specialization of the elements 
of ©, it is integrally dependent on ©; hence, we have Do. On the other 


hand, since every element of © is also finite over any finite specialization of 
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the elements of o and is consequently integrally dependent on 0, we conclude 
that © is the integral closure of o in the field K(a™,---,2™), From 
this it follows that © is a finite o-module, and hence © contains o as a 
sub-space, and we have Mtij, () 0 =m. 

It is clear from our construction that Rr’; and, as all the prime 
ideals $3;; of 9 contract in r’ to one of ideals p’,,- - -, p’n, we have r’ () C8’, 
from which it follows that O50’. The ideals %,; (j =1,---,@) are evi- 
dently the only maximal prime ideals of St which contract to p’; in r’. It 
follows that the ideals Mt; (j =1,- - -,a@) consist of all the maximal prime 
ideals of D which contract to m’; in 0’. Hence the ideals Mt,;, are all the 
maximal prime ideals of © which contract to m’, to o’. Let ©, be 
the quotient ring of © with respect to the multiplicatively closed system 


N(O—Miw). Since Mj Mo’ = 1m4, the ring o’, is contained in S,. 
isk . 
On the other hand, it is easily seen that every element of ©, is finite 


over any finite specialization of the elements of 0’, and hence is integrally 
dependent on o’;. Therefore, ©, is the integral closure of 0’; in the field 
K(a™,---,a™), from which it follows that ©, is a finite o’;-modul and 
consequently contains 0’, as a subspace. 
We shall now show that ©, contains also 9 as a sub-space. Let 
%,—I] Min and 9% = []’ Miz, where the product []’ extends over all the 
jek ijk 
distinct ideals only among the Qtjj,. Since contains o as a sub-space, and 
since the sets %* (s = 1, 2,- - -) constitute by definition a fundamental system 
of neighborhoods of 0 in ©, we have the relations a’) C %*{]) 0 C am) 
with 1(s) > and m(s) 0, as s—>oo. Since any two distinct ones of the 


ideals Qt,.° are relatively prime to each other, we have 
Ye? == JY’ Min? = {) Mein’ = 1) (1 Mint) =/ (II Mijx®) 
ijk ijk i Hike i isk 
= {) UW. 
i 


Hence we have a?(s) C NM (W* (0) Ca”). Now, since the ideals %f;* are all 
conjugate to each other over K(y), we have evidently %,*f)o=—--- 
= 9,°{) 0. Hence we have the relations a’) C%,* () oCa™ *), which means 
that the sets %,*°{] 0 constitute a fundamental system of neighborhoods of 
0 ino. Now, the sets (©,%,)* constitute by definition a fundamental system 
of neighborhoods of 0 in $,, and we have from the theory of quotient rings 


19 We observe that since the %,,, are maximal prime ideals in ©, we have 
ae = 17 M,,,*, and each M,,,* isa primary ideal. Therefore we have ©,2%,;,° NM = M,,,° 


jk es re 
and hence also ©,%,° () ) = 4%,’. 
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that (D,%,)* (1 S=—%,*. Therefore we have (9,%,)* M 0 = (91%)? M S 
M 0 = %,* [1 0, which shows that 0 is a sub-space of ©,. 

Since the ring ©, contains both o’, and o as sub-spaces, and since (on 
account of the regularity of the rational transformation T at (€%)) 0%, 
contains o, it follows that o’, contains 0 as a sub-space. Thus the lemma 
is proved. 


[Note added in proof (March 10, 1950): Professor Zariski has kindly 
called our attention to the fact that our Lemma I is closely related to a result 
in his recent note in the Proceedings of the National Academy of Sciences, 
vol. 35 (1949), pp. 62-66, Theorem 3. In fact, if the variety V/K is 
analytically irreducible at the point (7), our Lemma I is an immediate con- 
sequence of Zariski’s theorem. In case V/K is not analytically irreducible, 
it is also possible to deduce our Lemma I from Zariski’s theorem, if we make 
use of Zariski’s theory of normal varieties. This can be done in the following 
way, as communicated to us by Professor Zariski. 

Let U/K and V/K be derived normal models of U/K and V/K respec- 
tively. Let (€@), (€®@),- - -, (E) be the points of U/K which correspond 
to (€) and let similarly (7), (7®),---,(7™) be the points of V/K 
which correspond to (7). Since (7) is the only point of V/K which corre- 
sponds to (€) under 7’, the points of V/K which correspond to any (é‘)) 
(in the rational transformation T of U/K onto V/K) are among the points 
(79) ) and hence are finite in number. Since U/K is normal it follows that 
to each point (€)) there corresponds a unique point, say (7“*)), and that T 
is regular at (€“). Recalling the fact that a normal variety is analytically 
irreducible at any one of its points (see Zariski, Annals of Mathematics, vol. 
49 (1948), pp. 352-361), it follows from Zariski’s theorem that 


(1) the quotient ring of (7) is a sub-space of the quotient ring of 
(E@) (t—=1,2,---,g). 

Now let us assume that in every specialization (x™,2@,---,2%)—> 
(EM, E@,- - -,E™) over the specialization (y) — (ny) the point (€) occurs 
at least once among the (é‘)) (this assumption is weaker than the assump- 
tion that the inverse transformation T-* is defined at (y)). We have for 
each 7 = 1,2,- - -,h the specialization (y,¥) > (n,4") (where (¥) is the 
point V/K which corresponds to the general point (y) of V/K), and if we 
apply the above assumption to the specializations of (c#™,z@,---,a™) 
which are over the specialization (y, ¥) — (,7'%) we conclude at once that 


(2) each of the h points (7%)) occurs at least once among the points 
(7), i= 1,2,- “eo 
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19 j From (1) and (2) it follows that the intersection of the quotient rings 

0(79)) of the k points (7%) is a sub-space of the intersection of the quotient 

(on 4 rings o’(€‘)) of the g points (€). Since V/K is a derived normal model 

0; of V/K, the quotient ring o of the point (7) is a sub-space of [) 0(7%)). 
j 


Hence 0 is a sub-space of () 0’(€). Since also U/K is a derived normal 
i 


model of U/K, the quotient ring 0’, of the point (€) = (é@)) ts a sub-space 


ve of () o’(€™). From these conclusions and from the fact that the space o is 

uu i . 

es, a subset of the space 0’, (since T is regular at (é)), our Lemma I follows. ] 
Is Before we proceed to the second lemma, we shall make a few remarks 

n- — about the coefficients of the associated form. Let U/K be a variety in Sm. 

le, Consider an involutional system of positive 0-cycles of degree n in U/K with 

ike | the associated variety V/K and the associated transformation T,, and let (2) 


"S — and y—T (zx) be a pair of corresponding generic points of U/K and V/K 
» respectively. Let F,,)(Z) be the associated form of the generic 0-cycle G(y) 


“C- ff of the system. We have then 
nd ff 
K Fwy (Z) = IT (404+ 22Ze™)), 
re- oF opin “ 
)) [ where the n points (2) = (2), (x ),---,(a™) form a complete set 
its — of conjugates over K(y). The coordinates of the point (y) are the coefficients 
at — of the form F,,)(Z), and they are by hypothesis rational functions of (2). 
T | Let fx(Zo, 2) be the form obtained from F(,)(Z) by setting 2; 0 for all 
ly 7 %0,k; we have then evidently 
il. 
fx(Zo, 2x) = IT (Zo + Z,a,), k =1,°: "tym. 

i=1 

of 





Thus, for each k =1,- - -,m, the coefficients of the form f;,(Z, Z;,) are the 


i. elementary symmetric functions of the n elements x@,,---,2™,. It is 
i clear that the coefficients of the m forms f;,(Zo,Z%), k= 1,-- +, m, are all 
z part of the coefficients of the form F,,)(Z); that is, they all occur among 
- the coordinates of the point (y). Furthermore, let 

e n y 

" 9% (Zo, Zx) =I (Zo + Za), k=1,-++,m 
so that we have fi(Zo, Zx) = (Zo — Zr) 9x (Zo, Zu), k= i; Br. 9 5 ie It is 
, 2 well known that for each k —1,- - -, m, the coefficients of 9%(Zo, Zx), being 
s — the elementary symmetric functions of the n—1 elements 2;,- --,2™,, 


can be expressed as polynomials in the coefficients of the form f,(Z, Z,) and 
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the clement z;. It follows then that the coefficients of the forms 9;,(Zo, Zx), 
k=1,---,m, are all elements of the ring K[z,y]. We shall make use of 


this remark presently. 


Lemma II. Let U/K be a variety; let | G@(y)| be an involutional system 
of positive 0-cycles in U/K with the associated variety V/K and the associated 
transformation T. Let (é) be a point of U/K such that the transformation T 
is regular at (é), and that the corresponding point (n) =T(&) on V/K deter- 
mines an 0-cycle G(n) which contains (€) as a simple component. Then the 
maximal prime ideal u of the quotient ring W=Q(U/K, (€)) has a basis 
consisting of elements in the quotient ring 8 = Q(V/K, (n)). 


Proof. Let (x) and (y) =T(z) be a pair of corresponding generic 
points of U/K and V/K respectively. The hypothesis that the point (€) is 
a simple component of the special cycle G(») implies that the generic cycle 
G(y) can only have simple components; hence the field K(x) must be a 
separable algebraic extension of K(y) and the n points (x) = (z), (x®)), 
-++,(a2™)) of the generic cycle G(y) are distinct. Let (7,---,a™) 
— (€,---,é&) be any specialization over the specialization (2) — (é) 
over K; the points (€@)),- - -, (€™) are then evidently the n points of the 
cycle G(n). Since the point (€) occurs only once in the cycle G(n), we have 
(é) ~(é) for all 141. Therefore, we can assume that the affine 
coordinate system in S», has been so chosen that we have €‘);=4é; for all 
41 and all 7. It is easily seen that this condition can always be obtained 
by means of a suitably chosen affine transformation with coefficients in K, 
the field K being assumed to contain infinitely many elements. Let 


A= (1:,° * *,%m) be any ordered set of m positive integers not greater than 
mn, we shall set (@) — (é(4),,- - -,é(é™),,). Then, as A runs through all 
the n™” possible ordered sets (%:,: - -,%m) of positive integers not greater 


than n, we obtain a set of n™ (not necessarily distinct) points {(é)}. Since 
we have é‘); &; for all i141 and all j, it is clear that the point (€) occurs 
only once among the n” points of the set (é). Similarly, we set 


(2) = (x),,- - -,x2(),,) and obtain a set of n™ points {(r)}. It is 
clear that for every A the specialization (2) — (€) is the only specializatiou 
over the specialization (4™,-- -,2™) — (€M,- - -,E&™) over K. 


Let ¥;(X) (j=1,---,h) be a basis of the prime ideal determined by 
the point (€) in the polynomial ring K[X] = K[X;,---,Xm]. It is easily 
seen that the h elements ¥;(z), 7 —1,- - -,h, constitute then also a basis 
of the ideal u in the local ring U. Since the point (é) occurs only once 
among the set { (€‘)}, it follows that for every 454 (1,- - -,1) the hk elements 
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¥j(€), 7 =1,---+,h, are not all zero. There exist then h linearly inde- 
pendent combinations 
h 
$)(X) = 2 an(X), j=1,:--,h, 


of the polynomials ¥;(X) with coefficients aj; in K, such that for every 
\ = (1,- - -,1) none of the h elements ¢$;(&*), 7 =1,- - -,h, vanishes. The 
elements ¢;(z), j =1,- - -,h, constitute of course also a basis of the ideal 
u in 11; and we have for each A and j the unique specialization ¢,(x*) > o;(@) 
over the specialization (2,- - -,2™) — (€@,- + -,é™) over K. 
Now we set 
;— IT 4;(2), j=1,---,h, 


where the product runs over all the n™ points of the set {(x*)}. We prove 
first that these h elements ®;, 7 —1,- - -,h, are elements of the ring K[y]; 
this evidently implies that they are also elements of the quotient ring %. 
To show this, we set $;(X) =; (Xi1,---,Xm), j=1,°°+,h; we can 
then write 

&,=[1- - I 4) (2,,- ++, 20 _), jie, I 


im=1 43;=1 
Consider the polynomials 


oj (X2, ape. Xm) aca II 4; (a'4),, Xo, hh »Xm), j= 1, meee h; 
i,=1 


we have evidently 


3 n n 
o;=— ne II ¢; (x{%),, ae ee (tm) n), j= eae: yh. 
im=1 ig=1 
Since the coefficients of the polynomials ¢; (Xe,- --,Xm), j=1,:-°°,h, 
are integral rational symmetric functions of the n elements z),,- - -, a), 


they can be expressed as integral rational functions of the elementary sym- 
metric functions of these n elements. This means that the coefficients of 
the polynomials ¢;") (X2,---,Xm), 7=1,:-++°,h, are integral rational 
functions of the coefficients of the form f,(Zo, Z,) ; and since the coefficients 
of f:(Zo,Z,) are themselves some of the coordinates of the point (y), it 
follows that the coefficients of 4; (X2,- - -,Xm),j7=1,° - +, h, are elements 
of K[y]. Consider next the polynomials 


$;) (Xs,° é *, Xm) =I 4,” (a'),, Xs, ° f *,;Xm), j=1,: yh; 
ig=1 


we have evidently 
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n n 
;—|[- e -, IL ¢; (x4), - . >, o(ém),.), 4=1,° e ‘hk. 


im=1 ig=1 





-, Xm), j=1,- : ‘yh, 
are integral rational symmetric functions of the n elements x),,- - -,x™, 


Since the coefficients of the polynomials ¢;°) (X3,- - 


with coefficients in K[y], it follows that they can be expressed as integral 
rational functions of the elementary symmetric functions of these n elements 
also with coefficients in K[y]. This means that the coefficients of the poly- 
nomials ¢;‘?) (X3,- - -,Xm), 7 =1,° - -,/, are integral rational functions of 
the coefficients of the form f.(Z», Z.), with coefficients in K[y]; and since the 
coefficients of the form f.(Z ,Z2) are themselves some of the coordinates of 
the point (y), it follows that the coefficients of $;°) (X3,- --,Xm), 7=1, 
- ++ ,h, are elements of K[y]. Thus, proceeding successively in this manner, 
we conclude after m steps that the elements ;, 7 ==1,- - -,h, are elements 
of K[y]. 

We maintain that the h elements ®;, j —1,- - -,h, constitute a basis of 
the ideal u in the ring 11. Since we have ©; = (®;/¢,(x))¢/(z), j =1,-- -,h, 
and since the h elements ¢;(z), j =1,- - -, A, constitute a basis of u in U, 
it is sufficient to prove that the elements ®;/¢;(7), 7 =1,- - -,h, are units 
of the ring U. We first show that these elements are elements of the ring U. 
In fact, indicating by Tl’ the product over all the m—k--1 indices 

k) 
tx,* * *,%m With the Pn of the one combination 1, —=- + -~—in —1, 
we obtain by a simple calculation the following: 


(m) 
®j/o;(x) = IT’ $5 (2 ,- + +, cm) : 
(1) 
Ld 2 (m) ‘ : 
= II $; (x (4),, —***, Im) Il’ $2) (x4), hoe yee a (im) .,) 
4,=2 (2) 


m 


= I ( II gj) (a), Vk+19° ° “5 Lm) —_ II 6; (2x11) ° =* yee, 
=1 ik=2 k-1 
Gj — A a h }s 


where in the last step we have set 


0; (Xi; ae Xm) a. II hee (2), Xi, SF Xm) 3 


4x=2 


bam l,---,m3jml,--:-,h. 





Thus it is only necessary to prove that for each k —1,---,m and each 
j=1,:--,h, the element 6; (a.:,- - -,@%m) is an element of U. Since 
the coefficients of the polynomial 6; (X;.:,- - -,Xm) are integral rational 


symmetric functions of the n —1 elements r‘);,- - -, a), with coefficients 
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in K[y], they can be expressed as integral rational functions of the elementary 
symmetric functions of these n —1 elements, also with coefficients in K[y]. 
This means that the coefficients of 6;*) (Xz.1,- - -,Xm) are integral rational 
functions of the coefficients of the form gx(Zo, Z~), with coefficients in K[y] ; 
and since the coefficients of g.(Zo,Z,) are themselves elements of K[z, y], 
it follows that the coefficients of 0;*)(Xii1,- --,Xm) are also elements of 
K[a,y]. Therefore, the element 6; (2x.1,- - -,%m) is also an element of 
K[«,y]; and since the transformation 7 is regular at the point (€), the 
element 6; (@11," * *;%m) is in the quotient ring 1. Thus we have shown 
that the elements ®;/¢;(z), 7 =1,- - -,h, are all elements of the ring U. 

Finally, we show that the elements ;/¢;(x7), 7 =1,- - -,A, are units of 
the ring U. In fact, we have 


®;/;(x) ae $;(2*), j= ages? * ily 


where the product J]’ runs over all the n” points of the set {(a)} except 
d 


the point (2). For every A and j, we have the unique specialization 
$;(x*) — $;(€') over the specialization (a,- - -,2™) +» (€M,- + -,é™) 
over K; hence we have also the unique specialization 


®;/;() ba IT’ $5(2") — IT’ $;(2), j= oe h, 


over the specialization (#@,- --,2™) — (é,- - -,E™) over K. Since 
the elements ®;/¢;(z), 7 =1,-- -,h, are elements of U1, it follows that the 
specialization 


#,/4;(z) > IT’ $,(é"), j=1,: c phy 


is the uniquely determined specialization of these h elements over the speciali- 
zation (x) — (€) over K. Now, we have shown above that ¢;(é) #0 for 
every 4 ~(1,---,1) and every 7; hence we have also 


IT (2°) #0, j=1,:--,h. 


This means that the h elements-®;/¢;(x), j7—=1,:--,h, are not in u and 
hence units of Ul. This concludes the proof of Lemma II. 


4. Proof of the theorem. We restate here our theorem with slight 
modifications for affine varieties: 

TuroreM. Let U/K be a variety; let | G(y)| be an involutional system 
of positive cycles in U/K with the associated variety V/K and the associated 
transformation T, where (y) is a generic point of V/K. Let (n) be a 
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rational point of V/K such that the cycle G(n) ts finite, and let (é) be a 
generic point of a K-component G’/K of G(n). We assume that the field 
K(é) is analytically disjoint with respect to the ring Q(V/K, (n)) over K; 
this implies in particular that the fields K(é) and K(y) are linearly disjoint 
over K, so that the product variety W/K = V/K X G’/K ts defined. If the 
transjermation T is regular at the point (€) and if the variety G’/K is a 
simple K-component of G(n) and is separably generated, then the varieties 
U/K and W/K are analytically equivalent at the points (é) and (n, &é) 
respectively. 


Proof. As before, let (x) and (y) —T(z) be a pair of corresponding 
generic points of U/K and V/K respectively. We shall first prove the 
theorem for the case when the dimension d of the positive cycles of the 
involutional system is zero and then extend it by a well known device to 
the general case. 


(a) The case d=0. The assumption that G’/K is a simple K-com- 
ponent of G(7) and is separably generated implies that the point (€) is a 
simple component of the 0-cycle G(7) ; hence the hypotheses of both Lemma I 
and Lemma II are satisfied. Let U —@Q(U/K, (€)) be the quotient ring of 
U/K at the point (€) and u be the maximal prime ideal in UW; let 
¥ = Q(V/K, (y)) be the quotient ring of V/K at the point (7): and let 
W — (W/K, (yn, €)) be the quotient ring of W/K at the point (»,&). Let 
U* be the completion of the local ring U and let u* be its maximal 
prime ideal; let B* be the completion of the local ring @ and b* be 
its maximal prime ideal; let YW* be the completion of the local ring B. 
Our aim is to prove that the two rings 1* and WW* are K-isomorphic. 
We observe first that W is also the quotient ring Q(V/K(é),(n)) of 
the extension variety V/K(é) of V/K over K(é) at the point (n); 
which means that % is the extension of 8 over the field K(é). Further- 
more, since K(é) is a finite extension of K and since 8 contains K as 
a coefficient field, it follows that W* — K(é) XK B*. According to Lemma I, 
Ul contains B as a sub-space; hence U* contains B* as a subring. Since 
K(é) is separable over K, U1 contains K as a basic field; hence the com- 
pletion 11* contains a coefficient field K’ over K, which is K-isomorphic to 
the residue ring 11*/u* and hence also K-isomorphic to K(é). The field K’ 
is not in general a subfield of the universal domain & and is hence an 
“abstract ” field in our terminology; however, since K’ is K-isomorphic with 
the field K(é), we can without loss of generality identify the two fields by 
setting K’—K(é) through the given K-isomorphism. If we now set 
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R=l*, 0—%, L=K’ in the Theorem 7 of the Appendix, it is easily seen 
that all the conditions in the hypothesis are fulfilled; we can therefore con- 
clude that the subring K’S* in U* is an (K’,¥*)-isomorphic image of 
y* — K’ X B*. This shows in particular that K’%* is a complete local 
ring and its maximal prime ideal is the ideal K’p*, which is contained in 
the ideal u*; it follows then that the subring K’¥* is equal to its own 
adherence in 11*. Therefore, to complete our proof, we only need to show 
that 11* — K’%*; for then the two rings U* and W* will be K’-isomorphic 
and a fortiori also K-isomorphic. To prove this equation U* — K’%%, it is 
sufficient to show that the elements of K’% are everywhere dense in the local 
ring U*. This means that given any element 2 of U* and a positive integer s, 
there is an element 8, of K’¥ such that «=, (mod u**). Now, according 
to Lemma II, the ideal u of UW has a basis ®;, 7 =1,---,h, which are 
elements of %, hence also of K’¥. It is well known that the elements 9j, 
j=1,---,h, constitute then also a basis of the ideal u* in U*. Since the 
elements of K’ constitute a complete set of representatives of the residue 
field 11*/u*, there exists an element a, in K’ such that a=, (mod u*). 
We set 8, —,. Assuming that the element 8,-, has already been constructed, 
we proceed to construct the element £;. Since the element «— #,, is an 
element in the ideal u**-1, we can express it as a form of degree s—1 in the 
basis elements ®;, 7 1,- - -,h, with coefficients in U*. Now, by the case 
s = 1, each of these coefficients is congruent to an element of K’ modulo u*. 
If we now substitute every coefficient of the form by the corresponding element 
in K’, we obtain an element a, in K’% such that a— B;_, =a, (mod u**). 
The element 8,—«a,-+ 8s. is in the ring K’% and satisfies the condition 
%== 8, (mod u**). Thus the proof for the case d= 0 is complete. 


(b) The case d>0. As we have mentioned at the end of Section 2, 
we shall assume that the affine coordinate system of S» has been so chosen 
that the (m — d)-dimensional linear variety defined by the equations X; = v;, 
j=1,---,d, where the v,,- - -, va are independent variables over K, inter- 
sects the d-cycle G() properly and finitely. Then, if G,/K is any K-com- 
ponent of degree n, of G(), a generic point (€) of G,/K can be chosen such 
that the first d coordinates £,,- - -,¢q are any given set of d independent 
variables over K, and the field K(%:,- --,&m) is an algebraic extension of 
degree n, over the field K(£,,---,4). Since the first d coordinates 
@1,° * *,%q of the generic point (x) of U/K are in this case independent 
variables over K, we can therefore set £;— 2; for j}=1,---,d. In other 
words, each K-component of G(y) has a generic point with the first d 
coordinates x,,- - -,24. This holds in particular for the K-component G’/K 
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of G(m), and we have a generic point (€) with é;—= 2; for j7—1,:--,d. 
Since the variety G@’/K is separably generated, we may without loss of 
generality assume that the affine coordinate system of S, has been so chosen 
that K(é) is separably algebraic of degree n’ over field K(2,-- -, 2a). 

Let K = K(2,,- - -,a), and let U/K and V/K be the extensions of the 
varieties U/K and V/K respectively over K. Let L/K be the linear variety 
of dimension m — d defined by the d linear equations Y; = 2;, 7 =1,- - -,d. 
Then the intersection of U/K with L/K is a variety U/K over K, and the 
point (x) is also a generic point of U/K. The point (€) is evidently also a 
point of U/K, and it is well known” that the quotient ring Q(U/K, (é)) 
coincides with the quotient ring U = Q(U/K, (€)). Since the point (zx) is 
a generic point of U/K and the point (y) is also a point of V/K, the 
rational transformation (y) = T(x) of U/K onto V/K can also be regarded 
as a rational transformation 7 of the variety /K into the variety V/K. 
In fact, this rational transformation T is also a transformation of U/K onto 
V/K; in other words, the point (y) is not only a generic point of V/K, but 
also a generic point of V/K. To prove this, we only need to show that every 
generic point (y’) of V/K is a specialization of the point (y) over K. In 
fact, since G(y’) is a generic d-cycle of the involutionary system | G(y)| , it 


has at least a finite intersection point (2) = (%,-° + +,Va,Vau,° * *, Um) 
with the linear variety L/K. The pair of points (2’), (y’) is then a 
specialization of the pair (x), (y) over K; hence, the pair (%,---,2q), 
(y’) is also a specialization of the pair (a:,- --,2a), (y) over K; and this 


means that the point (y’) is a specialization of (y) over K. 

It is evident from the definition of the transformation 7 that to the 
point (y) of V/K correspond in the inverse transformation 7-1 exactly the 
points of the intersection of L/K with the d-cycle G(y). Since each K-com- 
ponent G,/K of G(m) has a generic point of the type (€) = (%,- - +, 2a, 
fai,’ * *>&m) such that the field K(f) is an algebraic extension of degree n, 
over K, it follows that the intersection of G,/K (considered as a d-cycle) 
with L/K is a finite 0-cycle G, of degree m,, prime rational over K; thus 
we have a 0-dimensional variety G,/K, and the point (£) is also a generic 
point of G,/K. This holds in particular for the intersection @’/K of G’/K 
with L/K ; and since the field K(€) — K(€) is separable over K, this 0-dimen- 
sional variety G’/K is also separably generated over K. Summing over all 
the K-components of the cycle G(7), we conclude that the intersection of 
G(n) with L/K is a finite 0-cycle G(m) of degree n, rational over K, which 


2° See Zariski [10], p. 8, Lemma 1. 
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contains the variety G’/K as a simple K-component. It is well known that 
in such a case the intersection of the generic cycle G(y) with L/K is also 
a finite 0-cycle G(y) of degree n, prime rational over K(y), and the cycle 
G(n) is the unique specialization of the cycle G(y) over the specialization 
(y) > (n) over K. Thus the rational transformation 7 induces in 0/K an 
involutional system of 0-cycles | G(y)| , and the inverse transformation T-* is 
defined at the point (). Since the transformation 7 is evidently regular 
at the point (€), it follows then from Lemma I that the quotient ring 
l= Q(U/K, (€)) contains the quotient ring B ae Q(V/K, (»)) as a sub-space. 

The variety V/K is however not the associated variety of the involutional 
system | G(y)|. To find the associated variety of this system, we only need 
to observe that the associated form of the generic cycle G(y) is the form 
F(Z) =F iy (Z,u™,- + -,uw), where the form Fy)(Z,Z2™,---,2@) is 
the associated form of the d-cycle G(y) and the (u“)), 1=1,---,d, are 
defined as follows: For each i~1,---,d, we set u‘);—=—a;, 1, or 0, 
according as j = 0, j7 1%, or 7 ~0,%, respectively. As we have mentioned at 
the end of Section 2, the form F,,(Z,Z™,- - -,Z) is assumed to be so 
normalized that the coefficient of the term o, is 1. It follows then the 
coefficient of the term Z," in the form F(Z) is also equal to 1, so that F(Z) 
is already in the normalized form. Let (4) be the set of coefficients (except 
the coefficient 1 of the term Z,") of this form F(Z), ordered in some arbitrary 
but fixed way, then the variety V/K determined by the point (#) over K is 
the associated variety of the involutional system | G(y)|; and we can now write 
G(%) instead of G(y) to indicate its dependence on the point (#). It is 
clear that the coordinates of (7) are linear combination of the coordinates 
of (y); this means that there is a projection P of V/K onto V/K and that 
this projection P is regular at every finite point of V/K, hence in particular 
at the point (7). We shall denote by (%) the corresponding point of (7) 
under this projection P, and write G(%) instead of G(m) to indicate its 
dependence on the point (q7) of V/K. Since the hypothesis of Lemma I is 
evidently satisfied by P at the point (7), it follows that the quotient ring 
3 ae Q(V/K, (y)) contains the quotient ring 8 = Q(V/K, (4)) of V/K at 
the point (%) as a sub-space; and this means that ¥ is also a sub-space of 
the local ring U1. 

Let T be the associated rational transformation of the involutional system 
| G(g)|; it is easily seen that 7 is the product of the rational transformation 
T of U/K onto V/K and the projection P of V/K onto V/K. Since the 
transformation 7 is regular at the point (€) and the image point on V/K is the 
point (m), and since the projection P is regular at the point (7) and the 
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5 





image point on V/K is the point (4), it follows that the associated trans- 
formation 7 is regular at the point (€) and the image point on V/K is the 
point (#7). Moreover, the 0-dimensional variety G’/K is a simple K-component 
of the cycle G(q) and is separably generated ; hence the hypothesis of Lemma 
II is fulfilled by the involutional system | G(#)| on the variety O/K with 
the associated variety V/K and the associated transformation T. It follows 
then that the maximal prime ideal u in the quotient ring U = Q(U0/K, (&)) 
has a basis consisting of elements in the subring % and hence also in the 
subring & of U. 

Finally, let W—Q(W/K, (yn, €)) be the quotient ring of W/K at the 
point (7,€). It is clear that W is also the quotient ring Q(V/K(é), (m)) F 
of the extension variety V/K(é) of V/K over K(é) at the point (7), and i 
the variety V/K(é) is also the extension variety of V/K over K(é); this [ 
means that the local ring Y is the extension of the local ring % over the 
field K(é). Since K(é) is a finite extension of K and since V contains K as 
a coefficient field, it follows that Y%* — K(é) X B*. Furthermore, since 
the field K(é) is analytically disjoint with respect to the quotient ring 
¥— Q(V/K, (n)) over the field K, and since % is the extension of B over 
the subfield K of K(€), it follows (Appendix, Theorem 6) that K(é) is also 
analytically disjoint with respect to % over the field K. 

We are now ready to apply the method of (a). Consider the completion 
U* of WU; it contains the completion 8* of B as a subring. Since K(é) is 
separable over K, the local ring 11 contains K as a basic field; hence the 
completion 11* contains a coefficient field K’ over K, which is K-isomorphic 
to the field K(é). Here again the field K’ is an “abstract” field, but we can 
just as before identify it with K(é) by setting K’ = K(€) through the given 
K-isomorphism. If we set R = U*, 0o— 8%, L = K’, K = K in Theorem 7 of 
the Appendix, then all the condition in the hypothesis are fulfilled; we can 
therefore conclude that the subring K’8* in U* is a (K’, B*)-isomorphic 
image of %W* — K’ KX B*. Observing that the maximal prime ideal in 11* 
has a basis consisting of elements in %, we can repeat the same argument as 
in the last part of (a) and conclude that U* = K’%*. Therefore the two 
rings 11* and Y* are K’-isomorphic and a fortiori also K-isomorphic with 
each other. This completes the proof of our theorem. 
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APPENDIX.* 
On the Extensions of Local Domains. 


In this appendix we shall develop some notions and results concerning 
the extension of a local domain over a field, which are used in the text, but 
are not directly related to the problem considered there, so that we consider 
it more appropriate to present them separately. Theorems 1-6 are not essen- 
tially new; in fact, most of them are contained implicitly in the work of 
Chevalley, to which we shall refer for some of the proofs. However, for our 
present purpose, we have to develop the subject in a somewhat different way. 
The one new result is Theorem 7, which plays an essential part in the proof 
of the main theorem in the text. As a matter of terminology, we stress here 
that the expression “ field” will be used in this appendix in its usual general 
sense as meaning an abstract field, not necessarily a subfield of a certain 
“universal domain.” 

Let R, and R, be two (commutative) rings which contain a field K as 
common subring. We shall consider the Kronecker product R, X Rz of Ry 
and Rez over the field K, which is a ring containing both R, and R, as subrings. 
The Kronecker product R, X R, has the following characteristic property: 
Let R’ be any ring containing K, and let R’, and R’, be two subrings of FR’, 
both containing K; then if R’, and R’, are K-isomorphic to R, and R, 
respectively, then the subring ** R’,R’, in R’ is a K-homomorphic image of 
R, X Rz. Furthermore, this homomorphism will be an isomorphism if and 
only if R’, and R’, are linearly disjoint over K. We recall here that R’, and 
R’, are linearly disjoint over K, if every set of linearly independent elements 
of R’, over K is still such over R’,; and that when this is so, then every set 
of linearly independent elements of R’, over K is also still such over A’:. 
If we identify the rings R’, and RF’, with the rings R, and R, respectively, 
as we shall often do, then the homomorphism of R, X R, onto the subring 
R,R, in FR’ is not only a K-homomorphism, but also an (R,, R.)-homo- 
morphism in the sense that both R, and R, are left invariant by the 
homomorphism. 

Let Z and M be two fields which contain a common subfield K. We 
shall say that Z and M are algebraically disjoint over K, if the prime ideal 
in the polynomial ring K[X,,- - -, X,] determined by every set of n elements 






* Added January 20, 1950. 
* We shall denote by R’,R’, the subring of R’ consisting of all the sums of products 
of elements in R’, and R’,. Thus, in case of two subfields LZ and M of a larger field, the 
ring LM is in general not the compositum of J and M. 
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in L generates’ a prime ideal in the polynomial ring M[X,,---,Xn]. It is 
easily seen that in case both LZ and M are subfields of a larger field such that 
LI and M are independent over K, then they are algebraically disjoint over 
K if and only if they are linearly disjoint over K. On the other hand, given 
any two fields Z and M having exactly a common subfield K, there always 
exists a field N which contains Z and a subfield M’, K-isomorphic to M, such 
that ZL and M’ are independent over K. If LZ and M are algebraically disjoint 
over K, then Z and M’ are also algebraically disjoint over K and hence also 
linearly disjoint over K; and since in this case the intersection of Z and M’ 
is exactly the field K, we can identify M’ with M, so that N contains both L 
and M as subfields. Thus there is no essential difference between algebraical 
disjointness and linear disjointness; the former is a natural generalization 
of the latter to two arbitrary fields over K and hence more suitable to use 
in those investigations in which it is not possible or convenient to impose a 
fixed “universal domain” in advance. 

The above described relation between algebraical disjointness and the 
linear disjointness enables us to carry over most of the results about the 
linear disjointness to algebraical disjointness. Thus, in particular, we can 
conclude that algebraical disjointness is a symmetrical relation between 
the two fields. Furthermore, we can define a field Z as a regular extension 
of K, if LZ and K (the algebraical closure of K) are algebraically disjoint 
over K. It follows then from a well known result ** that if Z is a regular 
extension of K and M is any field containing K, then LZ and M are alge- 
braically disjoint over K. 

The definition of algebraical disjointness can be extended to two integral 
domains. We shall say that two integral domains R, and R., both containing 
the field K as subring, are algebraically disjoint over K, if their corresponding 
fields of quotients Z and M are algebraically disjoint over K. 


THEOREM 1. Let R, and R, be two integral domains which both contain 
the field K as subring. Then the Kronecker product R, X R. of R, and R, 
over K is an integral domain if and only if R, and R, are algebraically disjoint 
over K. 


Proof. If R, X R, is an integral domain, then the fields Z and M will 
be subfields in the field of quotients of R, X R., and since R, and R, are 
linearly disjoint over K, it follows that Z and M are also linearly disjoint 
over K and hence algebraically disjoint over K. Conversely, if Z and M are 
algebraically disjoint over K, let N be a field containing both LZ and M as 





22 See Weil [8], p. 18, Theorem 5. 
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subfields, such that Z and M are linearly disjoint over K. Then the subring 
LM in N is a homomorphic image of Z & M; and since Z and M are linearly 
disjoint over K, this homomorphism is an isomorphism. Since LM is an 
integral domain, it follows that LX M is an integral domain, and hence 


R, X R, is also an integral domain. 


THEOREM 2. Let R be an integral domain containing the field K as 
subring, and let L be an algebraic extension of K. If L and R are algebraically 
disjoint over K, then any R-homomorphism of L X R is an isomorphism. 


Proof. In fact, if M is the field of quotients of R, then any R-homo- 
morphism of L x R can be extended to an M-homomorphism of the ring of 
quotients of LZ X R with respect to the multiplicatively closed system R, 
which is the ring Z X M. Since L is algebraic, L X M is a field, and hence 
the homomorphism must be an isomorphism. 

Following Cohen,?* we shall define a generalized local ring 0 as a (com- 
mutative) ring with an element 1 in which (1) the set m of all non-units is 


an ideal with finite basis, and (2) a m®= (0). Ifa generalized local ring 
g=1 


is a Noetherian ring, then it is a local ring in the sense of Krull. It is 
known ** that a complete generalized local ring is a local ring, so that in any 
case the completion o* of o is a local ring. We shall speak of a local domain 
or generalized local domain if the ring has no zero-divisors. 

If a generalized local ring o contains a field K as subring, then no 
element of K is contained in the maximal prime ideal m of 0, and hence the 
residue ring o/m can be considered as an extension field of K. Furthermore, 
the completion o* of o also contains the field K as subring, and the residue 
ring o*/o*m, which is K-isomorphic to o/m, can also be considered as an 
extension field of K. Any field K’ in the ring o which is a complete system 
of representatives of the residue ring o/m is called a coefficient field in 0; 
and if the field K’ contains the field K as a subfield, then K’ is said to be a 
coefficient field over K in o. It has been shown by Cohen ® that while the 
ring o in general does not contain a coefficient field, the completion o* of o 
always contains a coefficient field, provided o/m has the same characteristic 
as 0; however, even in o* there need not always exist a coefficient field over 
any given field K. We shall say that a generalized local ring o contains a 
basic field ** K if o* contains a coefficient field over K. 






23 Cohen [6]. 

#4 See Cohen [6], p. 61, Theorem 3. 

25 See Cohen [6], p. 72, Theorem 9. 

*6It is to be noticed that we use the expression “ basic field” in a quite different 


sense from that of Chevalley in [2]. 
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THeorEeM 3. Let U/K bea variety in Sm, and let (é) be a point in U/k 
such that K(€) is a separably generated extension of K. Then the quotient 
ring Q(U/K, (€)) contains K as a basic field. 


Proof. Let r be the degree of transcendency of K(€) over K. It is well 
known that we can always find a suitable affine transformation in Sm, such 
that after such a transformation the first r coordinates &,,- - -,é, of (&) are 
independent variables over K, and the field K(€) is separably algebraic over 
K(é,- - +,&-). This implies that if (x) = (a,-- -,2%m) is a generic point 
of U/K, then the 2,,--~+,2z, are independent variables over K and the 
quotient ring Q(U/K, (€)) contains the field K(2z,,---,2z,). The residue 
ring of Q(U/K, (€)) over its maximal prime ideal, being isomorphic to the 
field K(€), is then a separably algebraic extension of K(z,,- - -,2Z,); and it is 
well known *’ that in this case the completion of Q(U/K, (€)) contains a 
coefficient field over K(21,- + -,2,), which is then evidently also a coefficient 
field over K. . 

Let o be a generalized local domain with a basic field K, m be the maximal 
prime ideal in 0, and M be the quotient field of 0. Let LZ be any field con- 
taining K, such that both Z and M as well as LZ and o/m are algebraically 
disjoint over K. According to Theorem 1, the Kronecker product L X 0 of L 
and o over K is an integral domain, and it contains o and LJ as two linearly 
disjoint subrings over K. It can be easily shown that (ZL X 0)q{]0—q for 
every ideal q in o, and that [) (L X 0)qa:—= (ZX 0)(f1 aq) for every set 


of ideals q; in o. In particular, we have the relations A (LX 0) m! 
g=1 


= (LX 0)( Q m*) = (0) and (ZX 0)m*{) 0 —m®; which shows that if 


we consider ZL X 0 as a (generalized) ( X 0)m-adic ring in the sense of 
Zariski,?® then LZ X 0 contains o as a subspace. Moreover, it is easily seen 
that the residue ring L X o/(Z X 0)m is isomorphic to the ring L & (0/m) 
which is according to Theorem 1 an integral domain; this shows that 
(Z X 0)m is a prime ideal in ZL X 0. Let oz be the quotient ring of L X 0 
with respect to the multiplicatively closed system ZL X 0 — (LX 0)m; then 
ozm is the ideal of non-units in oz and has obviously a finite basis. We shall 
show now that oz, is a generalized local domain and contains 0 as a subspace ; 
to do this it is sufficient to show that a opm? = (0) and ozm* {) o = m*. 


s=1 


#7 See Chevalley [2], p. 701, Proposition 3. 
28 See Zariski [9]; we add the word “ generalized” to indicate the fact that the 
ring is not necessarily Noetherian. 
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In case K is a coefficient field of 0, the residue ring L X 0/(L X0)m is 
isomorphic to the field L; this implies that the prime ideal (LX 0)m is 
maximal in ZL Xo and hence the ideals (ZX 0)m® are all primary. It 






ell follows then that A orm? = on(f (LX 0)m*) = o,(f] m*) = (0) and 
g=1 g=1 s=1 
ch opm? ()o—ozm?() LXof\o—(LXo0)m*fjo—m*. If K is not a 







- coefficient field of 0, then the completion o* of o contains a coe‘ficient 1K’ 
se over K. Since K’ is K-isomorphic to o/m, the fields Z and K’ are alge- 
nt braically disjoint over K. Therefore the Kronecker product ZL X K’ of L and 
he K’ over K is an integral domain; let L’ be the field of quotients of L x K’. 
on Since K’ is a coefficient field of o* and L’ contains K’, we can apply to L’ 
he fF and o* over the field K’ the case we have just proved and conclude that 






18 q 0 
a Pb £1 (o*)zms = (0) and (0*)zm* {] 0* = o*m*. Since the ring (0*)z, con- 
5 g=1 
at tain oz as a subring, it follows then that [) oxzm*Coz f) ({1(0*)x-m*) = (0) 
g=1 g=1 





and opm? (] oC (o*)zm* (| o—o0*m* (}o—m*, and hence [{) ozm* = (0) 


8=1 





and ozm® {] 0 =m’. 

Thus we have shown that in any case the ring oy is a generalized local 
domain and contains the generalized local domain o as a subspace. We shall 
call oz the extension of o over the field ZL. We remark further that in case L 
is a finitely generated extension of K (which is the only case of interest for 
our present purpose), it can be shown that oz, is a Noetherian ring if o is 
such ; in other words, in this case oz is a local domain if o is a local domain. 
However, this additional restriction is not necessary for our considerations 
here. It is easily seen that if a variety U/K has an extension over a field L 
containing K and if (€) is a point of U/K such that K(é) and L are linearly 
disjoint over K, then the quotient ring Q(U/LZ, (€)) is the extension of the 
quotient ring Q(U/K, (€)) over the field L. 

Consider the completion (oz)* of the generalized local domain o;; (0z)* 

















| is a local ring and contains the local ring o* as a subring. Let p,,° - -, Pp 
be the minimal (unimbedded) prime divisors of the zero ideal in 0*. Then 
for each i—1,---,n, the residue ring 0*/p; is a complete local domain, 






and the residue ring (oz)*/(oz)*p; is a complete local ring and contains 
o*/p; as a subring. We shall say that the field L is analytically disjoint with 
respect to the generalized local domain o over the field K, if the ideals 
(oz)*p:;, t1==1,---,m, are all prime ideals in (oz)*, so that the rings 
(or)*/(o01)*p;, t—=1,- + -,n, are all complete local domains. 








Let q be any ideal in 0*; we are concerned with the relations between 
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the complete local ring (0,)*/(oz)*q and the complete local ring 0*/q. 
Let K’ be a coefficient field over K in the complete local ring o*, and let L’ 
be the field of quotients of the Kronecker product LX K’ over K. Then 
the Kronecker product L’ & o* of L’ and o* over K’ is an m-adic ring, and 
the residue ring L’ K 0*/(L’ K o*)m is isomorphic with the subfield L’ of 
Ll’ X o*. It is then easily seen that every element in the set L’ X o* 
— (L’ X 0*)m is =1 (mod (L’ X 0*)m), from which it follows *® that the 
(L’ X 0*)m-adic ring L’ X o* and the local ring (0*)z have the same com- 
pletion. Since the completion of (0*) , is evidently equal to (o,)*, we have 
therefore (o0,)* = (L’ X o*)*. If now q is any ideal (0*) in o*, then 
the residue ring L’ & 0*/(L’ & o*)q contains L’ and o*/q as subrings and 
is (L’,o0*/q)-isomorphic with the Kronecker product L’ X (0*/q) over 
Kk’. Since the completion of L’ & 0*/(L’ X 0*)q is the residue ring 
(L’ X 0*)*/(L’ X 0*)*q = (07)*/(0r)*q, we conclude therefore that the 
two complete local rings (0,)*/(or)*q and (L’ X (0”/q))* are (L’, 0*/q)- 
isomorphic with each other. In other words, the complete local ring 
(o~)*/(or)*q contains the Kronecker product L’ X (0*/q) of the two sub- 
rings L’ and 0*/q over K’ as a subspace and coincides with the adherence of 
the latter. 

The following two theorems (in somewhat different form) are due to 
Chevalley : 


THEOREM 4. Jf 0 is a generalized local domain with a basic field K 
and if the residue field of o is a finitely generated extension of K, then any 
regular extension of K 1s analytically disjoint with respect to o over K. 


THEOREM 5. If 0 is a generalized local domain with a coefficient field 
K, and if K is analytically disjoint with respect to 9 over K, then any field 
containing K 1s analytically disjoint with respect to o over K. 


For proof we shall refer to Chevalley [2], § 4. It is sufficient to observe 
that if we set (L’ X(0*/p;))*, 0*/pi, L’, K’ equal to 9, 0, Z, K in the 
notation of Chevalley [2], p. 77, then all the conditions there are fulfilled. 
If LZ is a regular extension of K (i.e. K is “strongly algebraically closed ” 
in L, in the terminology of Chevalley), then L’ is also a regular extension 
of K’, and Theorem 4 then follows from [2], p. 78, Proposition 9a and the 
remark immediately after it. Theorem 5 follows from [2], p. 80, Proposition 
10b. 

We shall also mention the following rather trivial theorem: 


*° See Zariski [9], p. 183. That our ring L’ X 9* is not necessarily Noetherian is 
immaterial here. 
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THEOREM 6. Let o be a generalized local domain containing a field K, 
and let L and L’ be two fields such that LD L’D K. If L ts analytically dis- 
joint with respect to o over K, then oz, is defined and L is analytically disjoint 
with respect to ox over L’. 






For, we have (0z)*D(oz-)*Do0* and (oz)*p:if) (ox-)* = (ox) *p; for 
every 1; hence if the ideals (oz)*p; are prime in (oz)*, the ideals (oz)*p; 
must also be prime in (0z')*. 

Let o be a generalized local domain with a coefficient field K, and let 
Lbe a field containing K such that the extension oz of o over L is defined. The 
residue of L X 0/(Z X 0)m is in this case isomorphic to L, and hence every 

» element in the multiplicatively closed system LX o—(LXo)m is =1 
> (mod(Z Xo)m). It follows then that the (LZ X 0)m-adic ring LD X o. and 
the local ring 07, have the same completion ; that is, we have (L X 0)* = (oz)* 
or also (LZ X 0*)* = (oz)*, since it is evident that (LZ X 0)* = (L X 0*)*. 
In case L is a finite algebraic extension of K, we can even write 
(on)* = L X o*; for, in this case the m-adic ring L X o* is already complete 
and hence coincides with (L X o0*)*. 

















THEOREM 7. Let 0 be a generalized local domain with a coefficient field 
K, such that its completion o* has no nilpotent elements. Let R be a ring 
containing o* as a subring, and let L be a field in R such that L ts a finite 
algebraic extension of K. If L is analytically disjoint with respect to 0 over 
K, then the subring Lo* in R ts (L,0*)-tsomorphic to (o1)*. 







Proof. It is clear that the subring Lo* in F# is an (L, 0*)-homomorphic 
image of (o,)* LX 0*. Therefore, in order to prove our theorem, it is 
only necessary to show that the subrings Z and o* in R are linearly disjoint 
over K. Let p,,- - *,n be the prime divisors of the zero ideal in o*; the 
assumption that LZ is analytically disjoint with respect to o implies that 
each ring LX o*/(ZL X o*)p; is an integral domain. Since the ring 
LX 0*/(L X 0*)p; is (L, 0*/p;)-isomorphic to the ring L X (0*/p;), therefore 
L X (0*/p;) is also an integral domain; it follows then from Theorem 2 that 
any (o*/p;)-homomorphism of LZ X (0*/p;) is an isomorphism. Since every 


element in ); is annulled by every element in {) p;, it follows that every element 
jAi 
in (Lo*)p;{)o0* is also annulled by every element in [) p;; and since 
jAt 











(Lo*)p; {) 0* Dp; and since the ring o* has no imbedded prime divisors of 
the zero ideal, it follows that (Lo*)p;{] 0*—p;. It follows then that the 
residue ring Lo*/(Lo*)p; contains Z and o*/p; as subrings, and it is an 
(L, 0*/p;)-homomorphic image of L & (o0*/p;) and hence also an (L, 0*/};)- 








5 
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isomorphic image of ZL X (0*/p;). Thus each Lo*/(Lo*)p; is a complete 
local domain and contains L and o*/p; as two linearly disjoint subrings 
over K. 

Let w:,° - *,Um be a set of linearly independent elements over K in 0%, 
and denote by (w:,° - *, Um) the linear space determined by this set over K. 
If 1, is the dimension of the sub-space of (w,° - -,U%m) which is contained 
in the ideal p,, then we can replace the set u,,° - -,Um by a linearly equi- 
valent set over K, such that the space (w,- --,w,) is in p, and the space 
(Ui,41,° * *;Um) contains no elements in p;. If 7, is the dimension of the 
subspace of (w:,- - -,W1,) which is contained in p., then we can replace the 
set U,° °°, Uz, by a linearly equivalent set over K, such that the space 
(t,° °°, U,) 18 IN fy (lp. and the space (Wis:1,° °°, U1,) contains no 
elements in 2. Thus we can proceed until in the final stage we have a set 
W,° °°, U1,, Such that (uw,°--,u,,) is contained in p,f}---f) Pra; 
here the process must stop and the space (u,° - -, Wz,.,) contains no elements 
in pn, for we have a p; = (0) on account of the absence of nilpotent elements 

i=1 
in o*. Adding for the sake of convenience an element wu) = 0, our final 
results will be a set wo,° - -,Um, Which is linearly equivalent over K to the 
original set, but has the property that for each 1—0,---,n, the space 
(Uo,* * +, U1,) is contained in p, {)- - -{) bj and the space (wij,41,° - *, Wr) 
contains no elements in p; (where we set J, =m and 1,0). We shall now 
show that if there is a linear relation S ci; =0 with coefficients c; in JL, 
j=1 

then all the c; must vanish. Assume that it has already been proved that 
c; = 0 for all 7 >1;,, we shall show that c; 0 for all j >1;. In fact, if 


li-z 
not all ¢i,+1,° * *,¢1,., are zero, then the relation > cju;—0 will induce a 
j=l 
li-a 
linear relation } cju;=0 in Lo*/(Lo*)p; between the wz,41,° - *, Wi,4) Con- 


j=14+1 
sidered as interes in o*/p;. Since in Lo*/(Lo*)p; the subrings LZ and o*/p; 
are linearly disjoint over K, it follows that the wz,4:,---, w1,.. must be linearly 
dependent over K in 0*/p;,; this means that there is a linear combination of 
the wi,.1,° * *,Uz,.. With coefficients in K which is an element in };, in con- 
tradiction to the fact that the space (wi,.:,° * -,Wz,,) contains no elements 
in p;. Thus we have shown by induction that all the c,,- - -,¢m must vanish, 
and hence the elements w,,- - +, Wm are linearly independent over LZ. This 
concludes the proof of our theorem. 
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ARITHMETICAL PROPERTIES OF THE ELLIPTIC POLYNOMIALS 
ARISING FROM THE REAL MULTIPLICATION 
OF THE JACOBI FUNCTIONS.* 


By Morcan Warp. 





I. Introduction. 


1. In a previous paper in this JouRNAL,' referred to hereafter as “ M,” 
I have made a detailed investigation of the arithmetical properties of the 


sequence of polynomials (yw), 
Yn= ¥n(P (%) 5 92, 9s), (n= 0,1,2,-- -) 


associated with the real multiplication of the Weierstrass @ function when 
@ (uw), g2 and gz are given fixed rational values. If the elliptic discriminant 
g2* — 2%g;* vanishes, (y) reduces essentially to Lucas’ well-known linear 


sequence (U), 
On = (a" — B")/(a—B), (n= 0, 1,2,° - *). 


I study here the arithmetical properties of the four polynomials An, By, 
C,, and D, associated with the real multiplication of Jacobi’s sn, cn, and dn. 

Here each of An,- - -,Dn is a polynomial in sn?u and k? with rational 
integral coefficients. Consequently, if we substitute for sn?u and k? two fixed 
algebraic numbers, we obtain four sequences of algebraic numbers (A), (B), 
(C) and (D). The arithmetical properties of these elliptic sequences are the 
subject of this investigation. If k? is zero or one, the four sequences reduce 
essentially to Lucas’ sequences (U) and (V), where V, =a" + £". 


2. To give an idea of the type of results obtained, choose fixed rational 
integral values z and a» for sn?u and k*. Then the four elliptic sequences 
consist exclusively of rational integers. Each sequence is numerically periodic 
modulo m for any modulus m, but only the sequence (B) is an elliptic 


* Received January 28, 1949. 
* See the reference Ward [1] at the close of this paper. 
*If n is an odd integer 
snnu/snu = B,/A,, cnnu/onu=C,/An, dnu = Dr/An 


with similar formulas when n is even. 
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divisibility sequence in the sense of M. The only primes whose laws of 
apparition present new features of interest are those dividing neither 
2ao(1— ap) nor %(1—2%))(1— aoa). Let p be such a prime, and let its 
rank of apparition in the divisibility sequence (B) be p, so that B, = 0 (mod p) 
if and only if n=0(modp). Then if p is odd, p divides no term of (A), 
(C) or (D). But if p is even, if appears as a divisor of precisely one of the 
sequences (A), (C) and (PD). Suppose for example that it is a divisor of 
(C). Then no term of (A) or (D) is divisible by p, and C,==0 (mod p) if 
and only if n is an odd multiple of p/2. 

The laws of repetition and apparition for powers of primes in (A), (B), 
(C) and (D) are easily reduced to the corresponding laws for (B) which 
in turn are corollaries of the results in Ward [2] for elliptic divisibility 
sequences. 


3. The plan of the paper is sufficiently clear from the chapter titles. 
Accounts of the elliptic polynomials A,,- --,D,, are given in Krause [1] 
and Fricke [2]; but there are errors in the formulas given in these works. 
Although the properties of the Al functions* on which we base the theory 
were very completely worked out in Weierstrass [1], most of the formulas 
which we utilize are most simply obtained by transformation from the 
corresponding o or @ function formulas. 


II. Properties of Weierstrass AL Functions. 


4. The multiplication theory of the Jacobian elliptic functions is most 
conveniently developed in terms of certain modified @ functions, the Al 
functions of Weierstrass (Weierstrass, [1]). These may be defined as 
follows: Let v be a complex variable, g =e"? with Imr>0, u=—2Kv, 
where K is the complete elliptic integral. The Jacobi theta functions are then 


@(u) per 6,(v) mee po (—- 1y*g"ero, 


+a 
H(w) = 6,(v) =——4 > (— 1) mq (m*3) %¢ (2m+1) wiv 
-a 
+a 


H,(u) ae 6,(v) => g (m*h) %¢ (2m+1) iv, 


-a 


0, (wu) itis 63(v) ei ~ gq ermrte, 
-—a 





® The functions were named by Weierstrass in honor of Abel who was the first to 
consider them. 








286 MORGAN WARD. 


If we write 6, for 6,(0) and 0, for 6,(0), then Weierstrass Al functions 
may be defined by 


Al,(u) = 63/0002 exp (— 4$070"o/80)01(v), 


4.1 

siete Alg(u) = 1/6 exp (— $076""0/80)0a(v), (a = 0, 2,3). 
Note that Al,(w) is odd and Al.(u), Als(u) and Al,(w) even. Also 

(4. 11) Al,(0) =0, Al,(0) = 1, (a == 0, 2, 3). 


sn, cn and dn have particularly simple expressions in terms of the Als; 
namely 


(4.2) snu = Al,(u)/Al(u), cnu = Al.(u)/Alo(w), dnu = Al;(u)/Alo(u). 
The relationship to the Weierstrass o functions is also very simple; 
namely if w= wu/K, then 
Al, (u) = (e, — es) 4e%"*/2o(w) ; Als(u) = e%"*/2¢,(w) ; 


vig Al,(u) = e%”*/2g,(w) ; Al,(u) = e%*/2g,(w). 


For the lemniscate case, e; 0 and the Al functions are essentially the o 
functions. 
The fundamental three-terms sigma identity becomes 
(4.4) Al,(u+ u,)Al,(u— u,) Al, (use + uz) Aly (U2 — Us) 
+ Al,(u+ uz) Al, (u — U2) Al, (ug + U,) Al, (us — U1) 
+ Al,(u + us) Al, (u— us) Al, (ty + Ue) Al, (u, — U2) = 0. 





5. We next introduce four new functions Kan(u) of u and n by the 
definition 


(5. 1) Kan = Ala(nu) /Aly(u)™, (n= 0,1,2,---; a=—=0,1, 2,3). 
Evidently 
(5.2)  snnu = Kyn/Kon, cnnu = Kon/K on, dnnu = Ksn/Kon. 


The first three initial values of the four sequences (K,) are as follows: 


TaBLE I. Initial values of Kan. 


a/n 0 1 2 
0 1 1 1 — k?sntu. 
1 0 snu 2snu cnu dnu. 
2 1 onu 1 — 2sn?u + k?sntu. 
3 1 dnu 1 — 2k?sn?n + k?sn*u. 











Th 








ns 
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There are twenty-four addition formulas for the products Al,(u-+ v) 
< Alg(u—v) obtainable by simple transformations from the corresponding 
formulas for 0,(u + v)0g(w—v) or by suitably specializing (4.4). If in 
these formulas we replace wu by nu and v by mu and divide by Al,(w)?™**™), 
we obtain on using (5.1) twenty-four addition formulas for the products 
KanimK pn-m- It is sufficient to quote here a few such formulas as examples: 


TABLE II. Addition formulas for Kan. 


(i) K onsmK on-m an Kon Kom — ke? K* in Kam. 
(v) K nem K in-m = Kn K 70m — Kon Kam. 
(xix) KonsmK 1n-m = Kon K in K om K 9m — K on K gn K omK 1m. 
(xxiv) calla on K a oc by — ke’? K on K in K omK im. 


In formula (xxiv), k’? is the complementary modulus 1 — k’. 

If we take m = +n or m—n and n=—n-+ 1 in the addition formulas, 
we obtain a set of over forty “ duplication formulas ” which it is also unneces- 
sary to give in detail; the two formulas so obtained from (i) and (xix) 
suffice as examples: 


(5. 3) Kien Ki a KR? 041 Kon — Konus K in; 
(5. 4) K yon — 2K onK in K onK an. 


As noted in Krause [1], the duplication formulas allow many results 
about the algebraic form of the polynomials Kan to be proved by mathematical 
induction from the initial values given in Table I; the results in the next 
section are easily obtained in this manner. 


III. The Four Elliptic Polynomials. 


6. If we write 


Kon(u) = An(sn?u; k?) n odd or even; 
(6.1) snuB,,(sn?u ; k?) n odd; 
Kin(u) == 
snu cnu dnuB, (sn?u; k?) m even ; 


cnuC,(sn?u; k?) n odd; 
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Kon(u) = 
C,,(sn?u; k?) m even; 
dnuD, (sn*u; k?) n odd; 
Kn(u) os 


D,(sn?u ; k?) nm even; 


then (Krause [1], pp. 159-162, Fricke [2], Chapter 2) An», Bn, C, and Dy are 
polynomials in sn*wu and k? with rational integral coefficients. It is con- 
venient to let 


9° 


(6. 2) r= sn*U, a= k?, 
Then 
(x)#Bn(z; a), 


(6. 3) Kin(u) ~~ (a(1—-) (1 —az))#B,(z;a), 


with similar formulas for Kon, Kon and Kgn. 


We shall refer to An, Bn, C, and D, as the “elliptic polynomials of 
order n.” If we let 
(n? —1)/2, n odd, (n? — 1) /2 n odd, 


6. 4 = = 
ale on n?/2, nm even, r (n? — 4) /2 m even, 


then An, C, and D, are of degree «, in x and B, is of degree 8, in 2. 


7. There are a number of transformation formulas for the elliptic 
polynomials (Krause [1], Chapter III, Fricke [1], [2]) which are of arith- 
metical importance. These arise either by increasing wu in the Al and K, 
functions by the quarter periods K, iK’ and K + 1K’ or by performing the 
fundamental substitutions r-—>7-+ 1, -—-—1/r of the modular group on 
the four Al functions. It suffices here to develop one formula of each type 
by way of example. 

Weierstrass showed that 


Alo(u + K) = 1/k/te\4*(u+K) A], (w), 
Als(u + 2K) = ed(u-(u+K)") A], (uw), 
where we have written A for (K — FH) /2K. 


It easily follows that if n is odd, 
Alo(u + nK) = 1/k’tedu*-(uenK)) A], (u). 
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Hence 


Kon(u+ K) 
= Al,(nu + nK)/Al)(u + K)™ = k’"*-)/2( Al, (nu) /Als(u)™. 


On multiplying both sides of this expression by dnu™ = (Al;(u)/Al)(u))™, 
we find that 
(7.1) dnu™K on(u+ K) =k") ?K,, (u). 


Now sn(u-+K) =cnu/dnu. Hence the substitution of w+ K for u 
induces the substitution of (1—z)/(1— az) for r—sn’u. Therefore we 
obtain from (7.2) on substituting for Ka, their expressions in terms of A, 
and D, the transformation formula 


(1—ar)“A,((1—2)/(1—az)) = (1—a)*D, (2) | n odd. 


The following sets of transformation formulas are obtained by proceeding 
systematically in this manner. 


8. The modular transformation r > — 1/7 is simply Jacobi’s imaginary 
transformation u—iu, k—>k’. Now Weierstrass* showed that 
Al; (iu; k’) = e”/*Al;(u; k) 
Al, (iu; k’) = e*/?Al.(u; kb) 
Hence 
Eon (iu; k’) = Als (niu; kh’) /Alo(tu; k’)™ = Al, (nu; k)/Al2(u; k)™, 
or 
(8. 1) Kn(iu;’) =cnu-™K n(u;k). 
But since sn(iu, k’) = isn(u, k)/cn(u, k), Jacobi’s imaginary transformation 


induces the transformation 
(8. 2) r—>—2/(1—2), a—>1i—a 
on x and a. 
Now Ken = (1 —az)#D, or D, according as n is odd or even, and (8. 2) 


throws Y1—az into (1—aa)*/1—-z. Hence on substituting into (8.1) 
and using the abbreviation a, for (n?—1)/2 or n?/2 we obtain the formula 


(1— x)*D,(4/(a@ —1) ;1—a) = Dya(z; 0). 


The formulas listed below were obtained by systematically combining 


‘Weierstrass [1], page 20. 
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(©)"Vem(0 — T) = *(@)"Cejuo(0 — TL) = ((20 — T)/(@ —T))"Vun(ev — T) 


wane U ppo u 


‘SBINUIIOZ UOIZVULIOJSUBIT, ‘[[][ ATAV, 


290 


















REAL MULTIPLICATION OF JACOBI FUNCTIONS. 291 


the two transformations r > —1/r and r-> 1 + 7; the latter transformation 


induces the transformation 
(8. 3) 2 —> (t—ax)/(1—-az), a—>a/(a—1) 
on x and a. 
TaBLE IV. Transformation formulas. 
An(o3 a) = (1 —ax)*D,( (2 az) /(1— az) ;a/(a—1)) 
= (1—2)"C,(2/(t—1),;1—a), 


= (1—azr)”C,(ar/(ax—1);(a—1)/a) = A,(az;1/a) 
= (1—2)™D,((ax— 2) /(1— 2) ;1/(1— a). 


B, (x; a) = (1—ar)By((a—ar)/(1-—azr) ;a/(a—1)) 
= (1— x) /»B,(x/(e«—1);1—a), 


= (1—ar)“B,(ax/(ax —1); (a—1)/a) = B,(ax; 1/a) 
= (1— 2) /»B, ( (aw —2)/(1—2) ; 1/(i1—a). 


(8.4) Cn(x3a) = (1—axr)”C,( (2 — ax) /(1—- ax) 5 a/(a— 1)) 
— (1—2)*A,(2/(e—1) ;1—a), 


= (1—ar)”D,,(ax/ (ax — 1) ; (a—1)/a) = Dy (ax; 1/a) 
= (1—2)*A,( (ax —2)/(1— 2) ;1/(1—a)). 


D,(x;a) = (1— ar)™A,( (a — ax) /(1 — az) ;a/(a—1)) 
= (1—2)”D,(a/(x—1);1—a), 


= (1—azr)™A,(ax/(ax — 1); (a—1)/a) = C,(azr;1/a) 
a= (1 — 2x)™C,( (ar —x)/(1— 2) ;1/(1—a)). 


We finally tabulate for later reference the first few initial values of the 


four elliptic sequences. 


TasBLE V. Initial values. 


n 0 1 2 3 

An 1 1 1 — az’ 1 — 6az? + 4a(1 + a)a* — 30724 
Ba 0 1 2 3—4(1-+ a)x + 6ax* — a’xt* 
Cs 1 1 1 — 22 + az’ 1— 42 + bar? — 4a*x* + a*c* 
Dn 1 1 1 — ax + az’? 1 — 4axv + bax? — 4azr* +- a*c*. 


The transformation formulas of Tables III and IV may all be proved 
without function theory by mathematical induction from the duplication 
formulas and the initial values in Table V. 
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IV. Elliptic Divisibility Sequences in Domains of Integrity. 
9. In M, the functional equation 
(9. 1) Om+n®m-n = Oms1Om-10"9 — On41On-10"m, 


was solved completely over the ring of rational integers and over the field of 
all complex numbers. It is necessary for the purposes of this paper to extend 
certain theorems of M to solutions of (9.1) over more general rings. 

Let @@ denote a domain of integrity; (commutative ring with a unit 
and no divisors of zero). @@ may be a field; in any event we denote its 
quotient field by ¥, and for brevity refer to @ as aring. We are interested 
in solutions of (9.1) over @ and over ¥. We lay down the following 
definitions : 

A particular solution 


(h): ho, hi, ho, ° . iy lay” aA « 


of (9.1) will be said to belong to @ (to #) if all its terms belong to R 
(to #). Ifa and b belong to ®, we say that a divides b in f if there 
exists an element c of @@ such that ac—b. We write: a|b(f). 
In particular, if ®@ is a field, and b~0, a|b(#) for every a0. 
If m is an ideal of ®@, a==b (m) means as usual a — 0 is contained in m. 
If p is a maximal ideal of #&, the quotient ring ®@/p is a field. If this 
field is finite its order is a power of a certain rational prime p. We denote 
the order by Np = pf and call p the (rational) prime belonging to p. 


Definition 9.1. <A solution of (9.1) ts said to be “regular over F” 
if it belongs to F and if 


(9.2) . ho = 0, h, =1, hz, hs not both zero. 
Definition 9.2. A solution (h) of (9.1) ts said to be “a divisibility 

sequence over he ” if it belongs to R and if 

(9. 3) hr | hs (R ) whenever 1 | s. 
Let (h) belong to ®@, and let m be an ideal of @. m is called a divisor 

of (h) if it contains at least one term h,, of the sequence (h) with ny > 0. 

Mm) is called'a “place of apparition” of m in (h). If in addition h, 40 


(mod m) for every proper divisor r of mo, then mp is called a rank of apparition 
of m in (A). 


10. The proofs of the theorems which follow are by mathematical 
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induction with the exception of the proof of Theorem 10.7% which uses the 
Dirichlet box principle. In any event they are almost word for word the 
same as corresponding theorems in M for the special cases when @ is the 
ring of rationals or the complex field. We shall accordingly cite the corre- 
sponding results in M for the details of proof. 


THEOREM 10.1. Let (h) be a sequence satisfying the following three 
conditions : 


(10. 1) (h) is a regular solution of (9.1) over F, 
(10. 2) h2,hs and h, belong to ®, 
(10. 3) he | hy (®). 


Then (h) is a divisibility sequence over uniquely determened by rts initial 
values ho, hz and hy. 


Proof. M, Theorem 4.1. Chapter II. 
THEOREM 10.2. Under the hypotheses of Theorem 10.1, 
(10. 4) he =— Phe, hs, ha), 


where P, is a polynomial in ho, hs, hy with rational integral coefficients and 
such that for any element a of F 


(10. 5) Pr(a?ho, a8hs, a*h,) = a” Pa (Reo, hg, ha). 
Proof. M, Theorem 4.1. Chapter II. 


TuHeoREM 10.3. If (k) is any regular solution of (9.1) over F and a 
any non-zero element of , then (1) is also a regular solution over F, where 


l, = ak, (n = 0,1, 2,-- -). 
THEorEM 10.4. If (k) is any regular solution of (1.1) over #, then 


there always exists an element a of F and a regular solution (h) of (9.1) 
over R satisfying conditions (10.1), (10.2) and (10.3) such that 


kn = aha, (n = 0,1, 2,° °°). 
Proof. M, Theorems 21.1, 21. 3. 


THEOREM 10.5. Let (k) be a regular solution of (1.1) over F with 
k,~0. Then if two consecutive terms of (k) are zero, all terms vanish 
beyond the third. 














MORGAN WARD. 





THEOREM 10.6. Let (h) be a solution of (1.1) over R with ho=0 
and h,=1 (but not necessarily a regular solution). Then if (h) ts a 
divisibility sequence over h and two consecutive terms of (h) vanish, all 
terms of (h) vanish beyond the third. 


Proof. M, Lemma 4.1. 


It is shown in M that the hypothesis that (h) is a divisibility sequence 
in Theorem 10.6 is necessary for the truth of the theorem when (/) is not 
regular; that is, when both hz and hs are zero. 


THEOREM 10.7. Let (h) be an elliptic divisibility sequence over &, 
and let p be a prime ideal of ® whose quotient ring R/p is of finite order Np. 
Then p is a divisor of (h), and has a rank of apparition r in (h) less than 


2(Np +1). 
Proof. M, Theorem 5. 1. 
It is shown in M that the upper limit 2(Np-+1) is the best possible 
for the rank of p in (h). 
V. The Laws of Apparition of Prime Ideals in Elliptic Sequences. 


11. The connection between the results of Chapter IV and the elliptic 
polynomials is made by the following theorem. 


THEOREM 11.1. If wu, is neither a zero nor a pole of snu and if 
(11.1) hn = Kin (Uo) /Kir(Uo) = Kin/Kir (n = 0,1, 2,- + -) 
then the sequence (h) 1s a solution of the functional equation 
(9. 1) Omsn@m-n = Oms1Om-10"'n — Ony1On_-107m 
over the complex field. 


Proof. Letl,m and n be fixed integers. Take u = 0, u, = luo, Us = MUy 
and Us; =U, in the basic three-term identity (4.4), and divide by the non- 
zero quantity Al,(u))?("*™**™), Then we obtain on substitution, from (5. 1) 
the formula 


yy) ea Caan we KK 101K 19-1 a KR elk stenk 10 = (), 


Now K,,—snu) 0. Hence on letting 11 and dividing by K*,,, we 
obtain from (11.1) the formula 


Rensalbn-a — hunkn hs fas Rarrhegsh m3 


for Ki1-m =— Kimi. 
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We shall now assign to a and to a algebraic integer values x and d. 
Let #, be the field F[2, a] obtained by adjoining x) and a» to the rational 
field F, and let ®@, be the ring of integers of ¥,. Let F be the field 
F[ao?, 1 — 2?, 1 —ap%?], and ® the ring of integers of ¥. Clearly 
R21, FOF, and every ideal of either ring has a finite norm. We 
shall use German letters to denote either ideals of ®@ or of ®,, and let p 
denote as usual a prime ideal, and p the corresponding rational prime. 

The four elliptic sequences (A), (B), (C) and (D) belong to ®, 
while the four sequences (Ka), (2 =0,1,2,3) belong to &. 

Let wo be chosen in a period parallelogram so that ® 


SNUy = (Xo)?. 


Then 
Bu(Zo, Go), n odd, 


(11. 2) hy = ((1— 2) (1 — aoa) )#Bn (ao, do), nm even. 


Hence the initial values of (h) are 


ho = 0, h, = 1, hz = 2( (1 — 2) (1 — aot») )?, 
hs = Bs(o, do), he = ((1— 20) (1 — GX) )* Ba (Xo, ao). 
Now by direct calculation or from Table ITI, 
(11.3) © Bs(1;a.) =— (1—a)?, B3(1/do 3 do) =— (1 — ao / ao?) ?. 
Hence h. and h; both vanish if and only if 7%—1 and a—1. Also 
hy = 2h2A,C2D. by formula (5.4). Hence h.| hy (®). 


Thus the sequence (h) satisfies all the hypotheses of Theorem 10. 1. 
We may consequently state 


THEOREM 11.1. Unless both x and a) are unity, the sequence (h) 
defined by 


(11.2) Rn=Bn(Xo3; a0), n odd; 
= ((1— 2%) (1 — a%) )*Bn (X30), n even 


is an elliptic divisibility sequence over the ring ®. Every prime ideal p of 
& is a divisor of (h). Furthermore, if p does not divide both hs and hg 
then p has a unique rank of apparition p in (h) such that 


(11. 4) hn = 0 (mod p) if and only if n==0 (mod p). 


®>Two choices of u are possible; for definiteness let u, be chosen with smallest 
imaginary part; if wu) is real, with smallest real part. 
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If p does divide both hz and hy, it divides every subsequent term of (h) 
by Theorem 10.5. We call such primes “null divisors” of (h). 


12. Let p be a null divisor of (hk). Then 


(12.1) Bs(xo; ao) = (mod p), 
( (1 — 2) (1 — ao%) )* Ba (0 ; Go) = 0 (mod p). 


We first consider the case when ) divides both B; and B, Then the 
two polynomials B;(z,a)) and B,(z,a)) have a common root in the field 
02,/p. Hence their resultant must vanish in this field. Now this resultant 
is found to have the value 27°a)*(1—a,)*®. Hence either a, ==0, a =1 or 
2 = 0 (mod p). 

440 (modp). For if a,=0, then by Table V, Bz (xo, a) =3 — 42 
and By,(2o, do) =4— 82) (mod p). But the congruences 3 — 4%, =4— 82, 
= 0 mod p) are impossible. 

If ao =1 (mod p), then 4 =1(modp). For by Tables IV and V, 


Bz (Xo, Ao) = (1 — X%)* (3 — 2) 


Bu(2o, Mo) = 4(1--2)*(1 + 2) (mod p) 


if a =1. Hence if z+1(modp), we must have 3—2,=2-+ 2%=0 
(mod p) but 1— 2,540 (mod p), which is impossible. 

Now finally if 2==0 (mod p) but a.s41 (mod p), since By(2; a) =9 
(mod 2) and B3(2o3 ao) = (1 — aX_”)” (mod 2) we must have 1 — aoz,? =0 
(mod p). Hence since a) £1 (mod p), 

((1— 2) (1 — aor) )? 0 (mod p). 

If on the other hand ((1—2,)(1— aoa) )?=0 (mod p), it is easily 
shown that the previous case a) == 2) = 1 (mod p) must hold. We have thus 
proved 

THEOREM 12.1. The only prime ideal null divisors of (h) are primes 


dividing 2(1—a,). Necessary and sufficient conditions that p be a null 
divisor are that either 


Ao =1 and x =1 (modp) or 
2=0 and ax? =1(modp) but 
A 1 and x #1 (mod p). 
In the lemniscate case, for example when a) = — 1, the only null divisors 


are divisors of two for which z,==1 (mod p). Hence if 2 is an even rational 


integer, there are no null divisors. 
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13. We may classify the prime ideals of both @ and @&, into three 
categories : 
-I. Ideals dividing 2a)(1— ap). 
II. Ideals dividing x(1— 29) (1 — aoa). 
III. Ideals dividing neither 2a,(1—a,) nor %(1— 2%) (1— aoa). 


Ideals of the first and second categories will be called irregular; they 
include all null divisors, and are usually finite in number. Ideals of the 
third category will be called regular. In this section, we shall determine 
their laws of apparition in the elliptic sequences (A), (B), (C) and (D). 


THEOREM 13.1. No regular prime ideal can divide any two of An, Bn, 
C, and D, for the same value of n. Common divisors of An, Bn; An, Cn3- °°; 
Cn, Dy, are always null divisors of the sequence (B). 
Proof. Suppose, for example, that for a certain fixed value of n 
A, =0 (mod p) and B, =0 (mod p), p regular. 


Then Kon==0(modp) and K,,=0(modp). Hence by the duplication 
formulas (5.3) and (5.4), 
Bion = Ky Kien =0 (mod p) 

so that Ky:hon = K* :hons1 = 0 (mod p) by formula (11.1). But K?;, = sn?u, 
=2%) £0 (modp). Hence p divides two consecutive terms of the elliptic 
divisibility sequence (h). Therefore by Theorems 11.1, 10.5 and 12.2, 
hs =h,=0(modp), 2(1—a) =0 (mod p), contrary to the hypothesis 
that p is regular. 

It can be shown from the duplication formulas that a similar contra- 
diction ensues if it is assumed that any other pair from An, B,, C, and D, 
is divisible by p. 

14. For regular prime ideals, the rank p of p in (h) and in (B) is 
evidently the same. Hence if p is regular, 


(14. 1) B, = 0 (mod p) if and only if n=0 (mod p), 


where p is a fixed positive integer depending only on p and By; and By. 


THEOREM 14.1. Let p be a regular prime ideal. Then if the rank of 
apparition of p in (B) is odd, p is not a divisor of (A), (C) or (D). 

Proof. Let p be regular. Then B,=0 (mod p) if and only if Kin=0 
(mod p) ; similarly A», C, or D, are divisible by p only if Kon, Kon or Kan 
are divisible by p. Suppose that p is of odd rank p in (B) and a divisor 
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of (A), for example. Then there exists a term A, of (A) such that ‘ 
A;,=0(modp). Now by the duplication formula (5.4), 


(14. 2) K ox = 2K 9. KK 04K sx. 


Hence by the preceding remarks, Bz;,==0 (mod p) so that p|2k by (14.1). 
Therefore p | & so that A, = B,=0 (modp) contrary to Theorem 13.1. In | 
like manner, p cannot be a divisor of (C) or (D). 


THEOREM 14.2. Let p be a regular prime ideal of even rank of appari- 
tion in (B). Then p ts a divisor of precisely one of the three sequences | 
(A), (C) and (D). If p is a divisor of (C), then C,=0 (mod p) tf and | 
only if n is an odd multiple of p/2, with similar results tf p is a divisor of : 
(A) or (D). 


Proof. Let p and p satisfy the hypothesis of the theorem. Then by the 
duplication formula (5. 4) 


Kip =2K o(p/2)K1¢p/2)K 2p) Kp/2) (mod p). 


Hence since Bp =0 (mod p) and p is regular, precisely one of Ap;2, Bp,o, 
Cp/2, Dps2 is divisible by p. Evidently, Bpj2540(modp). Assume that 
Cp/2 =0 (mod p) so that p is a divisor of (C). Then p is not a divisor of 
(A) or (D). For if for example D,=0 (mod p), then by the duplication 
formula (14.2), Bo,=0 (mod p). Hence p| 2k, p/2 | k and B, =0 (mod p) 
contrary to Theorem 13.1. In precisely the same way we can show that 
A; £0 (mod p), and that if C, =0 (mod p), then & must be an odd multiple 
of p/2. It remains to prove the converse of this last statement. Consider 
then any term C; of the sequence (C) in which k is a multiple of p/2. 
Then 2k is a multiple of p. Hence by (14.1) and (14. 2) 


0= 2A;B,C.D; (mod p) ° 


Now either B, or C, must be divisible by p but not both, by what we 
have already proved. If & is an even multiple of p/2, it is a multiple of p, 
so that B,=0 and C,540(modp). But if & is an odd multiple of p/2, 
it is not a multiple of p. Consequently, B,5s40 (mod p), so that C,=0 
(mod p), completing the proof for regular divisors of (C). The proof for 
divisors of (A) or (D) is precisely similar. 





15. It remains to discuss the laws of apparition of the irregular prime 
ideals of categories I and II in Section 18. Since the elliptic polynomials 
have rational integral coefficients, if p is a prime ideal dividing a» say, 
we have An(%3a)) =An(x;0) (modp). Consequently the arithmetical be- 
havior of the sequences modulo ) is given immediately by the algebraic 
behavior of the elliptic polynomials in the following five singular cases: 
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(15.1) (i) a=0; (ii) a=1; (iii) c—0; (iv) c—1; (Vv) az—1. 


Here the first two cases apply to all prime ideals of category I save divisors 
of two, while the last three cases apply to prime ideals of category II. We 
discuss the former two cases in this section, and the latter three in Section 16. 


Case 15.1(i) a0. 


Then k? — 0 and snu becomes sin u, cnu becomes cos u and dnu becomes 
one. Thus if 


Un = Un(x) = (a*— B")/(a—B) = Vn = Vn(t) = a" + B” 
are the Lucas functions of the quadratic equation t? — 2tV/1— 2 + 1 where 
(15. 2) r= sin? u, 
then we readily find that 
An(x;0) = Da(z;0) =1; 


B,(z; 0) =sin nu/sin u= U,(z), n odd, 
= sin nu/(sin u cos u) == 2Un(r)/Vi (2), nm even; 
Cn(z; 0) cos nu/cos u = V,(2)/V;(2), n odd 
cos nu = V(x) /2, m even. 


We thus obtain the following theorem: 


THEOREM 15.1. If p is a prime ideal of the first category dividing dp, 
then , 
A, = D,=1 (mod p) 
B,=Un,n, n odd; =2Un/V:, m even; 
Cn=Vn/V1, n odd; =4Vn, 1m even. 


Here Un = Un(2%0) and Vn=Vn(Xo) are the Lucas functions of the quadratic 
equation t? — 2(1—2,)##+1—0. 
Case 15.1 (ii), a=—1. 


Then k? —1 and snu becomes tanh u, while cnw and dnu become sech wu. 
Now by the transformation formulas of Table IV, 


A,(@31) = (1— 2) *C,(a/ (a — 1) ; 0) 
B, (231) = (1 —2)*By(2/(a— 1) ;0) 
Cn (251) = (1—2)*Aq(2/(@—1) ; 0) 
D,(@31) = (1— ©) “Dn (4/(x —1) ;0). 
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Hence if we let wir, then s——tan?r and 2/(x—1) —sin’r. 
Therefore, by the results of case (1), 


An(@;1) = sec r™ cos mr = (2/V,)"V,/2 ® 

= sec r™*-*(sin nr/sin r) = (2/Vi)"-*U pn, nm even 
B,(z;1) =sec r™ (sin nr/sin r) = (2/V,)""U,, n odd 
C,(23;1) = D,(z; 1) = sec 72% a= (2/V,)™™, 


Here U, = Uy(x/(4@—1)) Vn = Vn(u/(2—1)) are the Lucas functions of 
the quadratic equation ¢? — 2¢/(1— z)?++1=—0. 


We thus obtain the following theorem: 


THEOREM 15.2. Jf p is a prime ideal of the first category dividing 
1— dp, then 
An = (2/V1)"V 2/2) ; 
pe (2/V1)""0,, n odd, 


B,= * 
(2/Vi)"-°U,, nm even; . 
cep TA", no, 
ee em m even. 


Here Un = Un(Xo/(@—1)), Vn = Vn(%o/(% —1)) are the Lucas func- 
tions of the quadratic equation t? — 2t/(1— x)? +10. 


For prime ideals of the first category dividing two, a special discussion 
must be made as in the case of the rational field for the prime two treated 
in M, pages 40-41. We shall not pursue the matter further here. 


16. Consider now prime ideals of the second category. We may confine 
ourselves to ideals which are not also of the first category; for ideals of both 
categories are either null divisors of (B) or else are already covered by the 
results of Section 15. A prime ideal of this character is easily shown to 
divide precisely one of the algebraic numbers 2, 1 — 2%» or 1— 2%. Clearly 
then An(2%, 4) is congruent to either An(0,a), An(1,4@) or An(1/do, ao), 
with similar results for B,, C, and Dy. 


By the results of Table IV, we find that 


* For example, A;(#; 1) = (1—a*) (1+ 3x) by direct calculation from Table V. 
On the other hand, the formula for n = 3 becomes A;(#; 1) =sec r*(cos 3r/ecosr). Now 
cos 3r/cos r = 4 cos* r ——3 = [1+ 3(—tan’r)]/sec?r and sec? = 1— (—tan’r). 
Hence A;(#; 1) = (1 — (—tan?r) )*(1 + 3(—tan’r) ), checking, since # = — tan’ r. 
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REAL MULTIPLICATION OF JACOBI FUNCTIONS. 


nm odd m even 

An(0) = 1 1 

B,(0) = n n 

Cn(0) = 1 1 

D,(0) = 1 1 

A,(1) = (1—a) ‘0/4 (1—a)"4 

B,(1) = (—1)*Y?(1— a) (v/s (—1)"?(1— a) (n?-4) /4 

Cr(1) = = (—1) 9 2(1 — a) YD /An (—1)"/2(1—a)"/* 

Dn(1) a (1—a) ("0/4 (1—a)"*/4 
An(1/a) = ((1—a)/a) 00/4 (— 1)*2((1—a)/a)"*/* 
B,(1/a) = (—1)"2((1—a)/a) 4, ((1— a) /a) 0/40 
C,(1/a) = ((1—a)/a) 9s (—1)"/2((1—a)/a)"*/* 


D,(1/a) = (—1)Y?((1—a)/a)P4n — ((1—a) /a) 4 
We deduce the following theorems from these results. 


THEOREM 16.1. Let p be a prime ideal of the second category which is 
not of the first category. Then » never divides the sequence (A). Further- 
more » divides (B), (C) or (D) according as x=0, 1—2=0 or 
1— aa =0(modp). Its rank of apparition in every case is p, where p is 
the rational prime which p divides. 


THEOREM 16.2. Under the hypotheses of the preceeding theorem, if p 
divides (C), it does not divide (D), and its rank of apparition in (B) ts 2p. 
Furthermore, C,==0(modp) if and only if n is an odd multiple of p. 
Similar results hold for divisors of (D). 


17. If we compare the results of Sections 15 and 16 for irregular prime 
ideals, we see that the laws of apparition’ are the same for all ideals save 
null divisors, and that the laws of apparition for (A), (C) and (D) essen- 
tially generalize Lucas’ law of apparition for (V), and in a sense explain it. 
Furthermore, the laws of apparition for ideals of the field ¥, are precisely 
the same as for the field ¥. If in particular then z) and a) are rational 
integers, the four elliptic sequences are sequences of rational integers, and 
the ideals become ordinary primes. It is of some interest to note that the 
Lucas sequences associated with the primes of the first category in this case 
involve quadratic irrationalities, and are of the type studied in Lehmer’s 
thesis. (D. H. Lehmer [1]) 
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VI. Conclusion. The Laws of Repetition. 


18. We conclude the paper by giving the laws of repetition for powers 
of primes in rational integral elliptic sequences. The extension to arbitrary 
algebraic integral sequences is easy, but will not be discussed here. 

Assume then that z and a, are rational integers. We need consider 
only regular primes p not dividing 2a)(1— 4d )%(1—2)(1— dpa). Let 
p be such a prime. Then p is odd. Assume that p divides (D), and that its 
rank in (B) is 2p. Then the rank of p in (D) is p, and p does not divide 
(A) or (C), by the results of Chapter IV. Consequently by the duplication 
formula (5.4) if p* is the highest power of p dividing Bp, it is also the 
highest power of p dividing Dp. Now since (B) is essentially the elliptic 
divisibility sequence (4) so far as regular primes are concerned, the law of 
repetition of powers of p in (B) follows from the results in Ward [2] for 
elliptic divisibility sequences; namely, if ] =, the rank of apparition of p! 
in (B) is 2p, and if /=k, the rank is 2p’*p. Now p is odd, and the only 
terms of (D) divisible by p are odd multiples of p. Hence since D,=0 
(mod p’) if and only if Bo, = 0 (mod p’), we can state the following theorem: 


THEOREM. Let Z and ay be rational integers, and p a regular prime of 
rank p in (D). Furthermore, let p* be the highest power of p dividing Dp. 
Then the rank of apparition p* of p' in (D) 1s p or p**p according as 1=k 
or l=k. Furthermore D,=0 mod p! tf and only if n is an odd multiple 
of vs 

Precisely similar results hold for prime divisors of (A) or (C). For 
the Lucas functions, these results become Lucas’ law of repetition for primes 
in (V). 
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HARMONIC DOUBLE SERIES.* 


By Lronarp ToRNHEIM. 





oo 
The value of the sum c, of the harmonic series in one variable c, = > p™ 
p=1 
is not known for n odd. For n even, Com = 2?""*1°™B,,/m!, where By is the 


m-th Bernoulli number; in particular c, 77/6, ¢,==7*/90, Ce = 7°/945. 
We call 
x Pr (p+q)* 
Dq=1 


a harmonic double series. Its value will be denoted by (r,s,¢) and we shall 


show how to express it as a polynomial in the c, with rational coefficients for 


certain values of r, s, t. 
The following lemma will be useful. 
Lemma 1. Let f(p) be a monotone decreasing function with lim f(p) =. 
po 
Suppose 


D(p,9;3f) =f(Q)/p(p + 9) +f(p)/a(p + 9) —f (Pp + 9) /P9. 
Then 


(1) E 9(p, 957) =2E f(r) — l/r 
(2) 5, 9(p.95f) =2Uf(1) — 4). 
(pq)=1 


The terms in the series (1) and (2) are non-negative. For, by the 
monotonicity of f(p) 


}(p,93f) =f(p +4) 1/p(p + ¢) +1/a(p +g) —1/pq] = 0. 


Let g(x) = f(z) —c if c#— oo. (The proof of the lemma for the 
case c == — oo is almost obvious and will not be discussed.) Then (p,q; 9) 
= (p,q;f), and the proof may be restricted to the case c= 0. 


Since 1/p—1/(p+q) =9/(p+9)P, 


* Received February 9, 1949. 
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= f(9)/pP(p+a)= 2 (f(9g)/q) & (1/p—1/(p+9)) 
pqa<N q<N-1 p< N-g 


= > (f(q)/q) 3 /s—1/(N—5)). 
q<N-1 s=1 


The last equality is obtained by noticing that 


N-q-1 


2 ante . 1/s—=¥1/s + 3 1/s; 
thus a ve 
N-q-1 N-q-1 N-1 
= (1/p—1/(p+q))= 2X 1/s— & I/s 
p=1 g=1 8=q+1 
—S1s— | z 1/s— & (1/s—1/(N—8)). 
Next . ™ 
N-1 r-1 
pen f(p+q)/pqa= = &f(r)/(r—)q 
+ r=2 q=1 
_ ~ (f(r)/r) ~ (1/q+ 1/(r—q)) 
=F (f(r)/ /r) 23 1/ q; 
thus om 


= O(p,93f) = Sagi NaS 


pq<N 

> (f(@/a) 1/8 

ae : 

> y (f(9)/@) (1/q) — 2f(N 7—1)/(N—1) 31/s 


ria 


eek 1 
—2 S (f(q)/q) S1/(N—8). 
q<N-1 s=1 


It remains to be shown that the last two terms approach 0 with increasing N. 
The absolute value of the middle term is at most 


N-1 
(2f(N —1)/(N —1)) {1+ (1/t)dt} > 0. 
1 


Half of the last term can be decomposed into two summations, 


N-2 
q<N-1 q<Q@ 44 


q 

of the summands (f(q)/q) & (1/(V —s)). Choose go large enough so that 
s=1 

f(qo) <«, and take N greater than 2q,°. Then 
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SSH) B1/9 b 1/(N/2) Sf(1)/go. 


ye 


SSE (H90)/0) Sf Ws/(—s) 
=— f (qo) 2 1/q log (N —1—q)/(N—1) 
Sq) fG/(—1) + 4/2(V—1)° + ¢/8 1)" +» Jeg 


S Cf (qo). 
This completes the proof of the lemma. 
Equation (2) may be proved similarly.t Also (1) can be derived from 
(2) by replacing p by Ap, q by Aq, and taking S. 
A=1 
Every function h(p) defined for positive integral p is a sum of two 
monotone functions hy and ha where 


hi(p) =4$h(1) + > max (0,h(s) —h(s—1)), 


e=2 


ha(p) a» 24(1) + S min (0,h(s) —h(s—1)). 


g=2 
If either h; or ha is bounded then Lemma 1 is true for h replacing f. 
In (1) take f(p) = p™ to obtain 


CorotuaRY 1. (1,1,1) = 2¢3. 


Also 
x Vlpa(e +9) = 
(p,4)= 
In fact, 3S prq*(p+q)t = (1,8, t) /Cresst. 
p.q=t 
(p,q)=1 


Setting f(p) =p™* in (1) yields the following corollary after using 
Lemma 2 below to assure the absolute convergence of the series. This 
property is needed to allow the rearrangement of the terms. 


CoroLuaRy 2. If n> 2, 
(3) 2(n— 2,1,1) — (1,1, n— 2) = 2 cn. 


We write [r,s,¢] for p™q-* (p+ q)~*; then (r,s,¢t) = > [1,s, ¢]. 
piq=1 


1 This result was originally obtained geometrically by considering the areas of the 
triangles described by means of a diagram of Ford, “ Fractions,” American Mathematical 
Monthly, vol. 45 (1938), pp. 586-601. The triangles have vertices at the points 
(p/a,f(q)) where 0=p/q=1 and (p,q) =1, two vertices belonging to the same 


triangle if | p:92—29:| = 1. The proof given here was found jointly with N. J. Fine. 
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The solutions to be obtained will be based only on (3) and the following 
simple relationships 


(4) (r,s —1,¢+1) + (r—1,s,t+1) = (7,8, t) 

resulting from the fact that the same expression in brackets is an identity; 
(5) (r, 8, t) == (8,17, €) ; 

(6) (7, 8,0) == Cres; 

and 

(7) (r, 0,8) + (8, 0, 17) = CrCg — Crass 


which comes from the fact that 


LPT (p+q)?*+lp*(p+q)" —— +2 wpe 


u<p 


— > prue — . ut-8, 


p,u=1 u=1 


LeMMA 2. A necessary and sufficient condition that (r,s,t) be finite 
is that r+t>1,s+t>1, andr+s+t>2. 


Proof. Observe that 
(r,8,t) > & ((p+9)/kr}"g*(p +9) * 
a<p 


1 (i= °)) 


o p-l 
r —-8( }- m)-r-t ™ 
wea 2 am q*(k+-+p) ( k= 9 (i <0) 


p=2 q=1 


which is © if r+¢=1. Otherwise it is greater than 


ro) /2 
keh? ’ >> 4: q*p*tdq, 
p=2 1 


which is © if r+s+#=2. On the other hand if the conditions of the 
lemma are satisfied, 


(7, S, t) < bo pq *(ktp)* a a pq? (ktq)-* 
P=a q=p 
<kivtfernt teat +E | cept tdp +> | ptq*tdg} 
q=2 q-1 p=2 p-1 


and this last expression is finite. 


We shall assume that r, s, ¢ in (r,s, ¢) are all integral. “If every (r,s, t) 
is known for r, s, ¢ all non-negative and r+ s+ t—n, by means of (4), (5), 
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ng — and Lemma 2 it is possible to evaluate (11, 8:,t,) for any integral 1,, 8, t, 
| withr,-+s,-+¢%,—n. Hereafter we shall consider only non-negative integral 
r,s,t. In view of (5) we shall usually state our results with r=>s. 


y; THEOREM 1. 
bance 4, 1, Oh mova, (n—1,0,1) = 0, (n, 0,0) = 0. 
| These follow from Lemma 2. 
| THEOREM 2. If n=3, 
n—2 
(8) (1,1, 1 — 2) = (n—1)¢n— 3 Caln-a, 
a=2 
n—2 
(9) (n— 2,1, 1) = 3{(m + 1)n— 2 Cana}, 
n—-2 
(10) (1,0, —1) =4{(n— 1) ¢n— 3 CaCnc}. 
a=2 
™ First from (4), (a,0,n—a) + (a—1,1,n—a) = (a,1,n—a—-1) 


so that summing on a from 2 to n— 2, 


n-2 


2 (a, 0,n—a) + (1,1, n— 2) = (n—2,1,1). 


But from (7) 


n—2 n—2 
2> (a, 0,n—a) => Cana — (n— 3) en, 
a=2 


a=2 


so that 
ere (n — 3)¢n + 2(1, 1,2 — 2) = 2(n— 2, 1,1). 


a=2 





Using this result simultaneously with the equation of Corollary 2 of Lemma 1, 
the first two equations of the theorem are readily established. Equation (10) 
follows from (4), (5), and (8). 


THEOREM 3. 
(11) (an—a—1,1) = (—1){ ¥ (—1) evens + FZ cru — H+ Dew). 
All that is needed to prove this are equations (9), (5), and the equation 
(a, n—a—1,1) + (a—1,n—a,1) = (a,n—a,0) = CoCno; 


this following directly from (4) and (6). 
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CorotuaRy. If n is even, i. ¢., n= 2m, 


m-1 
D CoxCn-2c = (nm + 1) Cp. 
k=1 


It is a consequence of the fact that (a,n —a—1,1) = (n—a—1z,a, 1). 
This identity can be translated into one for Bernoulli numbers. 
Hereafter [m] means the largest integer not exceeding m. 


THEOREM 4. For n odd, t.¢e., n=2m+1, and a>n/2, 


(a, n—a—2,2) = (—1)*(2a—2m + 1)( 3 caren-sr — 4(m + 1) 04) 


+ (—1)* 2% (—1)"a—s + 1) Citn-i. 


=m+ 


Proof. From 
(j,n—j—2,2) = (fa—j— 1,1) —(j-Le—j—1,2) 
by summing get 


(a, n—a—2, 2) Te > (4 1)F*(j, n igh, 1) + (— 1)"*(m, m—1,2). 


j=m+1 
Use the previous theorem, and the fact that (m,m—1,2) =4(m,m,1) by 
equation (4), and also that S cites ae 2 > CiCn-s- 
4=2 4=2 


~ 


THEOREM 5. If n>1, (0,0,n) =Cn1+—Cn. 


Proof. TViV/(p+q"=> > 1/r? => (r—1) /1* = Ca — Cn. 
Dg r 


r=1 ptg=r 
THEOREM 6. For n even, i. e., n= 2m, (m,0,m) =4(Cm? — Com). 
Proof. Immediate from (7). 


Denote (a, 0, —a) by fa. Every quantity (r,s, ¢) for fixed n=r+s+¢ 
and r,s,¢ all non-negative integers may be expressed as a linear combination 
of the fa (a=0,---,n). For, if r40-=s, then by (4) (r,s, ¢) may be 
expressed in terms of similar expressions having larger ¢. This process is 
repeated, if necessary, until only expressions (1’,s’,¢’) are obtained with 
either 7” = 0 or s =0. In the next lemma the fy are expressed in terms of 
the quantities dj = (i,1,n— 2) (i =1,- - -, [n/2] —1) and polynomials in 
the c;. Hence (r,s,t) may be expressed in the same way. 

Using the explicit formulas of the next lemma and the relation (7), 
we obtain linear equations for the d; which are solved in certain cases to 
give finally Theorems 7 and 8. 














1). 
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Lemma 3. (a,0,n—a) =4M,+ Iq (a=2,: + -,n—2), where 











min(a,m) 


Ma= SX (—1)99 (Ca 5 + jrCoyr}d; 


j=1 






and Lq is a polynomial in C2,* + +, Cn, and m= [n/2]. 





Denote [a,b,c] + [b,a,c] by [a,6,c]’. We shall prove the corre- 
sponding identity in p,q when [a, b,c]’ replaces 2(a,6,c) and Lg is a linear 
combination of [j,.—j—1,1] and [j,n—j,0]. Then summation over 
all positive p,q followed by the use of (11) and (6) will yield the lemma. 

The proof will be by an induction on a. For a= 2, we have 


[2, 0, n— 2)’ = 2{[2, 2, n—4]’ — 91, 1, n—2)’7; 








the validity of which can be easily verified. Likewise the identity holds for 
= 3: 





[3, 0, n — 3]’ = 4£{[8, 3, n— 6]’ — 3[2, 2, n—4]’}. 









Next, to make the induction step, assume the result for a and a—1, and 
prove it for a+ 1. Multiply both sides of the identities for a and a—1 by 
[1,1,— 2] except for terms of the form [r,s,0] or [7,s,1], these terms 


being multiplied by 











[1, —4, 0] + 2[0, 0, 0] + [—1, 1, 0] 


which equals [1,1,— 2], and then subtract. An application of (4) to the 
left hand side and a simple manipulation of the other side using the identity 
rCs + -C's_1 = riiCs proves the identity in the summands [7,s, ¢]. 

We must show finally that no term (r,s,¢) in La is infinite; i.e., if 
t—1 then r >0 and s>0, while if 0 then r>1 ands>1. But the 
only d; having ¢ = 0 or 1 is dm = (m, m, t) and it first occurs in the induction 
when a= m. Each subsequent multiplication by (1175) reduces r or s by 1. 
Only n—m—2 more steps are required to reach the last step when 
a= n— 2, and r and s then still satisfy the required conditions. The proof 
of the lemma is complete. 

When the equations of the lemma are combined with (7), m—1 equa- 
tions in the m— 2 unknowns d; are obtained. Write Na=M,-+ M,.; then 
N. is known in terms of ¢:,- --,¢, by Lemma 3 and equation (7). A 
relationship of dependence is easily noticed by adding the N,; from Lemma 3 
the sum is simply zero. 

Ultimately we shall have to work with Nz since its value in terms of 
the c;’s is known. But it is easier to treat Mz and M,, separately and then 
add later. 


(11. 5) 
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We shall next show that for a= m, 
(12) dy = 2 ¥ 224-1Ce (i, 0,2 —i) a a Te 
This is in fact true for the corresponding summands 

(13) — [a,a,n—2a] — S o0-4-.Co-s{[t, 0, n—é] + [0, i, n—A]}. 


4=1 


We proceed by induction, equation (13) being true if a—1. Multiply 
both sides of (13) by [1,1,—2]. On the right are obtained terms 
[n+ 1,1,*]. (In the notation (b,c,*) the value of * is to be chosen so 
that b6+c+*=—n.) But since (4) is true if brackets replace the 
parentheses, 


I 


4+1 
[6+11,4]=36,0,4]+ 101,41; 
j= 
and similarly for [1,1-++1,*]. Hence, assuming (13), 


[a+ 1a+1,*] =S eiCorl SU, 0,*7 + (01,47) 


a+l a a 


ed x >= 2a-t-1Ca-1 [7,0, *)’ +2 2a-¢-1Ca-1[1, 0, ie 
1 


j=2 4=f-1 é= 





But xCa aa 20-1 cams x1Ca, sO that 
+1 


[a + 1, a 4- 1, 5 ms, 2a+1-jCa Li 0, we 4 +- (2a/a) oa-1Co[1, 0, i 
j 


=2 


a+1 


— = 2¢a+1)-$-1C (a+1)-1 Lj, 0, a A 
=1 
as was to be proved. 
We next take the corresponding sums for My, 
D 20-¢-10o-sMa« = D 20-1-1Ca1 = (— ape {jC n+-j + j-1Cn-4-j-1} dj 
4=1 4=1 =1 


where a= ™m and prove 


Tews 4. YS e41CeiMes — 2 bajdj (a=—=2,---,m) 
where ba; = 0 tf ¥ oe 
(14) a<n—2j, 
or 


(15) j>aand j >n—2a. 
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The coefficient of d; is 
Daj —s » oa-t-1Ca-1 (-- 1)**-9{ Cy 4-4 —- j-1C'n-4-j-1} 











(16) om ; 
PO ied! > (—1) +5 (2a —i—1) !(n—1) 
(oi) lame (n—i—jy\(j+i+m)\a—i! 





and the factor involving the summation sign becomes, on setting 


k=n—i—4j, 






(a+k+ j—n—1) (k+5) 
shia a OO G—He+i—e+s)! ° 
where ky max (n—a—j,0). Now since 2a+k+j—n—1Za+j 
—n-+k we have that 
(2a +k + j—n—1)!(kK+)) 
(@+j—n+h)! 
(18) = (20+ k4+ j—n—1)(2a+k+j—n—2) 


(at j—n+k+1)(k+)) 


and the right hand side considered as a polynomial in & has degree a and 
is expressible as 


(19) SA kV (k—)! 


1=0 



















where the A; are constants, and k!/(k—1)!=k(k—1)---(k—I+1) 
if /=1 and 1 if 7 —0. 
Setting / = 0,1, 2,- - - in turn we see that 







(20) AO (*+1—2e—js0sSisn—a—j—1). 


Then (17) becomes 






(1) & &(—1)*4y/(j—k) (kD)! 


k=Kko 1=0 





~ 





fn i oa 
“BGe—pia GH ie 


1=0 k=k1 












where k; = max (n—a—¥j,1). Here we have taken k =/ since k!/(k —1)! 
=k(k—1)---(k—1-+1) and is zero if OS k<1 (see (19)). Thus 
the left hand side of (21) equals 







5 G41 i$ 4), 0; 
imo (7 —1) Li, j-1C jx. 


We know from equation (16) that ba; is zero if (14) holds. We want 
to get the conditions of (15). 
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By (20), Ar.=0 for OS 1S n—a—j—1 if n+1—2a—j0 or 


(23) 7 > n—2a. B 
Also 

j 

> (—1)*%j-1C 54 (1 = n—a—}) 

k=1 
will equal zero unless 7 —/ since it is the binomial expansion of (—1)' f 
(1—1)*. But jl if ( 
(24) j>a t 


since ] =a. Thus Lemma 4 is proved. 
We wish to compute the values of certain coefficients which are not zero. ‘ 
Lemma 5. If a=n—2j, then baj = (—1)52. If a>n—2a, then é 
aa=(—1)*% Finally if 7 >a and j =n— 2a, then ba; = (—1)*. 





If in (16) we take a = n — 2), we get 
Dn-2,3 = a-1Ca+s(— 1)" {Cn-nsoi-5 + jaCja} = (—1)?2. 
If (23) holds, but 7 =a (instead of (24)), then by the reasoning preceding { 
(24), (22) becomes (— 1)*A, since all terms are zero except when 1 =a. But by : 
(19), Aa is the coefficient of k* in (18), so that 4g=1. Then from (16) | 
we find baa = (— 1)¢. 
Finally if 7 >a and instead of (23), 7 = n— 2a, then (17) becomes 


"S (—1)*(k + n— 2a) /k(n — 2a — k) 1(k —a) 1. 
k=a 
Denote this sum by Sp. First Ssa:1 = (—1)*/a. Next 
Se— D (—1)*{1/(n — 2a — k) (k —a)! 
k=a 


+ (n— 2a) /k(n— 2a—k) !(k —a) }} 
= (—1)*(1—1)""**/(n— 3a)! 
+ (n— 2a) & (—1)*/k(n— 2a—k) \(k —a) 1. 


(25) 


Thus if n— 3a> 0, 


8, =0+ 3 (—1)*{(n—2a—k) /k(n — 2a — k) "(kb —a)! 
k=a 
+ 1/(n— 2a— k) !(k —a) 3} 
—{ 5 (—1)*/k(n—1—2a—k) (k—a) 9} 
k=a 
4+ (—1)*(1 — 1) "4/(n — 3a) ! = Syi/(n — 2a—1) 
because of the last part of (25). 


or 


)? 


rn 














HARMONIC DOUBLE SERIES. 


We conclude that the coefficient of d; is, when j = n — 2a, 
((j—1) /(a—1) 1) 8) — ((n— 24—1) !/(a—1) 1) 8 
= ((n— 2a— 2) !/(a—1) !) Sn 

= + + ==(a!/(a—1)!)8sar1 = a(— 1)*/a = (— 1)*. 









Since (a,0,n.—a) + (n—a,0,a) is known by (7), we obtain from 
(12) and Lemmas 3 and 4 the following simultaneous linear equations in 
the dq: 

(26) dq +- a bajdj = ga; 









where the 0,; are known constants, j ranges from [(n—a-+1)/2] to m, 
and gq are polynomials in the c; with rational coefficients. 









THEOREM 7. If n is odd, (r,s,n—r—s) may be explicitly determined 
as a polynomial in Cs, - +, Cy, with rational coefficients. 





We shall treat only the case n=1 (mod 6) i.e, n—=6r+1. Separate 
the equations of (26) into two groups according as a 2r or not. In the 
first case baj = 0 if j =n-+1—2a from (15), and (26) need be summed 
only to n — 2a. 

Also ba; = 0 if simultaneously 






















(27) jen+1—2, 
(28) © j> 4. 
If a 2r then (27) implies (28), for 7 >n—2a=z 6r+1—4r> 2rZa, 
whereas if a > 2r then (27) is a consequence of (28), forj =a+1=2 2r-+2 
= (6r+1) +1—2(2r) >n+1—2a. 

To solve the system (26) first take a= 2r-+1. The summation in (26) 
is from 2r to 2r-+1, and by Lemma 5 the left hand side of this equation 
reduces to 2d2,; thus doy—=49or,1. To find the other da we divide all 
equations (26) into three sets of equations ' 











I: a= 2r + 2s (s=1,2,-- -) 
Il: a=2r+2s+1 (3 == 1,2,-- -) 
IIT: a= 2r—s (s == 0, 1,2, - -), 







and solve one equation at a time from the sets I, II, III in turn. 





- +, dorsog-) are known. When a = 2r-+ 2s 





I. Assume that dor_es1, dor-s+2,° 





q 
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the summation in (26) is from 2r-——_s-+1 to 2r+ 2s. Thus all quantities 
are known except dor.os. By Lemma 5, Dorsos,ors28 = 1 80 that the coefficient 
Of ds,,2x on the left-hand side of (28) is 2 and dsr.o, may be found. 


IT. Now derss1,° + +, dorscs have been determined. The summation in 
(26) for a=2r+ 2s+1 is from 2r—s to 2r+2s+1—a. All d’s that 
appear are known except d, and d2;_,. By Lemma 5, the coefficient of da is 0 
while that of ds;. is (—1)*"-* so that dsz-, may be expressed in terms of 
known quantities. 


III. Finally assume dor_s,- + +, dorscg are known. If a—=2r—s the 
summation in (26) is from 2r to 2r-+ 2s-+ 1. Every dj; appearing has been 
evaluated except der.2s.1 whose coefficient is (—1)* by Lemma 5. Thus 
dors, may also be found. 


The order-in which we solve the equations (26) is this. First take 
s = 0 in Case III, then s —1 successively in Cases I, II, III. Repeat with 
$ = 2,3, -- until dz, is determined. This occurs either in Case I with 
r = 2s or in Case III when r—2s-+ 1. By then dor_s,,,- - -, dsr have been 
determined. Finally d,,- - -,d2r-. are found by using (26) witha—1,-- -, 
2r —s respectively, for these equations are simply 


3r 
da + & bajdj = ga. 
j 9. 


The proof that the equations (26) may be solved when n = 6r + 3-and 
6r-+ 5 is similar and will not be given. When n is even, however, many 
relations of dependence occur among the equations (26) and it is impossible 
to solve for the d; except in the following case. 


THEOREM 8. The values of (2r,2r,2r) and (2r—1,2r,2r+1) may 
be found explicitly as a polynomial in ¢s,- + +, Cer with rational coefficients. 


Proof. When a = 2r and n = 6r, equation (26) becomes do, + 2dor = ger 
by Lemmas 4 and 5. Hence (2r,2r,2r) = gor/3. Next by (4), (2 +1, 2r, 
2r +1) = (2r, 2r, 2r) /2. 


If n = 6 we may evaluate all (r,s, »— 1 —s) according to our theorems 
.except (3,1,2), (2,0,4) and (4,0,2). These too may be found using. (4) 
since (3, 1,2) = (3, 2,1) — (2, 2,2), (2,0,4) = (1,2, 3) —(1,1,4), and 
(4, 0, 2) = (4, 1, 1) — (3, 1, 2). We remark in particular that (2, 2,2) = c./3. 
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ESSENTIAL AND NON ESSENTIAL FIXED POINTS.* 


By M. K. Fort, Jr. 








1. Introduction. . Let (X,d) be a compact metric space having the 
fixed point property. We denote by X* the set of all continuous functions 
on X into X. If f and g are in X*, we define 


p(f,g) =sup[d(f(x), g(x))| ve X]. 


It is well known that (X*,p) is a complete metric space. 

Let p be a fixed point of fe X*. We say that p is an essential fixed 
point of f if corresponding to each neighborhood U of p there is « > 0 such 
that g has a fixed point in U whenever ge XX and p(f,g) <e. 

The concept of essentiality for fixed points is a stability property which 
is quite analogous to the concept of stable value of a function. (See [1], 
p. 74). Several definitions of stable fixed points have been given in the past. 
However, no definition of stable fixed point with which the author is familiar 
is equivalent to the definition of essential fixed point which is given here. 
We will later prove that there exists a close connection between essential fixed 
points and essential mappings in the sense of homotopy. 





2. An approximation theorem. Members of X%*, all of whose fixed 
points are essential, are especially well-behaved functions. We shall prove 
that each element of X* can be approximated arbitrarily closely by such 
functions. 

We shall make use of the hyperspace (2*, H) and of the theory of semi- 
continuous functions into 2*. The points of 2* are the non-empty compact 
subsets of X. If Ae 2* and e > 0, we denote by U(e, A) the set of all points 
ae X for which there exists ye A such that d(z,y) <«. The set 2* is 
metrized by H, where 


H(A, B) = inf[e| ACU(e, B) and BCU(e,A)] 


whenever A and B are in 2%. It is well-known that (2%, H) is a compact 


metric space. 
A function T on a topological space S into 2* is upper semi-continuous 
[lower semi-continuous] at pe S if corresponding to each e > 0 there is a 
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neighborhood V of p such that T(z) CU(e,T(p)) [T(p) CU(e, T(2))] for 
allze V. It is clear that T is continuous at p (with respect to the metric H) 
if and only if T is both upper and lower semi-continuous at p. 

We next define a function F on X* into 2* by defining F(f) to be the 
set of all fixed points of f whenever fe X*. The following lemma is due to 
Wehausen [2]. 


Lemma 1. The function F is upper semi-continuous. 
Proof. Let feX* and suppose <« >0. Define 
8 = inf[d(z, f(«))| ce X —U(¢ F(f))] 


unless X = U(«, F(f)), in which case define §=1. It is easily verified that 
§> 0, and that if ge X* and p(f,g) <8 then F(g)CU(e, F(f)). This 
proves that F is upper semi-continuous. 


Lemma 2. Each fixed point of fe X~* is essential if and only if f is a 
point of continuity of F. 


Proof. Assume that each fixed point of f is essential. Let ¢« be any 
positive number. For each xe /f'(f) there is a neighborhood V(z) of f such 
that if ge V(x) then g has a fixed point in the «/2-neighborhood of z. There 
exists a finite set 2,- - -, 2, of points of F(f) such that each point of F(f) 
is within «/2 of some one of the z,. If we now choose a neighborhood V of f 
which is contained in the intersection of V(z,),- --,V (an) we see that if 
geV then F(f) CU(e,F(g)). We have therefore proved that F is lower 
semi-continuous at f. This fact, in view of Lemma 1, proves that F is 
continuous at f. 

We now assume that F is continuous at f. Let pe F(f) and let U bea 
neighborhood of p. Choose « >0 such that the e-neighborhood of p is con- 
tained in U. Now choose §>0 such that if p(f,g) <8 for ge X*, then 
H(F(f),F(g)) <«. Thus if ge X* and p(f,g) <8, then g has a fixed 
point in U. This proves that p is an essential fixed point of f. 


THEOREM 1. If fe X* and «> 0, then there exists ge X* such that 
p(f.9) <« and such that every fixed point of g 1s essential. 


Proof. It is known, (see [3]), that the points of continuity of an 
upper semi-continuous set-valued function form a residual set. Since F' is 
upper semi-continuous and X* is a complete metric space, we see that F is 
continuous at each point of a set dense in X*. Our theorem now follows at 
once from Lemma 2. 








a ete 
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3. Existence theorems. It is easy to see that there may exist members 
of X* which have no essential fixed point. A simple example is obtained 
by taking X to be a Euclidean n-cell. For this special case, every point of X 
is a fixed point of the identity transformation, but no point is an essential 







fixed point. 

It is of interest to know conditions under which a transformation will 
have essential fixed points. We prove two theorems in this section which 
give sufficient conditions for the existence of an essential fixed point. The 
second of these theorems, Theorem 3, contains in the hypothesis a rather 
strong restriction on the space X. The author does not know whether or not 
the conclusion of this theorem is true if the hypothesis is weakened by 
allowing X to be an arbitrary compact metric space. 










THEOREM 2. If f has a single fixed point, then this pownt 1s an essential 
fixed point of f. 







Proof. Suppose « >0. By the upper semi-continuity of F, there exists 
a neighborhood V of f such that if ge V then F(g)CU(e,F(f)). Since 
F(f) contains but a single point, this implies that F(f) C U(e,F(g)). Thus 
if ge V, then H(F(f),F(g)) <«. We have proved that F is continuous 
at f, and hence it follows from Lemma 2 that the fixed point of f is an 


essential fixed point. 









THEOREM 3. In addition to our standing hypotheses concerning X, 
we shall assume that X is a topological n-mamfold, either with or without 
boundary. If feX* and the set F(f) of fiwed points of f 1s totally dis- 
connected, then f has at least one essential fixed point. 








Proof. Let us assume that f does not have an essential fixed point. We 
shall show that this implies the existence of a function ge X* which does 
not have a fixed point. Since X has the fixed point property, this is a con- 
tradiction. 

Each point «eX has a neighborhood N(a) whose closure is homeo- 
morphic to a convex subset C(x) of Euclidean n-space. For each ve F(f) 
choose a neighborhood U(z) with the following properties: U(x) CN(z), 
the intersection of F(f) and the boundary of U(z) is vacuous, there exist 
members of X* arbitrarily close to f which do not have fixed points in U(z). 
Let us cover F(f) with a finite set U(z,),- - -, U (ax) of these neighborhoods. 

Now define F, = F(f) f) U(a,) and define 










P= F(f) NU (es) —U Fi 
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if 1<isk. The sets F; are closed, pairwise disjoint sets; and we may 
suppose the sets U(z,),- - -, U(a2,) chosen so that each set F; is non-vacuous, 
Choose open sets V;,- - -, Vi, W:,- - +, Wi with the following properties: 





F, i Vic Vic Wc Wic U (2), W; ‘a W; is the empty set if 7 = ), 
f(Wi) CN (x). 


Let hi be a homeomorphism of N(a;) onto C(a;) for each 1, 1 SiSk. 


eee 


k 
Define «= inf[d(z,f(x))|teX—L Vi]. Choose 8> 0 so that if 
i=1 


p,q C(a) and ||p— q|| < 8, then d(hi*(p), hi(q)) < ¢ for 1 21k; choose 
1 > 0 so that if u,ve N(a;) and d(u,v) <7, then || hi(w) —Ai(v) || < 8 for 
1=isk. Next, we may choose functions g,¢ X* for 1=1=k such that 
p(f. 9) <1, gi does not have a fixed point in V;, and gi(W;) CN (a). 

If peWi,—V;i we define a;(p) —inf[d(p,z)| reVi] and di(p) 
= inf[d(p,7)| ce X—W;,]. We assume that each W; has been chosen small 
enough so that X — W; is non-vacuous. Let Ai(p) = ai(p)/(ai(p) + bi(p)) 
and Bi(p) =bi(p)/(ai(p) + 0:i(p)). We now define g(p) to be f(p), if 


k 
peX—UWi; gi(p), if pe Vv; for some 1, 1St1Sk; hy*(Ai(p)hif(p) 


4=1 





+ Bi(p)higi(p)), if peWi—V; for some i, 1 Sisk. The function g 
belongs to X* and it is easily seen that d(p,g(p)) > 0 for all peX. This 
is a contradiction. 


4. Local study of essential fixed points. Although Theorem 3 is fre- 
quently useful in proving the existence of an essential fixed point of a 
function f, this theorem is of no value in deciding which fixed points are 
essential if f has more than one fixed point. For example, let X be the 
unit disk in the complex plane and let f(z) =z*. The fixed points of f are 
0 and 1. We know by Theorem 3 that at least one of these is essential, 





but. we do not know which ones are essential and which ones are not essential. 
It is desirable to have theorems which we may “1se to prove that a fixed 
point is essential merely by examining the behavior of the function in a 
neighborhood of the point. The following is a simple theorem of this type. 





TuHeroreM 4. If fe X*, pe X and p has arbitrarily small neighborhoods 
V such that V has the fixed property and f(V)C V, then p is an essential 


fixed point of f. 
Proof. It is clear that p is a fixed point of f. 









Let U be any neighborhood of p. 





Choose a neighborhood V of p such 





may 
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that VC U, V has the fixed point property, f(V) CV, and X —V is non- 
vacuous. Let us define «—inf[d(z,y)|xvef(V),yeX—V]. Since f(V) 
and X — V are disjoint, non-vacuous, compact sets, we see that « is a positive 
number. 

Now let ge X* and assume that p(g,f) <« Then g(V)CVCY, and 
since V has the fixed point property, g has a fixed point in V and hence in U. 
This proves that p is an essential fixed point of g. 

Using the above theorem, it is now easy to show that 0 is an essential 
fixed point of the function f(z) =z? for z in the unit complex disk. 

It is very easy to describe situations where Theorem 4 is of no use. 
For example, consider the function f(z) =</|z|? defined for all z in the 
unit complex disk, f(0) being defined to be 0. The behavior of this function 
on neighborhoods of 0 is fairly typical of the situation we may expect in 
general, in that the function f does not transform small neighborhoods of 0 
into themselves. This suggests that one might prove stronger theorems than 
Theorem 4 if one had as tools fixed point theorems for mappings of sets 
into subsets of some containing space rather than merely into subsets of 
themselves. We prove one such theorem in the next section. 


5. A fixed point theorem. Let n be a positive integer and let FE, 
denote Euclidean n-space. The set of all points x in E£, such that || xz || Sr 
will be denoted by K(r), and the set of all points x in £, such that || x || =r 
will be denoted by S(r). If xe, and zx is not the origin, we let P(z) 
= 2/| x |. 

Throughout this section we shall assume that r is a positive number 
and that f is a continuous function on K(r) into E, such that f(x) ~ 2 for 
all ce S(r). We associate with f a mapping f* of S(1) into S(1) by 
defining f*(z) = P(rx—f(rz)) for all xe S(1). 


~ 


THEOREM 5. If f* is an essential mapping (not homotopic to a constant 
mapping) then f has a fixed point. 


Proof. Suppose that f does not have a fixed point. In this case 
tre ~f(tre) for all ee S(1) and O=¢#1. Thus we may define D(z, t) 
= P(tre—f(trr)) for all ce S(1) and 0St#=1. The function D is 
clearly a homotopy of f* to a constant function. 


Example 1. Let f be such a mapping that f(K(r))CK(r). It is 
easily seen that f* is homotopic to the identity mapping if one considers the 
homotopy defined by D(a,t) = P(ra—tf(rx)). The Brouwer fixed point 
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theorem now follows from the fact that the identity mapping on S(1) is 
essential. 


Example 2. Let n=2 and let g be the mapping of K(1) into £, 
which takes the point (u,v) into (2u,v/2). The homotopy defined by 
D((u, v), t) = P( (tu — 2u, 2v — 3tv/2)) deforms g* into the mapping 
which takes (u,v) into (—wu,v). This mapping, being a square root of the 
identity, is essential. Thus g* is essential. 

Now there exists « >0 such that ||e—g(z)||2e for all re S8(1). 
It is easy to see that if f is any mapping of K(1) such that || f(x) — g(z)|| <« 
for all ze S(1), then f* is homotopic to g* and consequently is essential. 
Any such mapping f, by Theorem 5, has a fixed point. Notice that f is 
required to be close to g only on S(1) and not on all of K(1). 


THeorEM 6. If f* is homotopic to a constant, then there exists a 
mapping g on K(r) into EL, without fixed points such that g(rxz) =f (rz) 
for all xe S(1). Moreover, if 8>0, we may choose g so that p(g,1) 
S p(f, I) +4, where I ts the identity mapping on K(r). 


Proof. Let D be such a homotopy that D(z,1) = f*(xz) and D(z, 0) 
is constant. Define g(trx) = trx — [t || rz —f (rz) || + (1—1)8]D(z, t) for 
all ze S(1) and 0=t=1. It is easily seen that g is a continuous function 
on K(r) into £, which has no fixed points. Also, 


g(rx) =rx— || rx—f(rx)|| D(z, 1) = re— | re —f(rz)| f*@) =f (rz) 


for all xe 8(1). 
Moreover, 


| g(tra) — tre || = [¢ || re — f(rz)| + (1—#)3] | D(@, t)] 
< || rz—f(r2)| 43S pf,D +8 


for all ze S(1) and OSt=1. Thus p(g,J) Spf, 7) +8. 


6. Isolated fixed points on manifolds. Let X be a compact n-manifold 
(either with or without boundary) which has the fixed point property. Let 
fe X* and let p be an isolated fixed point of f. In case X has a non- 
vacuous boundary, we shall also assume that p is not a boundary point of X. 
Let N be a neighborhood of p whose closure is homeomorphic to the closed 
unit sphere K(1) in E,. We may assume that h is a homeomorphism of NV 
onto K(1) which takes p into the origin of E,. We also assume that WN has 
been chosen small enough so that the only fixed point of f in N is p. 
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For all sufficiently small positive numbers r, say 0<rR, 
fh-(K(r)) CN and hence Afh| K(r) is defined and is a function which 
we shall denote by f,. Since the only fixed point of f, is the origin, we may 
associate with each f,, O0< rR, a mapping f*, of S(1) into S(1) by 
defining f*,(x) = P(rx—f,(rx)) for each ae 8(1). It is clear that f*, 
is homotopic to f*z if O< rR. 


THEOREM 7%. The point p is an essential fixed point of f if and only 
if f*r is an essential mapping. 


Proof. Let us assume that f*z is an essential mapping. Let U be any 
neighborhood of p. Choose r, 0 << r< R, such that h-*(K(r)) and fh*(K(r)) 
are both contained in U. Now choose «> 0 such that if p(f,g) <« then 
gh(K(r)) is contained in both U and N. For all g such that p(f,g) <«, 
we may define g, and g*, in the obvious manner. We may assume that « 
has been chosen small enough so that g*, and f*, are homotopic. Thus, if 
o(9,f) <« g*r is essential and it follows from Theorem 5 that g, has a 
fixed point g in K(r). The point h-*(q) is in U and is a fixed point of g. 
This proves that p is an essential fixed point of f. 

Now let us assume that f*z is non-essential. Let « be any positive 
number. We will show that there exists ge X* such that p(f,g) <e and 
such that g does not have a fixed point in N. Choose r, 0 <r < R, such that 
h-*(K(r)) and fh(K(r)) are both contained in the ¢/4 neighborhood of p. 
Now choose s, 0 <s <r, such that p(fs,Z) + 2s <r. By Theorem 6 there 
exists a function gs on K(s) into EZ, such that g.(x) = f(z) for all c= S(s) 
and such that g, has no fixed points. Moreover, we may assume that 
e(gs,l) +sSp(fe, I) +2s< 7, and hence g.(K(s))CK(r). We now 
define g(x) = f(z) if re X —h“(K(s)) and g(x) =h-g-h(z) if xeh*(K(s)). 
It is easy to verify that g has the required properties. We have thus shown 
that p is not an essential fixed point of f. 


Example 3. Let X be the set of all points (u,v) in EZ, such that 
max(|w|,{v|) <1. Let f be the function on XY which transforms the 
point (u%/3,v?). Locally, f behaves similarly to the mapping defined in 
Example 2. Combining the methods used in Example 2 with Theorem 7, 
it is easy to prove that the origin is an essential fixed point of f. 


7. A fixed point theorem for product spaces. Let X be a compact 
metric space having the fixed point property, and let T be the closed unit 
interval of real numbers. We denote by f a function on X X T inéo X X T, 
and denote the transform of the point (,¢) under f by (ft(x), 9(z, t)). 
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THEOREM 8. If for each t, OS¢t=1, the function f; of X into X has 
only essential fixed points, then f has a fixed point. 


Proof. For each ¢ let Z(t) —F (ft). Using Lemma 2 it is easy to 
prove that Z is a continuous function on J into 2%. It follows that there 
exists a connected set C contained in X XK T such that if (z,t) eC then 
aeZ(t), and such that there exist %,2,eX for which (%,0)eC and 
(%,1) eC. Consider the continuous real valued function on C defined by 
h(x, t) =g(a,t)—t. Since h(a,0) 20 and h(a,,1) S0, it follows that 
h(x*, t*) =0 for some (x*,¢*) eC. Thus g(a2*, t*) = ¢* and fire(z*) = 2%, 
and we see that (x*, ¢*) is a fixed point of f. 

The hypothesis of the above theorem is quite restrictive. It is not known 
whether or not there exist spaces X and Y with the fixed point property for 
which X & Y does not have the fixed point property. Consequently, one 
would hope for a much stronger theorem than Theorem 8. 
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ON THE COMMUTATOR GROUP OF A SIMPLE ALGEBRA.* ! 


By SHIANGHAW WANG. 





Introduction. Let A be an algebra. If « in A is a commutator: 
a= ByB'y", clearly, its norm (in any sense) must be unity. It follows 
that any element in the commutator group must be of norm 1. 

Now, consider as an example the algebra D of quaternions over the field 
R of real numbers. Any element @ in D is contained in a quadratic extension 
of R, which is by necessity a field (1), isomorphic to the field of complex 
numbers. If a is of reduced norm 1: «%— 1, it can be written in the form 
cos@ + isin @=e*i, Since there exists an element j in D such that jéj-? = é 
for any € in R(i), we have e% = e4##j(e#+)-17-4,_ This shows any element of 
reduced norm 1 in D is a commutator. 

Nakayama and Matsushima ? proved that any element of reduced norm 1 
in a p-adic division algebra is a product of at most three commutators. 
Combining this result with the above simple fact in the quaternion algebra, 
we may say that any element of reduced norm 1 in a “ local” division algebra 
is in the commutator group. It is but a step to infer the corresponding state- 
ment for any “ local ” simple algebra. 

Our main purpose here is to prove that the statement holds “in the 
large,” i. e., the commutator group of the group of all regular elements in a 
simple algebra A over an algebraic number field & coincides with the group 
of all elements of reduced norm 1. From this theorem and the norm theorem 
of Hasse-Schilling-Maass, we infer that the factor commutator group of A is 
isomorphic in a natural way to the group of all elements in k, which are 
positive at all infinite primes where A is ramified. 

Whether the theorem is true for any simple algebra we cannot yet 
decide. Nevertheless, we shall prove its general validity in the special case 
where the index of the algebra is square free. 

The commutator group of a simple ring which is not a pure division 
ring is a generalization of the classical special linear group. Apart from 


* Received February 21, 1949. 

1 This investigation of the multiplicative group of a simple algebra was suggested 
to the author by Professor E. Artin. 

*T. Nakayama and Y. Matsushima, “tber die multiplikative Gruppe einer 
p-adischen Divisionsalgebra,” Proceedings of the Imperial Academy of Japan, 19, 1943. 
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certain special cases to be discussed in I below, the question of its structure 

was settled by Dieudonné.* But the group of a pure division ring is entirely | 
different. The structure problem in this case seems very difficult even when [| 
a division algebra over an algebraic number field is concerned. 


I. Commutator Groups of Simple Rings. 


Let A be a simple ring, i.e., a full matrix ring over a division ring D. 
The set of all regular elements in A forms a group which will be denoted by 
the same symbol denoting the ring itself. 

Suppose A is of degree m >1 over D: A=M m) X D, and let Eij, 1, 
j=1,---,m, form the usual matrix basis. FH being the unit matrix, let 
Biy(A) = EF + AK, 147, and let H(«) = E+ (a—1)Emm. Then the set 
of all Bi;(A) generates the commutator group A’ of A and any coset of A’ in 
A can be represented by a matrix H(«). The central elements of A or of A’ 
are contained in the center k of D. 

Dieudonné proved in [2] that the factor commutator group A/A’ is 
isomorphic to D/D’ and the isomorphism can be brought up by the function 
A which maps the coset of H(a) to the coset of a in D/D’. A(X) was called 
the determinant of the matrix X. The following lemma is an immediate 
consequence of this result of Dieudonné: 


Lemma 1. The matrix a,E,+-+--+ GmEmm ts in A’ if and only tf 
the product a,-* + Gm is in D’, 


We shall call a group simple if any proper normal subgroup is con- 
tained in the center. Dieudonné determined the structure of A’‘by showing 
that it is simple when m > 2, or when m = 2 and the center & of D is not 
the prime field R., Rs, or R; of characteristic 2, 3, or 5 respectively. We 
wish to show that this restriction can be removed. In fact, we shall prove 


that the group A’ is simple, when m > 2, or when m= 2 and DAR, or R;. 


Proof. The general proof given below does not apply when D = R,. 
For this singular case, see Dickson [3], p. 85.4 
Let A= Miz) X D, DA R.z, R;, R;. Let N be a normal subgroup of A, 


containing a matrix 


x=(° BN eA" Nk, 


’ J. Dieudonné, “Les déterminants sur un corps non commutatif,” Bulletin de la 
Société Mathématique de France, vol. 71 (1943). 
*L. E. Dickson, Linear Groups, Leipzig, 1901. 
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dan | Following the method in [2], we shall first construct a matrix of the form 
; i Byo(Ao) from X and its transforms. 
irely | 


Suppose one of 8 and y is not 0. We may assume B0. For, if y0, 


X may be replaced by 


ad te: nF RST 








“s es Bathe eerie fete — 
ssiteiaensiaideateaihataedae micheal eae ee NEL oN 


lege ie) SE ae aia 


| Furthermore, we may assume «= 0, because 


(1) cay ee ) = etn 4 a (’ 3): 


For ée D, kg will denote a subfield of D, containing the field &(é), and 
containing at least one element outside & in case k= R2, R; or Rs. 
If nek,, we have 


“ 3) ( <5 *1¢ ”) % 4 even) es 


When k ~ R., R;, R;, we choose y in k& such that n*~1. When k= R,, R; 
or R;, we choose 7 in ky outside & such that n*¢k. In both cases, Y has the 
property that either its two diagonal elements are distinct or they do not 
belong to k. 

If 8 = y = 0 in the original matrix XY, X has already the above property, 
because it is not in the center of A’ by assumption. Hence, N always 


(2) 


contains a matrix , A where «48 or a5 but azk. So, there exists 


an element £¢D for which #543. We have 


0 O)GIENGIEG)-s00 


where Ay = £ — afd" ~ 0. 
Now, consider a field &),. Starting with By.(Ao) as the original matrix 


X, we first obtain a matrix of the form . 7) asin (1), B,y,8ek,. This 
£4 


time, we choose 7»&k,, such that »*41 and obtain a matrix of the form 


ie a as in (2), a,8,8eh, a8. Taking ¢— (1—aS*)™ in (3), we 


obtain the matrix B,,(1). 
Let Ae D be arbitrary. Starting with B,.(1) as our matrix X, we 
repeat the above process, keeping the coefficients of the matrices inside a 


field ky. Setting £—A(1— ad“) in (3), we obtain B,.(A). Since 








326 SHIANGHAW WANG. 


pee oe usey 


we have finally the matrix B.,(A). So, N =A’ and the statement is proved. 


Since, as we shall prove, the commutator group of a simple algebra over 
an algebraic number field coincides with the group of all elements of norm 1, 
it is conceivable that the group D/D’ might always be isomorphic to a sub- 


group of the center & and Dieudonné’s determinant of a matrix could then [ 


be realized by an element in k. As the following example shows, this is not 
the case: 


Let K be the field of all power series over R, of the form 


eo 
Dd az’, adv =0 or 1, rZ0. 
v=r 


We introduce a second variable y and consider all the double power series 


AIV 


eo 
Dd ay", ane K, s=0. 


y=8 
We add and multiply them formally applying the rule ya = ay, ae K, where 
o is the automorphism of K defined by the equation 


(4) w=aetar 


As can be readily verified, these double power series form a division ring D. 
Now, in a power series field, an automorphism of infinite period, which can 
be defined by an equation like (4), leaves fixed only the coefficient field. 
Since o is obviously of infinite period, it can be easily seen from the above 
remark that the center of D is exactly R, = {0,1}. 

Let é= y any" be in D, a;40. We define |é| —y*. By the rule of 


u=8 


multiplication, we have | é|—|é |||. So, this is a homomorphism of D 7 
onto the infinite cyclic group generated by y. Since the latter is abelian, | 


D/D is certainly not trivial. 


II. Proof of the Main Theorem. 


Let A be a central simple algebra over &. By the norm Na of aeA | 
we mean the reduced norm Na;,(«) of « over k. If « is in the maximal 
subfield K of A, then Na = Nx;(«). 

Let K be a cyclic maximal subfield over & and let o be a generating 
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automorphism. Then there exists an element + in A such that rér* = & 
for any eK. If Na=1, aeK, there exists an element € in K such that 
a= &-1! by a theorem of Hilbert. So, «= -7ér-'é* and we have proved 


LeMMA 2. Any element of norm 1 in A, that is contained in a cyclic 
maximal subfield, is a commutator. 


Let D be a central division algebra over & and F a field of degree m 
over k. 


Lemma 3. If ae D is in the commutator group D’p of Dr, then a™ is 
in D’. 

Proof. Consider the algebra A = Mim) X D. Since F is isomorphic to 
maximal subfield of Mim), we may regard Dr = F X D as a subalgebra of A. 
Hence, ae D’y C A’. By Lemma 1, ae D’. 

Now, let K be a splitting field of D—Dvn), of degree n over k. If 
ae D has norm 1 in D, it still has norm 1 in Dg = Min). But an element 
of norm 1 in a full matrix algebra is nothing but a matrix of determinant 1. 
So, ae Dx. This, together with Lemma 3, proves ° 


Lemma 4. If Na=1in D=Dwy, then are D’. 


Let & be a p-adic field and D = D,,, be a central division algebra over k. 
Then D contains an unramified maximal subfield W. For a suitably chosen 
generating automorphism o of W and a suitably chosen prime element 7 in 
D, we have 


D=W+Wer+::-4+ Wr"; cit = & for ée W, x* = p- 


So, D admits an irreducible representation over W, in which the element 


= A + ar + Gor? +--+ +> + ap yr, ae W, is represented by the matrix 
= ? ’ 
Ao Oy ws ISEIS Rage 
PHn-1 &% -* + Was 
pa," pao” " rere ae 
It can be shown that « is integral if and only if so are a, @1,° °°, @n-1- 


Now, let « be a unit in D. Let qg be the number of residue-classes of p 
in k. We have a =wo (mod p), » being a (q"—1)-th root of unity in W. 
It follows from the above representation that Na = Na) = Nw (mod p). 

The following lemma is a slight improvement of a result of Nakayama 
and Matsushima, referred to in the introduction: 
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Lemma 5. Any element « of norm 1 in D is a product of at most two 
commutators. 


Proof. Since a is of norm 1, it is a unit. Using the notations introduced 
above, we have «=o (mod) and 1 N«=Nw(modp). Since No is a 
(q"—1)-th root of unity, the latter congruence implies Nw=1. So, 
w1*4*---40"* — 1, or w is a (q"—1)/(q —1)-th root of unity. 


Suppose w is a primitive (q”—1)/(q—1)-th root of unity. If v <n, 
we have q’—1< (q"—1)/(q—1). So, » is not a (q’—1)-th root of 
unity for v <n, and therefore generates the residue-class field of + in D 
(i. e., the residue-class field of p in k& by adjoining the class of w). It follows 
that a also generates the residue-class field. Consequently, « generates a 
maximal unramified subfield of D. Since « is in a cyclic maximal subfield, 
it is a commutator. 

If » is not primitive, let o, ¢ W be a primitive (¢"— 1)/(q —1)-th root 
of unity. Then o,-'¢=o,"'w (mod), and ,~'w is primitive. Since both o; 
and ,~*« are commutators, « is in this case a product of two commutators. 

Observe that, if we have proved that any element of norm 1 in D is 
in D’, D being an arbitrary division algebra, we may conclude immediately 
that any element of norm 1 in A—=M,m, X D is in A’. For, any element 
ae A is equivalent to a diagonal matrix E(B) mod A’. If Na—1, we have 
Nopx(8) =1 and Be D’. Consequently, E(B) eA’ and ae JA’. 

Let A =A,n) be a central simple algebra over the p-adic field k, and 
1, @2,° * *,@n? form a basis. Let €=—t,o, +--+ -+ ton? be a general 
element of A. We valuate A by defining | é| —max(|t,|,---,| tn?|). 
This is a valuation of A in a modified sense, inasmuch as the condition 
| 7 |= | €| || for an orthodox valuation is not necessarily satisfied. Never- 
theless, it turns A into a complete normed vector space over k, and different 
bases give rise to topological equivalent spaces. Needless to say, any sub- 
algebra is a linear subspace and therefore, as a point set, is closed in A. 
Furthermore, if the subalgebra is a field, the valuation introduced above 
induces in it the same topology as its standard valuation does. 

As in any normed vector space, € + 7, €—», aé are of course continuous 
functions of €, 7. Since the coefficients of é are polynomials in those of €, », 
& is also a continuous function of é, 7. Let fe(x) =a" + a,(t)a"*+- °° 
+a,(t) be the principal polynomial of €. Then a,(t),- - -,@n(t), as poly- 
nomials of ¢;,- - -,¢n2, are continuous functions of € If é is regular, then 
a,(t) £0 and &* may be written in the form é' = — a,(t)*(é""1 + a,(t)é"”? 
+--+-+a,_,(t). Consequently, é* is a continuous function of é. 
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6 
mi Lema 6. If « generates a maximal subfield K of A, then all elements 


in a sufficiently small neighborhood of « generate maximal subfields which 
uced — are isomorphic to K. 
isa | 


So. f Proof. Since there are only finitely many intermediate fields between 
K and k, and they are closed in K, there exists a neighborhood Ux of « in K, 
which does not intersect them. Since f,(x) is irreducible over k, it has no 

cn 


q multiple roots. So, there exists a neighborhood U4 of a in A such that, if 
scan fe Ua, fe(x) will be sufficiently near f(x) so that it will have a root 6 in Ux 
i ' on account of Hensel’s Lemma. Since @ does not belong to the intermediate 
oi fields, it generates K: K—k(6). But then fe¢(x) must be irreducible. 


ey © Consequently, #(é) is a maximal subfield and is isomorphic to k(@) = K. 
e > f . . 
Let A be a central simple algebra over the algebraic number field k.. 
an ' Then A? —A Xk, is the p-adic completion of A, p being a prime in k. 
be » Ifa,eA,i—1,---,t, are given, we can approximate them simultaneously 
ml by an element é in A. In fact, we need only approximate the coefficients. 
- Lemma 7. Let « >0 be given and let a,¢A®,i=1,- - -,t, be elements 
i of norm 1. There exists an element €e A’ such that |é—a,| oh aida 
: lé— ar | <e. 
ve 
2 Proof. Since a; is of norm 1, it is in (A?)’. Let 
n 
al % = BuyuBia yu? * * Bievyie Bie, *yiei*, Bai, yaj © A™. 
). 
yn Let mij, £13 A be good approximations to fi;, yi at p, and to 1 at py, 
r- Y=1,---,t, 7%. Then 
rt OF rs 
- E= TT (meskes has)» TL CneSermes bes) 
i. & wii ae 
e — is a good approximation to % at p;,,1—1,:- -,t. 
s THEOREM. Any element of norm 1 in a simple algebra over an algebraic 
, -£ number field is in the commutator group. 
. &§ Proof. Let k be the center of the algebra. We prove the theorem in 
) three steps, n being the index of the algebra: 
2 4 
i) n—1,a prime. In this case, the assumption that & is an algebraic 
number field will not be used. By a remark made before, we may prove the 





8 
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% is contained in a maximal subfield K of D. If D is of characteristic | 


and K is inseparable over k, a satisfies the equation a’ — 1 = 0 which implies 
@% == 1. So, we may assume XK is separable over k. Let E be an extension > 


of K, which is normal over k& with the Galois group G(k). Let G(/’) be an 


l-Sylow group of G(k) with the fixed field F. Then (F':k) =m is noth 
divisible by 7 and Dy remains a division algebra. Consider the maximal § 


subfield Kr = K X F of Dr and let the group of FE over Kr be G(Kr). 
Since G(Kr) is a maximal subgroup in the p-group G(F), it is normal in 
the same. Hence, Kr is normal and cyclic over F. « € Kr is therefore in 


D’r by Lemma 2. Applying Lemma 3, we have «%”eD’. But Lemma 4) 


gives ae D’. Since (l,m) —1, a €D. 


ii) n=I*,s>1. We prove the theorem by induction. Accordingly, 
assume the theorem has been proved for n= /I/*1, Let a be an element in 
D = Dy, of norm 1. 


Let So be a finite set of finite primes in k, which contains 


(a) all finite primes where D is ramified, 


(b) all even primes,® 


(c) a prime which splits completely in the /-component of (£1) over i 


k, s4, denoting a primitive /**!-th root of unity. 


For peo, let K® be a maximal unramified subfield of D?, and let 4, 
be an element of norm 1, which generates K®: K —kp(@,). For example, 
6, may be taken as a primitive (gl*—1)/(q—1)-th root of unity in K?, 
q being the number of residue-classes of p in k. Let ée D” be a sufficiently 
good approximation to the elements 6, for all pe So. Then a= &&% will be 
a sufficiently good approximation to the elements 6,, and will generate on 
account of Lemma 6 maximal subfields in D? isomorphic to K? for all pe Sp. 
It follows, first of all, that K —k(a) is a maximal subfield of D. 

Now, let F, F, G(k), G(F), G(Kr) have the same significance as in 
i). Passing a composition series of G(F) through G(Kr), we see Kr has 
a subfield 0,, which is cyclic of degree 1 over F. We are now in the division 
algebra Dr. Let » = Nx, 0,(). 

We shall denote the extension of S,) in F by Sy again. Let S* be the 





5S. Wang, “ On Grunwald’s theorem,” to appear in the Annals of Mathematics. 





theorem only for a division algebra D,1,. Let a ¢ D be an element of norm 1, f 
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set of all primes in F’, which are not relatively prime to vy, in Q;. Since 
Nur (v1) = 1 and Q, is unramified of degree / at the primes in So, 8* (] S =0. 
Finally, let q¢S ) + S* be a prime which remains prime in Q, and in the 
l-component of F'(f.) over F. 

By (c), Q, is independent with F({s,.1) over F. Applying Corollary 2 
in [4] with C —Q,, we construct a cyclic extension I of degree J**t over F 
such that 


(A) (I: Fp) =" for pe So, 
(B) =F), for pe S*-+ q, 
(C) if Tis ramified at any p outside S + S* + q, p remains prime in Q,. 


Let D, be the centralizator of 2; in Dr. It is a division algebra of 
degree [*-* over Q,, and is isomorphic to the division algebra in Dr X Q;. So, 
if p. is a real prime in F, where Dry is ramified, then D, is ramified over 
0, at PB. | Po, if and only if Pq is real, i.e., if and only if , is unramified 
over F at p.. Let S~ be the set of all real primes in F, where Dr is ramified 
but where ©, is unramified. 

Let Q* be the subfield of T of degree 1 over F. Let S be the set of all 
primes in F outside So+S8*-+q, where 0* is ramified over F. Put 
S=S.+S*+85+ q+ Sz. 

Let I, be the subfield of I of degree 1* over F. For peS, we define 
T*? and (a, T*?/Fy) as follows: ° 


(a,) for pe S,+S8*+85-+4q, r**? =T,? and 
(a, I*?/Fy) = (ap, Ti?/Fy), 


(b,) for pe S,, T*? is complex and (%,I*?/F,y) is defined in the only 


way possible. 


Write S’ =98,+ 8*+ 8+ q. When /—2 and when F(€s11) is not 
cyclic over F, we have, by Lemma 3 in [4], 


(5) II ( (sec 20/2) ?*", T,?/Fy) = 1. 
peS’ 


°This is the upper part of the orthodox norm residue symbol. The lower part, 
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Since (sec 27/2*)?"" is totally positive, (5) implies that 


I, ( (sec 2x/2")*, 189/Fy) — 1 
& 


and that condition (d) in the theorem in [4] is satisfied. Applying that 
theorem with ( =0,, C =Q, we construct a cyclic extension I* of degree 
l? over F such that 


(A,) o*CT*, 
(B,) the p-adic completion of I'* is I'*? for peS, 


(C,) if I* is ramified at any p outside 8S, p remains prime in Q,. 


Consider the field K, =, X T*. This is a direct product, because q 
remains prime in Q,, but splits completely in T* by (B) and (a,). We 
contend that v, is a norm everywhere in K;. In fact, at all primes extending 
those in S., vi = Np,o,(«) is a norm in D, and is therefore positive. At all 
primes extending those in S*, K, splits completely over 0;. Since vy, is a 
unit at all finite primes not in S*, it is a norm everywhere in K, except 
possibly at the finite primes $$ where K, is ramified over 2,. Let p be the 
prime in F divisible by 8. Then pe S,-+ 8+ the primes in (C,). By the 
construction of K, T, and ['*, p remains prime in Q,. We have 


(v,, K,8/0,%) = (No,°Fp(v:), T*/Fp) = (1, T*/Fp) = 1. 


Consequently, v; is a norm everywhere in K,, and there exists an element 
B,¢K such that Nxr,o,(81) =. 

Consider the algebra A = M1) X Dr over F. It contains the algebra 
A, = My X D,; over Q,. Since K, clearly splits D, and is of degree /8 
over Q,, it is a maximal subfield of A,. Consider the element 


1 0 
1 


(i: casas 
in A,;. We have 


N,0,(y1) =< Np,0,(@) pe = Nr,o,(B:) = N4,0,(B:), 


i.e., Na,o,(y:) = Na,o,(B:). By the hypothesis of induction, y, differs from 
B; only by an element in A’, C A’. 
Let us assume for a moment that it had already been proved that f; € A’. 














at 
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We would infer then y,e A’. Lemma 1 would give ae Dy. By the same 
argument as in i), we would conclude «e D’. So, a, ¢D’ and the theorem 
in the case of prime power indices would have been proved. 

To prove that f, is actually in A’, consider the centralizator A* of 0* 
in A. It contains of course the element £;. Now, it is easy to construct a field 
of degree /*-* over Q*, which splits Dr.? So, Q* is isomorphic to a subfield 0, 
of Dr of degree J over F. Let D, be the centralizator of Q, in Dy. Then 
that of Q, in A is A2—=Mi1) X Dz. Since Az is conjugate to A* in A, A; 
contains an element B, conjugate to B,. To prove B,eA’, it suffices to 
prove B.¢ A’. 

Let v2 = N4.0,(82). Let S** be the set of all primes in F, which are 
not relatively prime to v2 in Q:, Let 8’. be the set of all real primes in F, 
where Dry is ramified. Put S=S,.+ S**+ 8%,+ 8. 

We are going to construct a cyclic extension K. of degree /#** over F, 
applying the theorem in [4] with C=C —=©,. Since q remains prime in 
the /-component of F(f,), but splits completely in Q2, Q, is independent 
with F(.) over F. 

For pe S, we define K,? and (a, K.”/Fy) as follows: 


(a2) for pe S, + S, Ko? =I” and (ap, K.”/Fy) = (a, T?/Fy). 

(be) for pe S**, Ki? = Fy, 

(c2) for pe S’,, K.” is complex and (a, K;/Fy) is defined in the only 
way possible. 


Since 0,” = F for pe 8**, 0.” C K.” for pe S**. As before, we prove 
that, when / = 2 and when F'(g,) is not cyclic over F, ' 


TI ( (sec 24/2"), K.?/Fy) = 1, 
peS 


and that condition (d) is satisfied. Consequently, there exists a cyclic 
extension K, of degree /*** over F having the following properties: 


(A2) 2, C K., 

(B.) the p-adic completion of K, is K,” for pe S, 

(C.) if K. is ramified at any prime p outside S, p remains prime in Q,. 
Again, we prove that there exists an element y. in K, such that 


Nx.0,(y2) eee 


7 For example, let 7 ¢2* be totally negative and divisible exactly by the first power 
of Dt for Be S,. Then 2* (n1/*), where a = 1°", splits Dp. 
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Since K, splits Dr and therefore D2, it is a maximal subfield of A, 
and therefore of A. We have Na,0,(y2) = Nx.0,(y2) =v2 = Na,0,(B2), i-€., 
N1.0.(y2) = Na,0,(B2). By the hypothesis of induction B, differs from y, 
only by an element in A’,C A’. Now, 


Nar(y2) = Nor(v2) = Nar(B2) = Nar(B:1) = Nor(1) = No r(a) =1, 


i.e., Nar(y2) =1. But y2 is contained in the cyclic maximal subfield K, 
of A. So, y2 is a commutator in A and fe A’. 


iii) n—1,*%],8%- - - 1,87, general. Let F; be an extension of degree m; 
of & such that (mj, 1;) = 1, and that Dr, is of index J;* over F;. Let a € D 
be of norm 1. Then ae D’r, By Lemma 3, %™eD’. But, by Lemma 4, 
a"_eD’. Since (m,ms,:-+,mr,n) =1, aeD’. The theorem is thus 
completely proved. 

If, in iii), the fields F; are chosen such that (m4, 1,8) =1,8 and that 
Dr, is of index 1, we obtain a "/(4--!*) ¢ D’, Since i) was proved for general 
algebras, we have the following 


Corottary. Let A be any simple algebra. Then, Na=1 in A wmplies 
qn/(h--tr) ¢ A’) ma == 1,%1,8- - -1,8* being the index of A. In particular, tf 
the index of A is square free, any element of norm 1 in A 1s in A’. 
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ON THE REPRESENTATION OF SURFACES.* 


By LAMBERTO CESARI. 





1. Let S be any continuous surface of ryz-space and 
(1) S:v=—a2(u,v), y=y(u,v), z—2(u,v), (u,v) e€Q= (0,1, 0,1), 
any representation of S upon the fundamental square Q. Let us call 
®,: y=y(u,»v), Z==2(U,v), 


®,: 2=2(u, 0), == 2(U,v), (u,v) €Q, 


®,: ©r=2(u,0), y= y(U, v), 


the relative plane transformations which we get by projecting S upon the 
three coordinate planes. T. Rad6é introduced the notion of a plane trans- 
formation essentially of bounded variation (eBV) and this concept is equi- 
valent to the notion of a transformation of bounded variation (BVC) 
introduced by the author, as T. Radé has proved recently [T.R.1,3]. In 
addition the author proved [L. C.2] that the surface S has finite Lebesgue 
area if and only if the three plane transformations (2) are BVC (or eBV). 
Each plane transformation BVC (or eBV) 


®: T=2Z(U,v), y¥=y(Uu,v), (u,v) €Q, 


admits, almost everywhere (a.e.) in Q, an (absolute) generalized Jacobian 
J(u, v) according to the equivalent definitions that T. Radé and the author 
have introduced [T.R.1, L.C.1,3]. Such a Jacobian is L-integrable on Q. 
If the functions z(u,v), y(u,v) have first partial derivatives or, at least, 
an asymptotic regular differential, a.e. in a set M C Q, then we have [T. R. 1, 
L. C. 3] a.e. in M 


J(u, v) =F | d(x, y) /O(u, v)| . 


that is, the generalized Jacobian coincides, a.e. in M, with the ordinary 


Jacobian. 

If the surface § has finite Lebesgue area, then the three transformations 
(2) are BVC and therefore have generalized Jacobians J,(u,v), Jo(u,v), 
J;(u,v) a.e. in Q and these are L-integrable functions in Q. In addition 
we have [T. R.1, L. C. 3] 


* Received March 18, 1949. 
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(3) (8) = Ff (.2(u0) + 4%(u, 0) + J:2(u, 0) de do, 


that is the Lebesgue area is always greater than or equal to the classical 
integral calculated with generalized Jacobians. 

T. Radé and the author [T.R.1, L. C. 3] introduced equivalent notions 
of an absolutely continuous plane transformation (eAC, or ACC, according 
to the nomenclature of T. Rad6é) and showed, at the same time and indepen- 
dently, that in relation (3) the equality sign holds if and only if the three 
plane transformations (2) are eAC (or ACC). 

Now the two following problems, that may be termed representation 
problems [see T. Radé 1, V, 2, 19, p. 475], arise: 


I) Given a surface § of finite Lebesgue area, does there exist such a 
representation (1) for which equality holds in relation (3), that is, for 
which the Lebesgue area is given by the classical integral calculated with 
generalized Jacobians? 


II) Given a surface § of finite Lebesgue area, does there exist a repre- 
sentation (1) for which the functions z(u,v), y(u,v), z(u,v) have ordinary 
first partial derivatives a.e. in Q and for which equality holds in relation 
(3), that is, the Lebesgue area is given by the classical integral calculated 
with ordinary Jacobians? 

In recent papers [L. C. 5, 6,7] the author gave an affirmative answer to 
the problem I. In the present paper an affirmative answer is given to the 
problem II. This problem has been called to the attention of the writer 
in the course of a correspondence with J. W. T. Youngs. 


2. A partial affirmative answer to the problems I and II was first given 
by E. J. McShane [3] for saddle surfaces and then, more generally, by C. B. 
Morrey [1] for open nondegenerate surfaces. The theorem of C. B. Morrey, 
for which the author gave a direct proof by means of the direct method of 
Calculus of Variations [L. C. 4], asserts the following: 


Each continuous, open nondegenerate surface S of finite Lebesgue area 
admits a representation (1) such that: 

a) the functions z(u,v), y(u,v), z(u,v) are of bounded variation and 
absolutely continuous in the sense of Tonelli in Q; 


b) the first partial derivatives ty, Xv,- + *,2v, that exist a.e. in Q as a 
consequence of a), are L?-integrable functions in Q; 

c) a.e. in Q we have H=G, F=0, where E = ay? + yu? + 24°, 
G = 2? + yy? + 2r?, Fo = Due + Yur + Zurv 5 








; 
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d) the Lebesgue area L(S) is given by the classical integral: 
1(8)— ff [(a(a¥)/0(u, 0)? ++ Pau do 

a SS, (EG— F*)tdu dv = 4 Fi (E + @)du dv. 


8. A point P of Q is said to be an exceptional point [L.C.5] for the 
representation (1) of the surface S if a neighborhood U(P) of P exists such 
that the surface defined by (1) upon U(P) has zero Lebesgue area. A set 
I C Q is said to be an exceptional set [L. C.5] if J is open (relative to Q) 
and all points of J are exceptional. A set M C Q is said to be a proper set 
[L. C. 5] if its complementary set M — Q is exceptional.. 

Let f(z), aa), be a function, continuous in (a,b), and E C (a,b) 
a closed set. We shall define the total variation V(f, H,a,8) of f(x) on the 
set H in the interval (a, 8), aSa< 8b), as the least upper bound of 


S| f(z) —f(aia)| 


for each set aS a, << %2<++'+<a,S8 of points of H. If in (a, B) there 
is no point of £ or only one, we put V(f,#,a,8) 0. We shall say that 
f(z) is of bounded variation V upon E in (a,b) if V(f,£,a,b)< +0 
[Cf. S. Saks 1, p. 221]. We shall say that f(z) is absolutely continuous V 
upon the set £ in (a, 6) if, for any « > 0 there is a 8 > 0 such that, for each 
set of intervals (a, 8:), t= 1,2,--.,n, of (a,b) of which no two have 


common points and > (Bi— a%) < 8, we have 
j=1 
p> V(f, E, Gis Bi) <«. 
=1 


Let f(a, y) be a continuous function in the fundamental square 
Q=[(0S2¢251,0Sy7=1)] 


and MC Q a closed point set. For each ¢%, 0S Z=1, let us call M(Zz) 
the linear closed set (possibly empty) of the points (%,y), OS yX1, of M. 
The linear set M(#) has an analogous definition. 

For each Z, 0S #1, let V,(f, M,Q,Z) denote the total variation of 
the function of y alone, f(z,y), 0 y <1, on the closed set M(Z) in the 
interval OX y=1. Va2(f,M,Q,%) has an analogous definition. We shall 
say that f(z,y) is of bounded variation V on the set M in the square Q 
[L. C.5], if V(f,M,Q,2), XS2=1, which is a function of x alone, is 
finite a.e. and JL-integrable, and if the corresponding fact holds for 
V.(f,M,Q,y),09SyS1. We shall say that f(z, y) is absolutely continuous 
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V on the set M in the square Q [L. C.5], if f(z, y) is of bounded variation V — 
on the set M in the square Q, if for almost all z, 0 #<1, the function : d 
of y alone, f(Z,y), 0Sy<1, is absolutely continuous V on M(#) in at 
0 <y<1, and if the same fact holds when z and y are interchanged. If [ 
f(x,y) is continuous in Q and of bounded variation V on a closed set M 
of Q, then f(x,y) admits first partial asymptotic derivatives a.e. in M and 
also an asymptotic differential [L. C. 7, p. 306]. If we consider that M may 
be a totally disconnected closed set, it is evident that, in general, the ordinary 
first partial derivatives and even the regular asymptotic differential, may 
not exist. 

4. Let S be any continuous surface of finite Lebesgue area. The author 
proved that there always exists a representation of S upon the fundamental 
square for which the area is given by the classical integral calculated with 
generalized Jacobians (§ 1, problem I). More precisely, the author proved 
the following: 

THEOREM A. Lach continuous surface 8 of finite Lebesgue area admits 
a representation (1) such that: 

a) the functions z(u,v), y(u,v), z(u,v) are of bounded variation V 
and absolutely continuous V on a closed set M CQ, where M is a proper 
set for the representation (1) ; 

b) each of the functions z(u,v), y(u,v), z(u,v), which, as a conse- 
quence of a) has first partial asymptotic derwatives and an asymptotic 
differential a.e. in M, also has a regular asymptotic differential and the first 
partial asymptotic derivatives are L’-integrable on M; 

c) ae. in M we have E=G, F=—0; 

d) the generalized Jacobians J,, Jz, Js are zero at every point of Q—M 
(the exceptional set) and coincide with the ordinary ones a.e. in M (the 
proper set). 

e) the Lebesgue area L(S) of S is given by the classical integral 


L(S8) -SJ, (J? + J.2 + Js? )3 du dv 


— ff ee—Pyidu me S f+ G) du dv. 


This theorem was proved by the author in recently published papers [L. C. 6, 
7] and given in the preliminary note [5] already mentioned. 


5. First of all we notice that in the Theorem A, the statement b) can 
be replaced by the following stronger one: 
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b’) the functions z(u,v), y(u,v), 2(u,v) have ordinary first partial 
derivatives a.e. in M, and therefore also regular asymptotic differentials, and 
the first partial derivatives are L?-integrable in M. 


This stronger statement was proved by the author in the paper [7] already 
mentioned, but is not given in the preliminary note [5]. 

In the present paper we shall deduce from Theorem A, with statement b) 
replaced by b’), the following Theorem B which gives an affirmative answer 
to problem II (§1). 


THEOREM B. Fach continuous surface S of finite Lebesgue area admits 
a representation (1) upon the fundamental square Q such that 


a*) the functions z(u,v), y(u,v), x(u,v) have first partial derivatives 
a.e. in Q; 

b) the derivatives tu, %v,* * +, 2, are L?-integrable in Q; 

c) ae. in Q we have E=G, F=0; 

d) the Lebesgue area L(S) of S is given by the classical integral ; 


e) the functions x, y, z are of bounded variation V and absolutely con- 
tinuous V in a closed set M C Q, where M 1s a proper set for the representation 
(1); 

f) the first partial derivatives ty, Ty,* - *,%y are zero a.e. in the excep- 
tional set Q — M. 


Remarks. Theorem B holds for each continuous surface and is similar 
to the theorem of Morrey 2 for open nondegenerate surfaces, but the 
conclusion a*) of Theorem B is weaker than the conclusion a) of the 
theorem of Morrey. We observe that in the theorem of Morrey 2 d) is 
a consequence of a) and b) [see T. Radé, 1, V, 2, 26, p. 480]. In Theorem B 
d) is not a consequence of a*) and b). E. J. Mickle [1] has proved that 
there exists a continuous surface of finite Lebesgue area that has no repre- 
sentation (1) with z, y, z functions of bounded variation in the sense of 
Tonelli in Q. This important result of Mickle proves that in Theorem B 
conclusion a*) cannot be replaced by the stronger conclusion a). 


Proof of Theorem B. 


6. For open nondegenerate surfaces Theorem B, with M = Q, coincides 
with the theorem of C. B. Morrey. Let S be a surface of the type A [L. C. 5,6; 
base surface according to C. B. Morrey (1)]. Then Theorem A holds with 
the following further conclusions [L. C. 6]: 
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f) M consists of the boundary Q* of Q and of a finite or countable set 
of disjoint circles CO; C Q, i=1,2,3,-- +, and any limit points of these 
circles lie on the boundary Q* of Q; 


g) on the circles C; equations (1) define closed nondegenerate surfaces 8. 


By a), b’), c) equations (1) give upon each circle C; a representation 
of the surface 8; which satisfies the theorem of C. B. Morrey and also the 
Theorem B. Therefore we have simply to modify the representation (1) 
only on the exceptional set Q—-M. Let us divide Q into 4 equal squares 
each of side-length 2-1 and of these let us choose only those that are, with 
their boundaries, completely interior to Q — M; let us call them qi, q2,°*-, Yr, 
Let us divide each of the remaining squares into 4 equal squares, each of 
the side-length 2~* and of these let us choose only those that are completely 
interior to Q— M; let us call them qr,41,° - *,Qr, and so on. We get an 
infinite sequence of squares q;, 92," - °,9;,° °°, which fill @—WM and 


Q—M= Xo |[|O0—U|—2Z1al- 
g=1 g=1 


We know [see the Appendix] that on each of these squares qg;, there exists 
a particular plane transformation of q; into itself 


oj: U= u;(%, 8), v = 0;(, B), (a, 8) E qj; 


such that ¢; is continuous, monotone, identical on the boundary q*; of 4; 
and constant on a countable set of disjoint squares gj, C qj, k= 1, 2,3,---, 
which are completely interior to g; and for which we have 


>| gn | =| ail, j—1,2,°°° 
k=1 


Let us now put 


x[uj(a, B), v;(%, B) ] if (a, B) € 4, j = 1, 2,- . ey 
mine ere if (a, B) eM, 


and analogously let us define Y(a,8) and Z(a,8). The equations 
(4) S: c=X(a,B), y= Y(a,B), z=Z(4,8), (a, 8B) €Q, 


give a new representation of the surface S, which coincides with (1) on M. 


In a.e. interior point of the circles Ci, t= 1,2,---, and hence a... 
in M, we have Xy—2y,° + *,Zy—=2r. Let (a, 8) be an interior point of 
one of the squares gj, k=1,2,---,  7—=1,2,---. Then the functions u 


and v are constant on qj, and therefore the functions X, Y, Z are also 
constant there which implies X,—0,---, Zp=0. This holds a.e. in 
Q—M. Indeed 
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o set om eee 
hese |9—M |= Tlal|— =z ZI aul. 
j=1 j=1 k=1 
8 This completes the verification of statements a*) and f). In addition we 
7 have HG, F—0 a.e. in M and EF—=G=F=0 a.e. in Q—M. There- 
tion fore c) holds. Statements d) and e) follow from Theorem A. 
the Theorem B for surfaces of type A is now completely proved. 
(1) 
ions Note. The procedure that we have used here is related to a simpler 
vith f observation of J. W. T. Youngs [3; see also T. R.1, V, 2, 21, p. 476]. 
qr: ' 7. Let S be a closed nondegenerate surface. Then Theorem A holds 
of — with the following further conclusions [L. 0.7, p. 342]: 
ely 3 f’) M consists of a closed circle C completely interior to Q, or of the 
oe 4 boundary C* of circle C and a finite or countable set of disjoint circles C,C C, 
© i=—1,2,3,---, where any limit points of these circles lie on C*; 
g’) on the circle C, or on the circles Ci, equations (1) define closed 
nondegenerate surfaces Sj. 
sts 
We have now only to repeat the procedure of 6. 
8. Let S be any continuous surface. Then Theorem A holds but M 
is now any closed set and furthermore it may be totally disconnected. Let 
7 us point out that, while the first partial asymptotic derivatives on M of the 
; functions 2, y, z can be calculated by using only values of these functions 
on M, the ordinary first partial derivatives on M must be calculated by using 
values of these functions on Q—M as well. In this general case also we 
modify on Q —M the given representation (1) of Theorem A, but we must 
be careful not to lose the existence of the first partial derivatives at points 
of M where they exist (that is, a.e. in M). 
Let {P, P’}, {I, I’} denote the distance between two points, or two sets ; 
let 8(7) be the diameter of the set 7. For each 0 <8 (2)! set 
| (8) = max {S(P), S(P’)} 
i for each pair P, P’ of points of Q such that {P,P} =8. Of course 
. f lim w(8) == (), 
; & 630 
A As noted in Section 6 there are squares 71, P2,° °°, Pn,° °° non over- 
| lapping and such that Q7—M—p.i+p.:--:. Forn=1,2,-- -, divide pp 
-_ into a-finite number of congruent squares pn,1, Pn,2,° °°» Pni, Such that 
w(diam pni) < {pn, M}? S {pai M}’, tam 1,5 2,- + +, ty. 
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Call these squares 91, q2,° * -,Qn,° °°. Then for n—1,2,---, 
%) gp» and its boundary q*, lie in Q—M; 
8) (diam gn) < {qn, M}*; 
1) DR eet tet tetas 
Repeating the procedure of 6, we get a new representation 
(4) S:@—X(a,8), y=¥(a,8), -—=Z(a,8), (a8) €Q, 


of the surface 8. Let us prove that the functions Y, Y, Z have first partial f 
derivatives a.e. in M, and precisely at the points of M where the functions 





x, y, z have them. 
Let P’ be a point of @—M and consequently a point of a square q;. 
Let P be any point of q*; We have 


| X(P’) —X(P)| » | 2%”) —2z(P)| <= w(diam qi), X(P) =12(P) 





and the same relations for Y and Z. Hence 
(5) | X(P’) — x(P’)| S 2(diam qi),- - -. 
Now let P=(a,8) be a point of M at which the first partial derivative 2, 


exists ; let P’ = (a+ h, B), h ~0, be any point of Q on the straight line v = £. 
If P’ =(a+h,B) is a point of M, then 


[X(a + h, B) —X (a, B)]/h = [x(a + h, 8) — x(a, B)]/h. 


If P’ =(«+h, £8) is not contained in M, then P” lies in a square 4; 
and we have, from (5) and £), 


[X(a +h, B) —X(a, B)]/h — [x(a +h, 8) —2(a, B)]/h 
+ [X(P’) —2(P’)]/h, 
|[X(P’) --a(P’) ]/h | S 2[o(diam qi) /{qi, M}] < 2{q:, M} 
< 2{P’, M} S$ 2{P’, P} =2|h]. 


In any case 
lim [X (a+ h, B) —X(a, B)]/h 
h-0 
= lim [r(a +h, B) —2x(a, B)]/h = 2, (a, B), 
h->0 


that is, the first partial derivative X, exists and Xy(a, 8) —u(@, B). 





The same holds for all other first partial derivatives of the functions fF 
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X, Y, Z. This is sufficient to prove that the representation (4) of the 
surface S satisfies all the conditions of Theorem B. 


Consequence of Theorem B. 


9. The notion of integral upon a surface 


Jg= J , F(x, Y, 2 H,, H,, H,)du dv 
Q 


as a Lebesgue integral has been studied by E. J. McShane [1,2,3] for 
oriented surfaces S that are given by a representation (1) satisfying con- 
ditions a) and b) of 2. 

More generally T. Radé [2] studied the same notion under the hypo- 
theses that the functions 2, y, z have first partial derivatives a.e. in Q and 
that the Lebesgue area L(S) is finite and given by the classical integral 
calculated with ordinary Jacobians. 

The notion of the integral Js for any continuous oriented surface S of 
finite Lebesgue area given by any representation (1) was introduced recently 
by the author as a Weierstrass integral. The author [8] proved that 


1) Jy is independent of the representation of the oriented surface S ; 


2) if || S,,S || —0 in the sense of Fréchet and if L(S,) > L(S), then 
Js, —_> J g. 


3) Js is equal to the Lebesgue integral (6) with generalized or ordinary 
(relative) Jacobians H,, H., H; for each representation (1) for which the 
area is given by the classical integral. From Theorem A we know that 
there is always at least one such representation. 

From Theorem B that we have just proved, we know that each surface S 
of finite Lebesgue area has at least one representation for which the functions 
x, y, z have ordinary partial derivatives a.e. and for which the Lebesgue area 
is given by the classical integral. Therefore, by choosing such a represen- 
tation, each integral Jy can always be calculated as a Lebesgue integral (6) 
with ordinary Jacobians, that is, as one of the integrals studied by T. Radé [2]. 


Appendix. 


There exist continuous plane transformations ® of a square q into itself, 
monotone on q, identical upon the boundary q* of q, constant upon a countable 
set of non overlapping closed squares qi C g, i= 1,2,---, D|qi| —=1q]. 


a) Proof. Let us indicate by 2; the subdivision of a square into 9 
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equal squares by means of straight lines parallel to the sides. Let us perform 
E; upon gq and let g, be the closed central square. Let us perform EF; upon 
each of the remaining 8 squares and let qi,o be the 8 central squares, and so on. 
By repeating this procedure indefinitely we have a countable set of closed 
non-overlapping Squares Qo, isos Virieos* * * > Vizte...ina0. Virte...in02" ° * 9 ti, $2, ° "% 
tm,’ * *=1,2,- - -,8, contained in g (Sierpinski, 1). Let K be the collec- 
tion of all these squares plus all individual points of qg not on such squares. 
K is an upper semicontinuous decomposition of g into continua separating 
neither g, nor the plane and therefore (R. L. Moore, 1) there exists a con- 
tinuous transformation f of K into the closed unit circle C. f is a biunique 
transformation between C* and g*. There exists a transformation ¢ of C 
into g, biunique, which coincides with f* upon C*. The continuous monotone 
transformation ® = ¢f of gq into itself is identical on g*, is constant upon 
the squares gi,i..i0 and SS | dirin.inso| =| ql- 


N %1%9---tn 


B) An elementary construction of a particular transformation ®. 


Let p= A,A2A3A, be any convex plane quadrilateral. Let d be the diameter 
of p, O be the center of gravity of the four vertices (of the mass unity), 
let po = A’,A’,A’3A’, be the image of p under the similarity transformation 
with center O and ratio 1/n (n= 3 integer). Let us divide the sides of p 
into three equal parts by means of the points B;, 1—1,2,- - -,8, ordered 
upon p* starting from A, and in the same order as the points A;. Let us 
indicate by Z, the subdivision of p into the 9 quadrilaterals po, p: = A,B,A’,Bs, 
bows B,B.A’2A’,, ia B,A2B;A’», a= B;B,A’;A’», eo B,A;B;A’3, Pe 
= B;B,A’,A’s, p; = BeAsB;A’s, pp = B;BsA’,A’s. It is elementary to prove 
that the 9 quadrilaterals p; are all convex and have diameters d; = (3/4)d, 
i=0,1,---,8. If p is a square, then the subdivision F; considered in a) 
is a particular case of EF). 

Let g, q’ be the squares g=[0SeS$1,0S[f1], P=[0Su=l, 
0=v=<1]. For each integer n=3 we define the transformation ®, as 
follows. We perform the subdivision £; upon the square q, n times, as in 2, 
letting the central squares always remain undivided, and analogously we 
apply the subdivision EZ, to the square q’, n times, letting the central quadri- 
laterals always remain undivided. We obtain in q certain squares Qo, 4i,0; 
iniads” °° > Qinie...in10? Qinic...it, Of side length 1/3, 1/3?,- - -, 1/3", 1/3" and corre- 
spondingly in q certain convex quadrilaterals qo, Yio, (isis °° > 1 inte..-in-10 
qixis..i, Of diameters < 23/n, 1/n(3/4)24, 1/n(3/4)724,- - -, 1/n(3/4)"-*28, 
(3/4)"23 (4:,i2,° - ~,in = 1,2,---,8). If 8 is the maximum of such 
diameters then §,—0 when n—> oo. Let us divide each of the squares 
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and quadrilaterals of g and q/ into four triangles by means of the two diagonals 
and let ®, be the continuous biunique transformation of qg into q’ which is 
linear in each triangle of g and which makes each triangle of q correspond 
to the corresponding triangle of g. Let us observe that we have successively 
divided each side of qg and the corresponding side of ¢ into three equal parts 
and each of these parts again into three equal parts and so on, and that ®, 
is linear in each part. Therefore , is identical on the boundary q* of q. 
It is easy to prove that the sequence ®,, n —1,2,- - -, converges uniformly 
in q toward a transformation @ having the required properties. 
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ON NON-LINEAR DIFFERENTIAL EQUATIONS OF FIRST ORDER.* 


By Puitip HarTMAN and AuREL WINTNER. 





It was shown in [7] and [1] that, under suitable conditions on the 
coefficient function f—f(z) of the differential equation y” + f(r)y=—0, 
one can conclude the existence of at least one solution y = y(z) representable 
as a Laplace-Stieltjes transform of a non-decreasing function, 


eo 


(1) y(2)— f edgi(t), (dg(t) = 0). 


0 


The first part of the present paper deals with the question of existence 
of solutions representable in the form (1) in the case of differential equations 
which, in contrast to the type mentioned before, are of first order but non- 
linear. In the particular case of a Ricatti differential equation, such a 
result was obtained in [8]. The general results to be proved below admit 
of various applications, including one to an implicit equation f(z,y) = 0. 
The unrestricted nature of the solution of the differential equation, that is, 
the existence of a solution y= y(zx) in the large (i.e., on some half-line, 
say 0< 4 <o) is, of course, part of the problem considered. 

The second part of the paper deals with conditions which assure the non- 
existence of unrestricted solutions (and, what is more, with the existence of 
a constant L > 0 having the property that no solution can be defined on an 
interval whose length exceeds LZ). If f(z,y) is a continuous function on 
the (x,y)-plane and y=vy(z) is a solution of the differential equation 
y’ =f(a,y) on an interval a< 2x < b, which cannot be continued onto any 
interval a << x < b +, where « > 0, then | y(x)! +00 as rb — 0; cf. [4]. 
The relation between a solution y=—y(x) and a corresponding number 6 
will be considered for differential equations y’ —f(2z,y), which possess no 
unrestricted solutions. 


Part I. 


1. A function y=y(z) defined on an interval is called completely 
monotone there if it possesses derivatives of arbitrarily high order which 
satisfy 
(2) (—1)"y™ (x) = 0 for n=0,1,-- - 
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and for all values of z on this interval. According to the Hausdorff-Bernstein 
theorem, a function y(x) possesses a representation (1) for 0<x<o in 
terms of a monotone, but not necessarily bounded, function $(¢) on the half- 
line ¢=0 if and only if y(z) is completely monotone on the half-line 
0<2<o. Thus the discussion of existence of solutions (1) of a differential 
equation is reduced to a discussion of the existence of completely monotone 








solutions. 


(1) Let F(z,y), G(2,y) >0 be defined and of class C” for x>0, 
y > 0 and let their partial derivatives satisfy 









































(3) (— 1)/0**F /dzidy* = 0 for j,k =0,1,2,-- - 
and 
(4) (— 1)**0**G/da! dy* = 0 for (j,k) ~ (0,0). 


Then every solution y=y(z) (> 0) of 
(5) F + Gy’ =0 
is completely monotone on any interval on which it exists. 


It may be remarked that (5) can be written in the form F/G + y’=—0 
and (I) can then be applied to the case where I’, G are replaced by F/G, 1 
respectively. The wording of (I) and this application of (I) lead to different 
criteria for (5) to possess only completely monotone solutions (that is, it is 
possible for the functions F, G to satisfy conditions (3), (4) whether or not 
the functions F/G, 1 satisfy them). This will be shown in 3. 


(1) leads to the following result concerning implicit equations: 


Corotuary 1;. Let f(x,y) be defined and of class C*® for x>0 and 
y > 0 and let its partial derivatives satisfy 


(6) (— 1)*0%*f/dridy*= 0 for (j,k) 4 (0,0), (0,1), while 0f/dy > 0. 
In addition, let 
(7) —o Slimf(z,y) <0 and 0 < lmf(z,y) = 


y+ 0 y> © 
for every fired x>0. Then there exists a unique solution y= y(zx) of the 
implicit equation 
for0<24<o, and this y=y(zx) is completely monotone for0<4r4<o. 
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tein If the conditions of (I) are modified slightly, then certain solutions 
in of (5) are representable in the form (1), where ¢(¢) is monotone and 
alf- bounded on 0S t< oo. 
* CoroLtuary 2;. Let F(2z,y), G(2,y) >0 be defined and of class C” 
7 for x= 0, y= 0 and such as to satisfy (3), (4), respectively. In addition, 
apy let 
0 (9) F(z, 0) =0 for OS t<o. 
Then the solution of (5) determined by an initial condition 
(10) y(0) = Yo (= 0) 
exists on the entire half-line 0S 4<oo and is completely monotone there 
(in particular, if Yo > 0, then y(x) >0 for all x=0). 

It may be remarked that if y= y(a) is any solution of (5), under the 
conditions of Corollary 27, then there exists a number a= 0 such that the 
definition of y= y(a) can be extended over a half-linea< 4<o and y(z) 
is completely monotone there. Consequently, y(z) has a representation of 
the form (1) valid fora<x<, where ¢(¢) is monotone (not necessarily 
bounded) on the half-line 0<t<o. 

Another type of modification of (I) leads to cases in which a solution 
nt of (5) is not completely monotone but is the primitive function of a com- 
is pletely monotone function (that is, y’(x) is completely monotone). 

t 
‘ (II) Let F(x,y), G(a,y) >0 be defined and of class C” for x>0, 
y >0 and let their partial derivatives satisfy 
(11) (— 1)#*0+*F /dxridy* = 0 for j,k =0,1,2,---, 
vd 
and 
) (12) (— 1) #**+105+*G:/dx/dy* = 0 for (j,k) ~ (0,0). 


Then every solution y=y(2) (> 0) of 
(13) F — Gy’ =0 
| possesses a completely monotone derivative y’(x) on the interval on which 
€ — y(x) ts defined. 


In contrast to the situation in (I), the assertion of (II) is in its most 
inclusive form when G=1; that is, if F, G satisfy the conditions of (I) and 
F, G are replaced by F/G,1 respectively, then (II) is still applicable (but 
the converse is obviously false). 
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Corresponding to the Corollary 1;, there results the following corollary 
of (II): ' 

CoroLuaRyY 17. If f(y), where O0<y<, is an increasing function 
of class C® satisfying etther 
(14) (—1)*d*f/dy* = 0 for k= 2,3,--: - 
or, more generally, 
(15) (— 1)*d*(df/dy)*/dy* = 0 for k = 0,1, 2,-- - 
(which means that (df/dy)-* is completely monotone), then the inverse 
function y=y(ax) of x=f(y) possesses a completely monotone first deriva- 
tive y’(x). 

Also, if the conditions of (II) are modified so as to assure the existence 


of unrestricted solutions of (13), an analogue of Corollary 2, is obtained. 


COROLLARY 277. Let (x,y), G(z,y) >0 be defined and of class C* 
forx=0, y>0 and let their partial derivatives satisfy (11), (12), respec- 
tively. In addition, let there exist positive contenuous functions \ = X(s) 
and ¢6=¢(s) defined for0<s<o@ satisfying 


(16) F(x, y)/G(x,y) SA(r)o(y) 
and 


i] 


(17) f A(s)ds << and f ds/p(s) =. 
Then the solution y= y(x) of (13) determined by the initial condition 
(18) y(0) = % (> 0) 


exists on the entire half line 0 x <0 and possesses a completely monotone 
first derivative y’(x). 


Remarks similar to those following the Corollary 2; are applicable to the 


last corollary also. 


2. Proof of (1). Let y=y(z) bea solution of (5) on an z-interval S; 
so that y(z) > 0 on S§ (since F and G are defined only for x > 0, y > 0). 
Let (2,) denote the inequality in (2) for a fixed n. Thus y(x) > 0 implies 
(2). Also, (5) and F2=0, G20 imply (2,). Suppose that (2), (21), 
- ++. (2n) hold on S. It must be verified that (2,.,) holds on S. 

The chain rule for differentiation shows that, if n > 0, the n-th derivative 
of F(z, y(zx)) consists of a sum of terms of the type 





ON NON-LINEAR DIFFERENTIAL EQUATIONS OF FIRST ORDER. 351 


(19) (0/**F /dx/dy*) (dy/da)*(d?y/da*)®- - - (dny/de")? 


where 

(20) jta+2B+---+mw—n. 

This is clear for the case n = 1, since dF (a, y(x) )/dx = 0F /dx + (0F/dy) X 
(dy/dx). Assume that the statement is correct for a givenn=1. Then a 


differentiation of (19) shows that the statement is correct for n-+ 1. For 
the derivative of the first factor in (19) is 


Oe Axi Qyk + (OF /dxidy*') (dy/dz) ; 


so that the sums (20) belonging to the corresponding two terms are (j + 1) 
+g¢t2B+t---=—=n+1 and j+(a+1)+268+---=—n-+1, respec- 
tively. The derivative of a factor, say (d°y/dz°)¢, is e(d°y/dx*)*1(d**y/da***), 
so that the sum (20) corresponding to this term is j+a+28+-:-> 
> ole 2) + (e+ DDS a ee a eee? 
=n-+1. Hence, by (3) and the induction hypothesis on (29),° - -, (2n), 
the inequality (—1)"d"F (x, y(x))/da" = 0 holds on S. 

Similarly, the chain and product rules show that the n-th derivative 
of G(a, y(x))y’(x) is a sum of Gy‘"*) and terms of the type 


(0°**G/dxidy") (dy/dx)*(d?y/dx*)®- - - (d"y/da")” 
where j+¢+28+:---:+n—n+1. Hence, by (3) and the induction 


hypothesis, 
(—1)"(a"(G(2, y(x) )y’(x))/de" — Ga, y(a))d™*y/de") = 0. 
If (5) is differentiated n times, the result can be written in the form 


Gd"*1y/da"*t = —@Q, where (—1)"Q=20. Since G>0, it follows that 
(2n1) holds. This completes the proof of (1). 


Proof of Corollary 1; The condition df/éy >0 and (7) imply the 
existence of a unique solution y—y(z) >0 of (8) forO0< 4<o. Clearly, 
y=y/(«x) is of class C® and satisfies the differential equation (5), where 
F(x, y) = 0f/dx and G(a, y) = 0f/dy. Since G = dy/dy > 0, it only remains 
to show that conditions (3), (4) are satisfied. Since 


(— 1) 40***F/daioy* = (— 1) 40 **f da dy" = 0 
and 
(— 1) 4*05**G/dxi0y" = (— 1) F*0%*+*F /aripy*! = 0 


by (6), Corollary 1, follows from (I). 
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Proof of Corollary 2;. In virtue of (1), the Corollary 2; will be proved 
if it is shown that a solution of (5) defined on some interval OX az) 
can be extended over the half line a= 2<oo. The smoothness (C”) of F 
and G implies that if such an extension is possible, then it is necessarily 
unique by virtue of “local uniqueness.” That is, if r= 0, yo = 0, then there 
exist some number § > 0 and a unique solution of (5) on m% SrSauy+8 
satisfying y(%) yo. This is also true for y) 0; in fact, by (9), such a 
solution is given by y(x) = 0, while the smoothness of F and G assures the 
uniqueness of this solution. In particular, if a solution y—y(z) of (5) 
vanishes for some value of z= 2 = 0, then y=0. 

Consider an arbitrary solution y = y(x) (20) of (5) on some interval 
0=aS=2 Sb. If y(x) vanishes at some point of this interval, it vanishes 
identically and possesses the continuation y(z) =0 for axXr<o. If 
y(z) > 0 on the interval, then F=0 and G >0 imply that y’(x) 0, by 
(5). Thus, y(z) possesses either an extension over the half-line a= 4 <a 
or over some interval a =z < Z, where (zx, y(x)) tends to a boundary point 
of the domain of definition of F and G as ra, (that is, y(x) +0 holds as 
“Z—>2Z,). In the latter case, if y(z,) is defined to be zero, the function 
y =y(zx) becomes a solution of (5) on the closed interval a= x= 2, and 
y(%) =0. But then y(x) =0, which contradicts y(z) >0 on aSeSb. 
Consequently, y(z) possesses a continuation over the half-line aS 4r<om 
.(and y(x) does not vanish on this half-line). This completes the proof of 
Corollary 27. 


Proof of (II). The proof of this statement is similar to that of 
Theorem (1) and can be omitted. 


Proof of Corollary 11. If (14) holds, then df/dy>0 for 0<y<~o, 
by virtue of the strict monotony of f. For if df/dy—=0 when y = y > 0, then 
df/dy=0 when 0< yy, since df/dy=O and d*f/d’y=0, by (14). 
But this contradicts the assumption that f(y) is strictly monotone. The assump- 
tion (15) is meaningless unless df/dy >0 for 0<y<oo. Consequently in 
either case, the inverse function y = y(x) of tx —f(y) possesses a continuous 
first derivative and satisfies the differential equation 1— (df/dy)y’ =0. 
Corollary 1,; now follows from (II) by considering F, G in (13) to be 
(df/dy)-*, 1, respectively. In the general case, where (15) is assumed, (11) 
reduces to (15) if 7 0, and to 0 >'0 if j>0. Thus, (II) is applicable 
and the proof of Corollary 11 is complete. 


Proof of Corollary 21. In virtue of (II), it is sufficient to show that 
if y= y(z) is a solution of (13) defined on some interval a= x SB, then the 
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definition of y(x) can be extended over the half-line a= xr<oo. But this 
follows from a known result [5], p. 451. [Strictly speaking, [5] becomes 
applicable only if F(a, y)/G(a, y) is defined for 0 = 4 <a and—w Cy¥<ow. 
But if it is noticed that (13) implies that y’(x) =} 0, so that y(x) Zy(a) > 0 
for all a > a for which y(z) is defined, it is clear that the domain of definition 
of F/G, namely, x= 0, y > 0, is sufficient for the purposes at hand. ] 


3. It was mentioned above that if (5) is written in the form 
(5’) F/G+y =0 
and (1) is applied to (5’), where F, G are replaced by F/G, 1, respectively, then 
the resulting criteria for (5) and/or (5’) to have only completely monotone 
solutions neither imply nor are implied by (I) itself. That is to say, (3) 
and (4) neither imply nor are implied by 
(3’) (— 1)40**( F/G) /dxioy* = 0 for j,k =0,1,---. 
In order to see this, first let F(z, y) =e” and G(z,y) =y; so that G>0 
and (3), (4) are satisfied when y >0 but (3’) is not (e.g., if 7 =0 and 
k =1, then 0( F/G) /dy = d(y*er) /dy = evy"'(1— y"") < Oify <1). Next, 
let F(z, y) =1 and G(z,y) =e. Then G> 0, and (3’) is satisfied (since 
F/G=e") but (4) is not (e.g., if 7 —=0 and k —2, then (—1)6?G/dy’? 
=—eY< 0). 

It may be observed that, although (14) implies (15), the converse is 
not true. For example, f(y) =e” satisfies (15) but not (14). 


Part II. 


4, This part will be concerned with the existence or non-existence of 
unrestricted solutions of differential equations, that is, of solutions existing 
on some half-line a= x2<oo. The assumption (9) in Corollary 2; and the 
assumption involving (16), (17) in Corollary 27; merely play the rdéle of 
assuring that all solutions of (5) and (13), respectively, are unrestricted. 
These conditions can be replaced by other types of conditions which assure 
the existence of only some unrestricted solutions. In this direction, the 
following will be proved: 

(III) Let f(x) be a continuous function defined for large positive «x 
such that 
(21) f(x) 0 
and that 


(22) r”’ + f(x)r=0 
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is non-oscillatory (e. g., let 
(23) lim sup 2?f(x) < 1/4 


as z—>0). Let F(x,y) be defined and continuous for <>0, y>0 and 
satisfy 


(24) 0S FP(z,y) < w +fh(2) 


on some half-strip XSxr1<0, 0<ySe, where X>0,€>0. Then the 
differential equation 


(25) F(2,y) +9 =0 


possesses some unrestricted solutions; in particular, 1f X is sufficiently large 
and if y=y(zx) is a solution of (25) and satisfies the tmtial condition 


(26) y (Xo) = Yo, Where % = X and yw =—e, 


then all continuations of y=y(xr) can be extended over the half-line 
22 <0. 


This theorem can be combined with (1) to assure the existence of 
solutions of (5) which are representable in the form (1) on some half-line 
% =Tt<o. 

The differential equation (22) is said to be non-oscillatory if one (hence 
every) solution r—r(x) #0 of (22) has only a finite number of zeros on 
the half-line XY [a<o (for sufficiently large X). That (23) is sufficient 
for (22) to be non-oscillatory is a result of A. Kneser [2], p. 415. The last 
part of (III) involving “continuations ” of a solution is needed, since the 
conditions on F(z, y) do not imply the local uniqueness of solutions of (25). 

The theorem (III) has an analogue involving the assumption that (22) 
is oscillatory and the conclusion that no solution of (25) is unrestricted. 


(IV) Let f(x), a continuous function defined for 024 < 0, be such 
as to make (22) oscillatory (e. g., let 


(27) lim inf 2?f(z) > 1/4 


asz—>o). Let F(x,y) be defined and continuous for x > 0, —w< y< 
and let tt satisfy 


(28) F(z,y) >y’? +f(2) (XSrtcw,—w<cy<o). 





Then no solution of (25) ts unrestricted. 


The fact that (27) implies that (22) is oscillatory (i. e., not non-oscilla- 
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| tory) was proved by Kneser [2], p. 415. One can modify (IV) so as to 
assure the existence of a constant LZ > 0 with the property that no solution 
| of (25) is defined over an interval (0 <)%<2< 2+ L of length L. 
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CoroLLARY lyy. Suppose that f(x), F(a,y) satisfy the conditions of 
(IV) and that the distance between successive zeros of any non-trivial solu- 
tion r==r(x) of (22) does not exceed a fixed L>O (e.g., let 


(29) f(t) 2 7°/L* 


for OSu<om). If y=y(zx) is a solution of (25) satisfying an initial 
condition y(%») = Yo, then to every continuation of y(x) there corresponds 
a number b with the property that 


(30) y(x) >—o as r>b— 0 


anda<b<a4t+L. 
It may be remarked that if (25) is replaced by 


(31) y' = F(x, y) 


then (IV) remains valid; the same is true of its Corollary lry except that 
(30) must be replaced by 


(32) y(z) >0o as r>b—0. 
Corollary 1;y can be generalized as follows: 


CoROLLARY 2;y. Let f(x), g(y) be defined and continuous for0 S44 <0, 
—o <y<o, respectively, and suppose that 


(33) f(a) Ze>0, g(y) =0 
and 
(34) L= f dy/(g(y) +0) <o. 


Let F(x, y) be defined and continuous for0 Sr4<0w,—w< y<oo and such 
as to satisfy 


(35) F(«,y) 2f(t) + 9(y)- 
Then the conclusions of Corollary 11v are valid. 


Conditions for the non-existence of unrestricted solutions of (25) can 
take a very different form. An application of the theorem in [6], p. 554 for 
the differential equation dr/dy —1/F (x,y) implies the following result: 
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(V) Let F(a, y) be defined and continuous for 0OSrt4<0,0Sy<a 
and let there exist two positive, continuous functions r(s), o(s) on the half- 
line 0<s< satisfying 


(36) F(«,y) =A(x)$(y) 
and 
(37) f aris) < 00 and ff $(s)ds =o. 


Then no solution of (31) ts unrestricted; furthermore, there belongs to every 
number b > 0 at least one solution y = y(x) = y(z;b) of (31) on0St<b 
satisfying (32). 


The solutions y = y(z; b) of this theorem can be made unique by adapting 
the conditions of the theorems of [3] to the situation at hand; cf. [3], p. 131. 


5. Proof of (III). Let r—r(x) 40 be a solution (22). Then, since 
(22) is supposed to be non-oscillatory, r(z) does not vanish for sufficiently 
large z, say for x > X. It can be supposed that r(x) > 0 for large x (for 
otherwise r can be replaced by —r). Then (21) implies that the graph of 
r= r(x) is convex downwards for large z Hence r>0, P20, r’”? 0, 
since r has no zeros for large x Let z=v7’/r. Then 2z satisfies the Ricatti 
differential equation 


(38) +24 f(c) =0 (2—=1'/r) 


for c>X. Clearly, 2>0 and #0. Hence, z(x) tends to a limit 
z(o) =0 as x0. In fact, z(0) —0; for if z(o) >0, then (21) and 
(38) show that 2’ <—const., where const. > 0, for large z, which contra- 
dicts z=0 forz>X. 

For the given « >0, let X be so large that 0< 2(z7) ce if 2X. 
Consider a solution y= y(z) of (25) and the initial condition (26), so that 
y(%) Ze>2(2o). 

The first inequality in (24) and the differential equation (25) show 
that y’(z) =0. Hence every continuation y(z) for increasing x can be 
extended over the half-line Lo Sz <, unless there exists a number b > x 
such that y(z) is defined for 7 = x < b and y(x) ~0 ast—>bd—0. It will 
be shown that such a number 6 cannot exist; in fact, y(x) > z(x) > 0, where 
x= 2, holds for every continuation of y(z). For suppose, if possible, that 
such is not the case for some continuation. Then 


e=y(xr) >2(x) for 7, Sx< 2 but y(z2) = 2(22) 
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holds for a pair of numbers z, (= 2) and z,. According to (25) and (38), 
(39) y' (x) —2 (x) =2(x) + f(x) — F(a, y(2)). 


Hence, 





y' (2) — 2 (#2) = 9° (a2) + f (a2) — F(a, (a2) > 0, 


by (24). Consequently 0 = y(r2) —2(r2) > y(%2—8) —2z(2%2—8) > 0 for 
sufficiently small §>0. This contradiction shows that every continuation 
of y(z) is unrestricted, which completes the proof of (III). 


Proof of (IV). The assumption that (22) is oscillatory implies that if 
z= 2(z) is a solution of (38) on some interval (XY S) %S2=%, then, 
for a suitable choice of x,, it follows that z(z) ~—oo as t—>2z,—0. In 
order to see this, let r(x) be the solution of (22) determined by the initial 
conditions r(z)) = 1 and 1’(%) = 2(2)). Then the local uniqueness of solu- 
tions of (38) implies that z2(a2) = 1’(z)/r(z) holds on any interval on which 
2(z) exists. If xz, is chosen to be the first zero of r(x) to the right of 2, 
then z(z) ~—o as r> 2, — 0. 

Suppose, if possible, that (25) has an unrestricted solution y= y(z) 
on (YS) x < a<oo. Consider the solution z= 2z(zx) of (38) determined 
by the initial condition z(a%) —=y(2%). It will be shown that 


y(z) < a(x) fora<cr<c Xn, 


which will imply that y(z) -—oo as xb —0 for some b2,. This will 
contradict the assumption that y(z) is unrestricted. 

Since (25) and (38) imply (39), it follows from the assumption (28) 
that y’ — 2’ < 0 at r=; and so y(x) < 2(xz) if x > 2p is sufficiently near 
t. Suppose that the relation in the last formula line fails to hold. Let 
t, (> 2») be the first value of x (to the right of x) at which it does not hold, so 
that y(z2) = 2(2.). Then it is seen from (39) and (28) that y’—2’ <0 
at =a. Since y(x.) —z(x2) =0, it follows that y(z) —z(z) >0 if 
t(< 22) is sufficiently near z2. This is obviously a contradiction and com- 
pletes the proof of (IV). 





Proof of Corollary 1ry. The proof of this assertion is a consequence of 
the proof just completed, since the assumption on the zeros of a solution 
r=r(x) of (22) implies that the numbers 2, x, (of the last proof) satisfy 
1% —a%< L. 

The parenthetical part of Corollary 1ry, that which asserts that (29) 
is sufficient to assure that the distance between successive zeros of a solution 
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r= r(x) of (22) does not exceed LZ, follows from Sturm’s comparison theorem 
if the harmonic oscillator, 7” + (2?/L?)r—0, is used as a “ minorant” 
for (22). 



























Proof of Corollary 2;y. Let y=y(ax) be a solution of (25) on some 
interval (0S) mS2x<b. Then (33), (35) and the differential equation 
(25) imply that y’(7) <0 and that 1=—y’/F (2, y(r)) S—y/ (f(z) 
+ g(y(x)), hence 1=—vy’/(g(y(x)) +c). Let the latter inequality be 
integrated from r= 2) tox —b. If the monotone function y = y(z2) is intro- 
duced as a new variable in the integral on the right, one obtains 





8 
b—ay< J dy/(g(y) +0), where a—y(b—0), B= (a). 


a 


It follows therefore from (34) that b—2 < L. 
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ON THE SPECTRA OF TOEPLITZ’S MATRICES.* 


By Puitip HartMan and AuREL WINTNER. 





1. If fn, where n=0,+1,---, is a sequence of complex numbers 
satisfying 


(1) fa = fin and & | fo [Pug 0, 


n=— 0 


let L, T, H denote the Laurent, Toeplitz, Hankel matrices defined by 
L = (fam), where n,m=0,+1,---, and T= (fam) and H = (frm), 
where n,m=0,1,:--, respectively. Thus an ZL-matrix consists of two 
(identical) T-matrices on its main diagonal and two (complex-conjugate) 
H-matrices on its counter-diagonal. 

Let z+ denote a vector (%,2%,: °°) and a a vector (-- -°,%»,%1), 
finally (a-,x*)a vector (--* -,%1,%,2%,°° +). When no misunderstanding 
is possible, x will be used to represent a vector of any of the types 2*, az, 
(2-,a+). The symbol | x| will denote the length of a. The second condition 
in (1) implies that y* = Tz*, y* = Hr* and (y,y*) =L(a-,2*) are defined 
(without being necessarily of finite length) whenever the z-vector is of finite 
length. 

The problem of determining the spectrum of LZ was solved by Toeplitz 
({3], [4]; ef. [2], pp. 152-155) and is comparatively simple. According to 
the Fischer-Riesz theorem, there exists a (unique, real-valued) function f(@) 
of class (L*) on (0,27), having =f,e*’ as its Fourier series, 


(2) f(0) ~ & frein’. 

In terms of this f(@), the situation can be described as follows: The matrix 
L is bounded in Hilbert’s sense if and only if the function f(6) is essentially 
bounded, that is, | f(@)| const. for almost all @ on (0,27). Furthermore, 
the number A belongs to the spectrum, Sz, of / if and only if the measure 
of the set of 6-values on (0,2) satisfying | f(@) —A| <e is of positive 
measure for every fixed « >0. Similarly, the point spectrum, Pz, contains 
a given A if and only if the measure of the set of 6-values satisfying 
f(@) —A = 0 is of positive measure. In other words, S;, is identical with 
the spectrum of the distribution function of f(@), and Pz with the set of 


* Received June 3, 1949. 














360 PHILIP HARTMAN AND AUREL WINTNER. 


discontinuity points of this distribution function. In fact, the resolvent of 
L is the Laurent matrix belonging to the function (A—f(6))". This is 
readily verified, since Parseval’s relation implies that y= Lz is equivalent to 
f(@)x(6) =y(0), where 7(0) ~ 3 zn,e'"® and y(0) ~ & ynei”’. 

All of this depends on the formal circumstance that the product of two 
[-matrices is again an L-matrix (and that this multiplication is simply 
isomorphic to the multiplication of the respective functions f). Corre- 
spondingly, because no such rule of multiplication holds for T-matrices, we 
could find nothing in the literature on the location of their spectra. 

The purpose of the following considerations is to fill somewhat this 
gap. The results are anything but of a final nature. They reach far enough 
to show that the spectral situation for T-matrices is quite different from 
that for L-matrices. The case of the H-matrices, which is again different, 
will be considered at the end of the paper. 


2. According to Toeplitz, 


(i) Zz bounded if and only if L is; or, equivalently, if and only 
if the function (2) is bounded (almost everywhere). 


This is easily verified as follows: Let Lj; = (fnm), where n,m =j, 
j+1,---, be a section (in the lower right-hand corner) of Z. Then L is 
bounded if and only if Z; is bounded for every fixed j and the sequence 
of numbers representing the norms of the matrices Z; is bounded for 
j=0,+1,---. Since LZ; is identical with T (except that its domain is a 
“ different ” Hilbert space), the assertion of (I) follows. 

If Sz, Sr denote the spectra of T, L, respectively, (1) might suggest that 
Sr is identical with S;. In fact, the proof of (I) implies that the least and 
greatest points of Sr coincide with those of S;. Further circumstantial evi- 
dence results by observing that, on the one hand, the finite sections ;T = (fn-m), 
where n,m=—0,1,---,j, and ;L = (fnm), where n,m=—j, —j+1, 
-++,j, of T and L, respectively, satisfy .;,,7 —j,L and that, on the other 
hand, a necessary condition for A to be in Sr [in Sz] is the existence of a 
sequence of numbers d,, A2,* - -, having the property that A; is an eigenvalue 
of ;T [of ;L], and A; >A as jo. The difficulty is that this necessary 
condition is not sufficient, as is shown by an example of Toeplitz representing 
the matrix of the quadratic form 3 2%2n%on.1. Actually this example is neither 
a T- nor an L-matrix; however, the results below (cf. (IT)) imply that 
there exist an L-matrix and a sequence of numbers dj, A2,: - - satisfying the 
above conditions, while the limit point A is not in Sy. 
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It turns out that the above guess is wrong. In this direction, it will 
be proved that 


(II) Sr contains 8, but need not be identical with Sy. 


In view of the preceding remarks, the first part of (II) implies the 
following criterion: 


(III) If the function (2) is continuous on (0, 21), then Sr is identical 
with Sr, (which is an interval unless f = const.) 


3. A little more probing into the question seems to indicate that Sr is 
always an interval (not only for a continuous f) unless f —const.; more 
specifically, that Sr is connected with the spectrum of the distribution func- 
tion of that (bounded) harmonic function u(r,6) on the unit circle r< 1 
which, in terms of (1), satisfies u(r, 6) + f(@) as r—1—0 for almost all 6. 
Correspondingly, it seems that 7, in contrast to L, cannot possess a point 
spectrum unless f= const. (almost everywhere). 

We were unable to prove either of these conjectures. All that will be 
proved in their favor is contained in the following facts: 


(IV) If T is not a constant multiple of the unit matrix, and if » is in 
the point spectrum of L, then d is not in the point spectrum of T. Moreover, 
the least and greatest points of Sr (tf they are distinct, i.e., tf f const.) 
are not in the point spectrum of T. 


It can be expected that the above conjectures are provable in the case of 
“smooth ” functions (1). In this direction, it will be shown that 


(*) T cannot have a point spectrum if 


(3) F(z) mS fn2" ¥ const. (fn = f-n) 


n=— 0 


is a rational function of z. (Needless to say, since (2) is of class (L?), the 
rational function (3) has no pole on the unit circle | z | = 1.) 


4. The proofs proceed as follows. 


Proof of (II). Let A be a point of Sz. It is no loss of generality to 
suppose that AO. For, if J = (8m), where n,m=—0,+1, +,:-° or 
n,m=0,1,: - -, is the unit matrix, then Z—AJ is also an L-matrix, and 
T — I is the corresponding T-matrix. Since A= 0 is in Sz, there belongs 
to every «>0 a point c=a,—(- - *,%1,%,%,° °°) of Hilbert’s space 
satisfying | «| 1 and | La| <e. But | 2/|—| | and | L(0, 2/)|-—> | La | as 
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jo, if i= (rj,2j,°° +). Hence, | ai | >1—e and | Tai | < 2e for 
sufficiently large 7. Consequently, AO is in the spectrum of JT. This 
proves the first part of (II). 

The second part of (II) follows from the first part of (IV). For 
example, if (1) is a step-function which assumes only a finite set of distinct 


values A,,A.,- * *,An, then S; is a pure point spectrum consisting of the 


eigenvalues A = Aj, where j = 1,- - -, (and each eigenvalue has an infinite 
multiplicity). By (II), the point A; is in Sy. But A—A; is not in the 
point spectrum of T, by (IV). Hence, A = 4; is not an isolated point of 87. 


Since A =A, is an isolated point of S;, (if multiplicities are ignored), the Ff 


second part of (II) follows. 


Proof of (IV). If 2*, y* are defined as at the beginning of Section 1, | 


it is clear that (y-, y*) = L(0, 2*) = (Hat, Tx*), and that Parseval’s relation 


implies the identity f(@)a*(@) = y*(@) + y-(0) (for almost all 6). Thus, if F 


A is in the point spectrum of 7 and z* is a corresponding eigenvector, then 
y* (0) =Az*(0) and (f(0) —A)a2*(6) =y-(0), where y- (0) ~ Syne”. 
n=1 


Let » be in the point spectrum of LZ; it can be supposed that A= 0. 
Then f(@) vanishes on a set of positive measure. Suppose, if possible, that 


A is in the point spectrum of T and that z* 0 is an eigenvector satisfying F 


(4) f(0)a*(0) = y°(8). 

Accordingly, y-(@) vanishes on a set of positive measure on (0,27). It 
follows therefore from a theorem of F. and M. Riesz, conjectured by Fatou, 
that y- (6) =0, since y-(— 6) is of class (Z) and is the boundary function 


of the power series ¥ y_nz" on the unit circle |z| <1. Thus f(6)a*(6) =0, 


and so 2*(6) 0 when f(6) #0. Since 2*0, it follows that 7(6) cannot 


vanish on a set of positive measure on (0,27). Hence f(@) =0. But then T : 


is the zero matrix, which contradicts the assumption that T is not a constant 
multiple of the unit matrix. Consequently, A= 0 is not in the point spectrum 
of T. This proves the first part of (IV). 


In order to prove the second part of (IV), it can be supposed that A = 0 : 


is the least point of S7, and therefore of S;. Thus f(6) =0 for almost all 6. 


Suppose that A = 0 is in the point spectrum of T and let x* 40 denote an f 
eigenvector satisfying (4). The Fourier expansions of 2*(6), y-(6) show f 


that they are orthogonal, 


2r 2r 


f FOr (d=: consequently, J #)| 2°(0) |? a0 =o, 


0 0 
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by (4). Since (6) = 0 and a*(@) =0, this leads to the same contradiction 








This as before. 

For Proof of (*). Since fnr—f-n, the function (3) satisfies the functional 
tinct equation F'(1/z) — F(z). Let N be the order of the pole, if any, of F(z) 
» the at z=0. It will first be shown that F(z) has at least 2N zeros on the 
inite z-plane. 

the Only the case N > 0 need be considered. The rational function F(z) 
Sp. can be expressed in the form F(z) = P(z)/zNQ(z), where P(z), Q(z) are 






(relatively prime) polynomials of degree j, &, respectively, satisfying P(0) ~ 0, 
Q(0) ~0. It is easy to see that 7 =2N. In fact, since 


F(1/z) = 2NP(1/z)/Q(1/z) = 28 S**{2IP (1/2) }/{#*Q (1/2) }, 
tion 


stl and since zP(1/z), 2*Q(1/z) are polynomials which do not vanish at 
‘acd z=0, it follows from F(z) =F(1/z) that N—j+k—=——N, hence 
j=2N+kh= 2N. 

Suppose, if possible, that A 0 is in the point spectrum of T, and let 
a* £0 be an eigenvector satisfying (4). Then, formally, 


the 
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that 


(5) F(z)X(z) = Zynz", where X(z) = 3 22". 
: n=1 n=0 
ring 
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Since X(z) is regular for | z| <1, the function F(z)X(z) is meromorphic 
for |z| <1. On the other hand, (5) shows that F(z)X(z) has a regular 








It f analytic continuation for 0 < | z|< ©. 
tou, ; If F(z) has no pole at z = 0, then (5) implies that y.; = y-.=---=—0. 
‘lon é Since F(z) 0, it follows that Y(z) =0. This contradicts z* ~ 0. 
= 0, 5 Consequently, it can be supposed that F(z) has at z 0 a pole of order 
not § N21. Then 





NF (2) X (2) = ya + ye? 4° - > + yw. 









But since 2’F(z) has at least 2N zeros, at least N zeros of F(z) are in the 

B circle |z| 1. 

Since the polynomial on the right-hand side in the last formula line 

: has at most N —1 zeros, X(z) has at least one pole in the circle | z| <1. 

| Since X(z) is regular for |z| <1, the pole must be on |z|—1. But this 

Sis impossible, since z*(@) = X(e*) is of class (LZ?) on (0,2). This contra- 
diction completes the proof of (*). 








5. It is easy to show that (II) and (IV) contain the following corollary: 
(a) 





T cannot be completely continuous unless it is the zero matriz. 
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In order to prove this assertion, (a), suppose that (a) is false. Then, 
for some 7’ distinct from the zero matrix, the set of the cluster points of Sp 
consists of the single point A= 0. It follows therefore from (II) that S;, 
consists of a sequence d;,A2,° - - satisfying Aj —>0 as j—> ©. Furthermore, 
not every A; is 0, since otherwise LZ, and therefore the corresponding 7’, is the 
zero matrix. Accordingly, some Aj;=+£0 is in Sp but is not in the point 
spectrum of T, by (IV). Hence, 7 cannot be completely continuous. 

It may be mentioned that the assertion of (a) holds for Z-matrices also: 


(8) L cannot be completely continuous unless it is the zero matriz. 
In fact, (8) is a corollary of the following assertion : 


(8*) L cannot have a point spectrum containing an eigenvalue of finite 
multiplicity. 

In order to prove the latter assertion, (8*), suppose that A is a value 
contained in the point spectrum of Z. This will be the case if and only if 
meas EH, > 0, where EF, denotes that subset of the interval 0 = 0 < 2m on 
which f(@) =A. Correspondingly, it is readily seen from Parseval’s relation 
that x= (- + -,2%1,%,%,°°-) is an eigenvector of L, belonging to the 
eigenvalue A, whenever the corresponding function +(6) vanishes on the 
complement of Hy. Since the linear space of such functions x(@) cannot be 
finite-dimensional, (8*) follows. 

For the Hankel matrices H, defined after (1), the situation is quite 
different, since (a) and (8) become contrasted by the following fact: 


(y) H must be completely continuous whenever the w-image of the 
circle |z| <1 under the mapping 
(6) w(z) = fn2” 
n=1 


eo 
is of finite area, i.e, &n| fn |? << 0. 
n=1 


In fact, a matrix (Gym) must be completely continuous if = | dam |? is 
convergent (Hilbert). Since the convergence of this double series is equiva- 
lent to the convergence of the simple series ¥n| fn |? if dum —=fnim-s, the 
assertion of (y) follows from the definition of H. 


6. In order to make the Hankel matrix H = (fnm_,) Hermitian, it will 
from now on be assumed that {f,} is a real sequence; cf. (1). Thus 


(7) (0) ~Sfr cos nO and h(@) ~ 3 f, sin n0 
n=1 n=1 


are the real and imaginary parts of (6) on | z|—1, where z= e*. 
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The following criterion goes back to Toeplitz ([8]; cf. [2], p. 154 and 
[1], p. 223): 

(a) H must be bounded whenever either of the functions (7) ts 
bounded (almost everywhere) for0 S07. 


This criterion, (a), suggests that (y) in Section 5 admits of the 
following variant: 


(b) H must be completely continuous whenever either of the functions 
(7) ts continuous for OS0S 7. 


Clearly, the two sufficient criteria supplied by (b) are independent of 
each other, and of the criterion supplied by (y). | 

In order to prove (b), suppose, for instance, that the first of the 
functions (7) is continuous for 0=@-7. Then there exist cosine poly- 
nomials g,(@), 92(6),- - - which tend to g(@) uniformly for0O=0=-7. On 
the other hand, the norm of the Hankel matrix H belonging to g(@) does 
not exceed const. max|g(0@)|, where the const. is an absolute constant 
(cf. [1], p. 223), and the correspondence between H and g(6) is distributive. 
Consequently, if H;, denotes the Hankel matrix belonging to the trigonometric 
polynomial g;(@), then, since the uniformity of g,(@)-—>g(@) means that 


max | 9(0) —9x(0)|>0 as ko, it follows that the norm of H — H, 
tends to 0 ask» oo. Hence, H must be completely continuous if every H;, is. 
Finally, the complete continuity of every H;, follows from (y) in Section 5, 
since the power series (6) belong to Hx, being a rational polynomial, is regular 
for |2| 1. 


7. We do not know what is necessary and sufficient for the boundedness 
of an Hermitian Hankel matrix. One part of the criterion, supplied by (I) 
in Section 2 for T-matrices, is true for H-matrices, the other is not. In fact, 


the situation is as follows: 
(i) H is bounded if, but not only if, the corresponding T (or L) 1s. 


First, since f, is now supposed to be real, (1), (2) and (7) show that 
f(0) =f. + 29(0), where fy is a constant. It follows therefore from (a) in 
Section 6 that if f(@) is a bounded function, then H is a bounded matrix. 
Hence the positive part of the last italicized statement, (i), follows from (I) 
in Section 2. On the other hand, the negative part of (i) follows from (a) 
by choosing f,—n- in (7), since the function 4(@) =n sin né is, but 
the conjugate function g(@) = =n cos n6 is not, bounded for 0 <0 < z. 
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Because of the contrast between (I) and (i), the determination of Sy :s 
even more difficult than that of Sy (cf. (II), (III) and (*) in Sections 
2 and 8). In this direction, and in view of the guesses formulated before 
(IV), the proof of the following fact is not without interest: 























(ii) AO is in the cluster spectrum of every (bounded, Hermitian) 
Hankel matria. 


It is understood that by the cluster spectrum of a bounded, Hermitian 
matrix is meant the A-set consisting of the continuous spectrum and of the 
cluster values of the points of the point spectrum, with the proviso that 





an eigenvalue of infinite multiplicity is considered as a cluster value of the 
point spectrum. According to Weyl ([5], p. 378), the point A~0 is in 
the cluster spectrum of a bounded, Hermitian matrix H if and only if 





there exists in Hilbert’s space a sequence of unit vectors x°, z', x*,- - - which 
tend weakly to the zero vector and are transformed by H into vectors 


sisgitiaie vetabe Z. 


H2x°, Hz', Hx’,- - - which tend strongly to the zero vector. 

It follows that AO is sure to be in the cluster spectrum of H if 
| He* | +0 as k > , where e°, e',- - - denotes the sequence of vectors which 
form the successive columns of the unit matrix. Hence, in order to prove 
(ii), it is sufficient to ascertain that | He*|—>0 is true when H is a Hankel [ 
matrix, H = (fnim-1). But it is clear from the definition of e* that, for [7 





such an H, ‘ 


| Het |? = 3 f,?, 





n=k 
and so | He*|-—>0 follows from (1). 
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an) 
ian There are obvious analogies between solutions of Fourier’s equation 
the 

gs (1) Ure = Ut 
hat § + 7 

= on the open unit square 
the FF q 
in (2) S: G< 2c 1, 0<ft<i1 
if [% and solutions of Laplace’s equatiox 
ich . 

é 3 u Ut = 
ors & ( ) ee + tt 

on the open unit circle 

if (4) CO: w@+tPR<cl. 
ch . . ,° . . . . 
ns These analogies deal with questions of existence, uniqueness, and limits at 
rm the boundary points of (2), (4), respectively. The object of this paper is 
a to develop these analogies in a certain direction. 






By a solution of (1) on (2) (or (3) on (4)) is meant a function for 
which Ugg, Uz (OF Ure, Ut) exist and satisfy (1) (or (3)). In particular, wz, uz 
exist; however, this does not imply the continuity of wu. What is true in this 
regard is that if w is a continuous solution of (3) on some open domain, 
then w is regular analytic on that domain. The corresponding statement for 


solutions of (1) is as follows: 








(1) If u(a,t) is a continuous solution of (1) on an open domain, then 
u(a,t) is of class C® on that domain. 

This follows from (II) and (IV) below. 

Let K denote the set of points on the three line segments which form 
© the lower and lateral boundaries of S, so that 


Kam P4 J+", 










where 1’, J, I” denote the respective segments 












bs) lr: (e—0,0St <1), I’: (em 1,0St <1). 
: J: (0<z<1,¢=—0), 
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Gevrey ([2], pp. 372-374) has proved the following theorem of unique- 
ness : 













(II) Let u(x,t) be defined on S + K and have the following properties: 
u is uniformly continuous on S, vanishes identically on K, and is a solution 
of (1) on 8S. Then u vanishes identically. 
















Actually, Gevrey’s wording of his theorem assumes the continuity of u, 
and wu, but a glance at his proof shows that this pair of additional assumptions 
is not used at all. Gevrey’s proof of (II) depends on a refined, but still 
very elementary, form of the classical maximum principle, namely, on the 


following fact: 


(III) Let u=u(a,t) be defined on the closure of S and have the 
properties that it is uniformly continuous and satisfies (1) on S. Then u 
assumes its maximum (for the closure of 8) on K. 


The analogues of radial boundary limits for solutions of (3) on (4) 
are the 1-dimensional boundary limits, 


(6,) lim u(z,s) = f(s), (62) lim u(2, s) = fe(s), i 
we @2—>+0 2-1-0 
(63) lim u(s, t) = f(s), 


for the case of solutions of (1) on (2). These limits (when they exist) 
form the “boundary function ” of u(z,¢) on the set K. 

Let 6(z, ¢t) denote the Jacobi #;-function, with a suitable change of units 
on the axes of the independent variables, 






(7) 6(a,t) =1+4 2 3 exp(— k?x*t) cos kaa. 

Put 

(8) w(a, t) ie 6, (2, t —s)fr(s)ds, 

(82) us(a,t)— f asf 356 -aBCehde 

and 

(84) mie.) <4 f e—s) Oe + eo yhleras, 





where 6, = 06/dr. The existence theorem mentioned above is as follows: 
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(IV) Let fi(s), fe(s), f(s) form a uniformly continuous boundary 
i function on K; 1.¢., let each of these functions be continuous for 0OSsS1 
Sand satisfy f:(0) =f,(0) and f.(0) =f,(1). Then (8), (82), (8s) exist i? 
for every (x,t) on S (as Lebesgue integrals) and their sum, 


(9) u(z, t) siege U; (2, t) a U2(z, t) a Us (2, t), 


represents a solution of (1) on S, is uniformly continuous on § and satisfies 
(6;)-(62) for 0<Ss<1. 


This theorem seems to be between the lines of the classical literature 
but is not explicitly stated and proved. That.(9) is a continuous solution 
of (1) on S, and satisfies (6,)-(6;) for 0 << s <1, is contained in standard 
facts; cf., e.g., [7], pp. 111-118. But this does not imply the important 
point in (IV), namely, the uniform continuity of (9); in this regard, cf. 
the remarks below concerning the function (10). Actually, the existence of a 
solution of (1) on S§ which is uniformly continuous on § and satisfies (6,)- 
> (6;) for 0s <1 follows from the existence theorems in [5], pp. 214-229; 
[2], pp. 317-342. Furthermore, the representation (9) of this (unique) 
uniformly continuous solution can be verified by showing that the Green 
functions, whose existence is proved in [5], [2], reduce to the kernels in 
 (8;:)-(83), when the domain in question is 8. 

: A more direct verification of (IV) can be sketched as follows: Simple 
' calculations show the truth of (IV) in the cases in which 


Cc cee - 
Slower RIEL ee ee ssa at 422 
Bee 5s RS sh, 


ene cee 


RRR Sey sien ychaonins 


for 65.3 1; *: 


fi(s) =0, fe(s) =1, fs(s) = 8; 
for an arbitrary positive integer k, 


fi(s) =0, fe(s)=0, f(s) —sin kas; 
finally, 
fi(s) =s*, fe(s)—=0, fe(s) =O. 


These sets (f1, fe, fs), along with those which result if f, and f. (and corre- 
spondingly, s and 1—s in f, and f.) are interchanged, form a Weierstrassian 
basis of all continuous functions on K—J/’+I1”’+J. The existence of a 
solution u of (1) on S, uniformly continuous on S and reducing to a given 
continuous boundary function on K, follows from the maximum principle, 
(III). The existence of this solution u and its representation (9) can be 








a SRE ray RE RAE ea AS Raa MHA Se apc 9 RTS oN Ne PHOEBE 


deduced from an adaptation of the maximum principle for functions having 


representations (9). 
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In fact, (9) can be written as 


u(P) if G(P, Q)f(Q)dK, 


K 





Teese bend blah ADEE oe Ee 


where P and @ denote points of S and K, respectively, and f(Q) denotes 
(f:; fe, fs), a continuous function on K. But G(P,Q) 20 (and equality 
holds only when Q is a corner of K), by (8:)-(83) ; ef. (19), (26) and (27) 
below. Also, 






se 






Ons erp ee 
FO AD RINE eae Pe tee ee eS 









f G(P,Q)dK =1 
: 


for every P in 8; cf. the case (f1, fe, fs) =(1,1,1) above. Clearly, the 
desired maximum principle follows; for u(P) is a weighted average, with 
non-negative weights and total weight 1, of the boundary function f(Q). 
Unfortunately, the assumptions of the uniqueness theorem (II) do not 
correspond to the physical. situation. Correspondingly, since Hadamard’s 
critique of the various types of “ well-set” problems on partial differential 










eo 




















equations, the following observations seem to be generally known (cf., e. g. 
[1], pp. 365-366, where the objection is only implicit). 
For the parabolic differential equation in the plane, the requirement of 





two-dimensional continuity, in case of a “ well-set ” boundary value problem, 
is quite artificial, since there is only one sheaf of characteristic curves. 4 

The physical content of this objection is readily realized. In fact, since P 
u, t, z in (1) denote temperature, time and position on a rod, respectively, 
the data of the boundary value problem, a problem to which the above state- 
ments, (II) and (IV), supply theorems of existence and uniqueness, are as 
follows: The initial temperature f;(2), at every point of the rod 0=#=<1, 
and the temperatures, f;(¢) and f2(t), for every later date (0 <¢=1), at 
both ends, «0 and r=—1, of the rod. But this interpretation makes 
unnatural indeed the above assumption on the two-dimensional uniform 
continuity of u(z,t) on S (that is, the two-dimensional continuity on the Ff 
closure of S). All that is natural to require is the continuity of the tem- j 
perature distribution (a) on the rod, at every fixed date t, and (b) in time, 






? 





* paisa 


at every fixed point z of the rod. The two “stokers,” engaged at «0 and 






x = 1, seem to need quite an advance knowledge of analytic functions in the 






real domain if, while working independently of each other and of the past, 








they succeed in producing two-dimensional continuity by virtue of the one- 






dimensional assumptions (a), (b). 
On the other hand, it is well-known that the omission of the assumption 
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of uniform continuity in (II) invalidates the uniqueness statement. This is 
shown by the classical “source function,” defined by 


(10) (2, t) = at-*/? exp(— 2°/4t) if t > 0. 


It is readily verified that (10) is a solution of (1) on S, that the radial 
limits (6,)-(6;) exist and form a continuous function of the position on K, 
with f,(s) =0, fe(s) =s-*/* exp(—1/4s) and f,(s) =0. However, (10) 
is not the solution supplied by (9), since (10) is not uniformly continuous ; 
in fact, it is not bounded on S. This is seen by considering the function 
(10) on a parabolic arc t= 2’, as tr + 0. 

Part of these objections can be met by the following existence and unique- 
ness theorems which, in contrast to (II) and (IV), do not involve the assump- 
tion of two-dimensional continuity on the boundary of S: 


(V) Let fi(s), fo(s), fe(s) be bounded, measurable functions on 
0<s<1. Then (8,)-(83) exist for (z,t) on S (as Lebesgue integrals) 
and their sum (9) is a bounded, continuous solution of (1) on the open 
square S and satisfies (6,)-(6;) almost everywhere. 


(VI) Conversely, if u(x,t) is a bounded, continuous solution of (1) 
on the open square S, then the limits (6,)-(63) exist almost everywhere and, 
for (a, t) on S, the function u(x, t) is given by (9) in terms of the functions 
(8:)-(83). 

The condition of two-dimensional uniform continuity in (II) can now 
be relaxed to that of boundedness. In fact, it follows from (VI), (IV) and 
(II) that if w(a,¢) is a bounded, continuous solution of (1) on S and if the 
limits (6,)-(6;) exist for every s on 0<s <1 and form a uniformly con- 
tinuous function of the position on K, then u(z,?¢) is uniformly continuous 
on the open square 8. 

The corresponding theorem is true for harmonic functions, bounded 
on (. However, in the case of harmonic functions, the assumption of 
“bounded on C ” can be relaxed to “half-bounded on C,” for example, 


(11) u(r, t) 20. 


The analogous statement for solutions of (1) on S is false. This is shown 
by the classical “source ” function (10). 

This, the impossibility of relaxing the assumption of “boundedness” to 
“half-boundedness ” in (VI), is quite unfortunate, since “ half-boundedness ” 
does not require more than an appeal to the third law of thermodynamics, 
whereas the justification of “boundedness ” depends on the outcome of an 
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argument about the possible fuel supply of the stokers and their observance 
of the first law. 

In order to understand this discrepancy between the behavior of certain 
solutions of (1) and (3), it is necessary to consider more general solutions 
of (1) than those given by (V). A well-known theorem (cf., e.g. [3]) 
states that if u(z,¢) is a harmonic function on C and satisfies (11), then 
u(z,t) is representable as the Stieltjes integral of the Poisson kernel with 
respect to a bounded non-decreasing function. The analogue of such a 
Poisson-Stieltjes integral for solutions of (1) would be (9), where 


(12;) 196) — f 6,(a, t —s)dF,(s), 


0 


(122) ts(z, t) — f 6,(2—1,t —s)dF,.(s) 


and 


(125) ata (a, t =3 { (2st) —0(2 + 5,1))dP,(s), 


and F,(s), F2(s), F3(s) are bounded non-decreasing functions on 0s St <1, 
0OSsSt<1,0<s< 1, respectively. This direct analogue of the theorem 
on non-negative harmonic functions fails for solutions of (1); that is, it is 
not true that if w(z,t) is a continuous solution of (1) on S and satisfies 
(11), then u(a, ¢) is given by (9) in terms of (12,)-(12;), where F',(s), F2(s), 
F.(s) are bounded non-decreasing functions on 0S sSt<1,0SsSi<l, 
0 =s=1, respectively. This will follow from (VII) and (XI) below. On 
the other hand, a certain analogue happens to be true; cf. (VIII) below. 

Let F,(s), F2(s) be defined for 0=s < 1 and be of bounded variation 
on every fixed interval OSs St <1, 


t 
{13;) f | dF;(s)| <« for 0<t<1 and j —1, 2, 
0 


and let F;(s) be defined for 0 << s <1 and of bounded variation on every 
fixed interval 0 << a Ss=2, < 1; finally, let 


1 


(133) f s(1—s)| dF2(s)| <0. 


0 
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The correct analogues of the theorems on non-negative harmonic functions 
are given by the following theorems: 


(VII) Let F,(s), F2(s), Fs(s) be non-decreasing functions on0 Ss <1, 
0Ss<1, 0<s <1, respectively, satisfying (13,)-(133). Then the sum 
(9) of the integrals (12,)-(123) represents a non-negative continuous solution 
of (1) on 8. 


(VIII) Conversely, if u(x,t) 1s a non-negative continuous solution of 
(1) on S, then there exist non-decreasing functions F,(s), F2(s), F3(s) on 
0Ss<l1, OSs<l, 0O<s<l, respectively, which satisfy (13,)-(133), 
and u(x,t) 1s given by (9) tm terms of the functions (12,)-(12s). 


It will be clear from the proof that the integrals in (12,)-(123) are 
ordinary Riemann-Stieltjes integrals (if 6,(7,0) is defined to be 0, cf. (17)), 
and that the integral (12;) is an absolutely convergent improper Riemann- 
Stieltjes integral. 

There is also an analogue for the theorem of Ostrowski [6] on harmonic 
functions. This theorem states that if u(z,¢) is a continuous solution of 
(3) on C, then u(z,¢) can be represented as the Stieltjes integral of the 
Poisson kernel with respect to a function of bounded variation if and only if 


27 


lim sup | | u(r cos 6, rsin 6)| dd <oo. 


r->1-0 


For a corresponding theorem for solutions of (2), one might expect that the 
Poisson-Stieltjes integral should be replaced by the sum of (12,)-(123), where 
F,(s), F2(s), F3(s) are of bounded variation on0SsSt<1,0SsSt<1 
and 0 =s <1, respectively; and that the condition in the last formula line 
should be replaced by 


t t 
(14,) lim sup f | u(2,s)| ds<o; (14.) lim cup f | u(x, s)| ds << 
2>+0 =|* z@—>1-0 
0 0 


for 0< ¢ <1, and by 
1 
(14,*) lim cup f | u(s, t)| ds <a. 
t—>+0 
0 


Actually, this direct analogue of the theorem of Ostrowski is false; cf. the 
paragraph following (XI) and its Corollary. In the correct analogue, the 
true conditions are (14,)-(143), where 
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1 
(143) lim sup f s(1—s)| w(s, t)| ds <<a 
t—>+0 
0 


must replace (14,*), and the more general conditions (13,)-(133;) must 
replace the conditions that F',(s), F2(s), Fs(s) are of bounded variation on 
the respective domains of integration in (12,), (122), (12s). 

The situation is as follows: If u(z,¢) is a continuous solution of (1) 
on S§ and satisfies (14,)-(14.) and (14;*), then u(2,¢) has a representation 
of the form (9) in terms of (12,)-(12;), where F\(s), F2(s), Fs(s) are of 
bounded variation on the corresponding domains of integration. This will 
be clear from the proof of (X). However, the converse is false; that is, if 
u(x,t) is given by (9) in terms of (12,)-(123), where Fi(s), F2(s), Fs(s) 
are of bounded variation on the domains of integration in (12,)-(12;), then 
(14,)-(14,) hold, but (14,*) can fail to hold. As will be proved below in 
the paragraph following the italicized assertion (XI) and its Corollary, an 
example to this effect is furnished by the function (10). 


(IX) Let F,(s), F2(s), Fs(s) be functions defined on 0Ss <1, 
0Ss<1, 0<s<l, respectively, and satisfying (13,)-(13;). Then the 
sum (9) of the integrals (12,)-(123) represents a continuous solution of (1) 
on S and satisfies (14,)-(143). 


(X) Conversely, if u(x,t) is a continuous solution of (1) on S and 
satisfies (14,)-(143), then there exist functions F,(s), F2(s), F3(s) defined 
on 0Ss<10Ss<1,0<s <1, respectively, satisfying (13,)-(133), and 
u(x,t) is given by (9) in terms of the functions (12,)-(12s). 


As in the case of harmonic functions, there is a uniqueness theorem 
corresponding to the existence theorems (VII)-(VIII), (IX)-(X). This 
uniqueness theorem will be deduced from inversion formulae. 


(XI) Let Fj(s), where j = 1, 2, 3, satisfy the conditions of (IX) and 
let u(x,t) denote the sum (9) of the functions (12,)-(123). Then, for 
5 a > we PF 


t 
lim | u(z,s)ds = F,(t—0) —F,(0), 


@2—->+0 


t 
lim { u(x,s)ds = F.(t — 0) — P.(0) 
21100 


0 
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and, for0O<ar<y<l, 


J 


(15s) lim f u(a,8)ds = 4{Fs(y +0) + Fs(y—0)} 


t—>+0 
@ 
— 4{Ps(z + 0) + Fs(x— 0)} 
(the integrals in (15;)-(15;) exist as Lebesgue integrals). 
These inversion formulae imply the following 


Corottary. Jf u(2,t) is a continuous solution of (1) on S satisfying 
(14,)-(143), then, im its representation (9) in terms of (121)-(12s), the 
functions F,(s), F2(s), F3(s) are uniquely determined, up to additive con- 
stants, on their continuity points of the open interval 0<s <1; ulso, the 
jumps F,(+ 0) —F,(0), F2(+ 0) —F.(0) are uniquely determined. 


It will now be shown that the function w= (2, t) in (10) has a repre- 
sentation (9) in terms of (12,)-(123), where Fi(s), F2(s), F3(s) are of 
bounded variation on 0s <1, although (14;*) is false. The integral in 
(14,) and/or (14) can be written as the integral of exp(—s?) from 
s= 42/4 to so if 42/s4 is introduced as the new integration variable; so 
that (14,)-(14.) hold for 0<t<1. The corresponding integral in (143) 
is, up to a constant factor, | 


1 1 
f s?(1 — s) #8 exp(— s?7/4t) ds < f s°t-8/* exp (— s?/4t) ds. 
0 0 


If 4s/t? is introduced as a new integration variable, the last integral becomes 
the integral of 4s? exp(—s”) from s=0 to s = }¢, which is majorized by 


+ f s? exp(—s?)ds <0; 
0 


so that (14,) holds. Consequently, (X) implies that (10) has a repre- 
sentation on S of the form (9) in terms of (12,)-(123), where F',(s), F2(s), 
F;(s) satisfy (13,)-(13,). But the inversion formula (15;) shows that 
F;(s) =const.; in fact, the integral in (15,) is a constant multiple of 


y 
f st-8/2 exp (— s?/4t) ds = 2t-!{exp(— 2?/4t) — exp(— y*/4t) }, 


which tends to 0, as t>0, for 0 <2< y. Thus, not only do the functions 
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F,(s8), F2(s), Fs(s) satisfy (13,)-(13,) but they are of bounded variation, 
on 0=s<=1, as well. Nevertheless, (14,*) fails to hold, since, to a constant 
factor, the integral in (14,*) is 
1 
f st-*/? exp (— s?/4t) ds = 2t-?{1 — exp(— 1/4t) } 
0 
and therefore tends to 0, as t—>- 0. 

It may be mentioned that in the representation of the function (10) 
as the sum of (12,)-(12;), the functions F,, F2, F3, up to additive constants, 
are given by 

F,(0) =0, F,(s) =4nr? if s>0; 
& 
F,(s) = ie f r-8/? exp(— 1/4r) dr; F;(s) =0. 
0 

Still another theorem, analogous to one for harmonic functions, deals 
with the existence of one-dimensional boundary limits: 

(XII) Let Fi(s), F2(s), Fs(s) satisfy the conditions of (IX) and let 
u(x,t) denote the sum (9) of the functions (12,)-(123). Then, for j = 1, 2, 3, 
the limit (6;) exists at every s on 0<s <1 at which the derivative Fj (s) 
exists ; in fact, for such an s-value, f;(s) = F/(s). (In particular, the limits 
(6,)-(63) exist almost everywhere.) 

It may be remarked that if 7 —1, 2 or 3, then (12;) reduces to (8;) if 
and only if F;(s) is absolutely continuous. Consequently, a solution u(z, ¢) 
of (1) on S can possess limits (6,)-(6;), which are bounded, without w(z, t) 
being bounded on S and, therefore, without possessing a representation as the 
sum of integrals (8,)-(8;). In fact, if u(z,¢) is representable as the sum 
of integrals (12,)-(12;), then u(2z,¢) is bounded on 8 if and only if F;(s), 
F.(s), Fs(s) are absolutely continuous on the domains of integration and 
possess bounded derivatives almost everywhere. 

Before proving the assertions (V)-(XII), it will be convenient first to 
prove a part of (IX). 

First part of the proof of (1X). It is readily verified from the identity 


(16) 6(x,t) —a2t & t-#exp(—(a + 2k)2/4t), ee, 
k=-@ 


supplied by the linear transformation of the #,-function, that 


(17) 6,(z,t) >0 as t> + 0, (0<2r<2). 
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In fact, the series (16) and its derived series are uniformly convergent for 
0< my SrSr,<2and0<tSt, <~; while, on this z-range, each term 
tends uniformly to 0 as ¢—>-++ 0 (cf. the formulae following (53,) below). 
Hence, (17) holds uniformly on such an z-interval. Clearly, (17) implies 
that, if F,(s), F2(s) are of bounded variation on 0 S s S ¢, then the integrals 
in (12,), (122) exist, as Riemann-Stieltjes integrals, for every fixed (2, ¢) 
in S. Furthermore, the remark concerning the uniformity of (17) shows 
that (121), (122) are continuous functions on S. 

That (12,) is a solution of (1) on S can be proved directly. However, 
in order to simplify matters in subsequent proofs, a somewhat indirect proof 
will be employed. Put 


on, 
ant 









0) 
ts, 







t 


(18) U,(2,t) = f u(2,r)dr. 


0 






Since, formally, 






t t 


ff wtendem— fF exter —oyaatoy)ae 


0 0 





the existence of the integral in (18) will be proved if it is shown that the 


iterated integral 
t t-s 
ff 6,(2,r) dr dF’, (s) 
0 


uff 6,(z,r—s)drdF,(s) = 


converges absolutely. To this end, since F’,(s) is of bounded variation on 
0st, it can be supposed that F,(s) is non-decreasing (otherwise F,(s) 
is written as the difference of two non-decreasing functions, and each of the 
corresponding integrals is treated separately). Also, since 





0 










(19) —06,(z,t) >0for0<r<land0<t<oa 


(cf., e. g., [8], p. 410), the last iterated integral can be treated without the 


insertion of absolute value signs. But (17) and an integration by parts 
show that the integral exists and is 









(20) Ula, 2) aes f 6,(x.t—s) (F1(s) — F,(0))ds. 





Thus, (18) can be written in the form (8,), where f,(s) = F,(s) — F,(0) 
is Riemann integrable for O=sSt<1 (for ¢ fixed). Consequently, by 









11 
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standard theorems (cf., e. g., [1], p. 355), (18) is a continuous solution of 
(1) on S. Hence, by (I), the function (18) is of class C* on S. Since 
(12,) is continuous on 8, the function u,(z,t) =0U,(x,t)/dt is a con- 
tinuous solution of (1) on S. 


Similarly, 
= 
(21) U(x, t) = J us(a, r)dr 
0 
exists as a Lebesgue integral. Furthermore, 
t 
(22) U.(2,t)— f 6,(2 —1,t— s) (F.(s) — F.(0) )ds 
0 


is of class C* and a solution of (1) on S. Hence, the function (122), which 
is 0U./dt, is a continuous solution of (1) on 8S. 

In order to see that (12;) exists and is a continuous solution of (1) 
on S, note that (7) implies that 


(23) 4{0(~a—s,t) —0(a+s,t)} =2 S exp(— k’n*t)sin kre sin ks. 
k=1 5 


Hence, for a fixed (z,¢) in S, this function vanishes as.s (or 1—s) at s=0 
(or s=1). Consequently, if F;(s) is defined on 0<s< 1 and satisfies 
(13;), the integral in (12,) converges absolutely as an improper Riemann- 
Stieltjes integral. In fact, since (133) implies that 
1 
(24) f | sin kws | | dF;(s)| exists and is O(k), as k—>oo, 
0 
the series (23) can be integrated term-by-term. Clearly, 
es 
(25) Us(z,t) = 2 3 exp(— k?x*t) sin kra f sin rs dF3(s) 
k=1 ‘ 

is defined and continuous on S. Since exp(— k?x*t) sin krz, where k = 1, 
2,- - +, is a solution of (1), and since (25) can be differentiated (repeatedly) 
term-by-term at any point (2,¢) of S, it follows that (25), that is, (123), 
is a continuous solution of (1) on 8. 

In order to complete the proof of (IX), it remains to verify that the 
sum (9) of (12,)-(123) satisfies (14,)-(14;). This will be done below with 
the aid of Lemma 1. 
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ince 





Proof of (VII). In view of the portion of (IX) just proved, it only 
remains to verify that the function (12;) is non-negative when dF; = 0. a 
For j = 1, this is clear from (19). Since, for a fixed ¢, the function 6,(2, t) 
is even and of period 2 in 2, it is seen from (19) that 






con- 






(26) 6,(a—1,t) >0 for O0<x<1 and 0O<t<o. 





Hence (12:) is non-negative. Finally, the kernel (23) of (123) satisfies 
(27) 6(a—s,t) —O0(a+s,t) >0 for 0<rt@<cl1ld<s<clti>d, 
by (19); so that (12,) is non-negative. 

‘ In order to complete the proof of (IX), a lemma will first be established. 











Lemma 1. Let u(a,t) be a non-negative, continuous solution of (1) 
on S. Then, if 0< a4 <1, the integrals occurring in (14,)-(142) exist as 
Lebesgue integrals and, if 0< t < 1, the integral in (14) exists as a Lebesgue 
integral. Furthermore, (14,)-(143) hold. 

















Meath. woeadlet urs le Rega eae tin S<0 ” 
Me Wag oth hea eat bana Ay 


1) 
Proof of Lemma 1. Let ¢, €, r denote numbers satisfying 
(28) 4>e>&>0 and 4>e>7>0. 
‘ Since u(z,?¢) is a continuous solution of (1) on S, the function vu = v(2, t) 
= v(2,t,«,é,7) defined by 
es 











u(a,t) =u(x(1—e) + & t(1—e)?+ 7) 
is a solution of (1) on S and is uniformly continuous on the open set 8S. 
Hence, by (II) and (IV), the function u=—v(zx,t) has a representation of 
the form (9) in terms of (8,)-(83), where the functions f;(s) = f;(s, ¢, € 7) ; 
j =1, 2,3, are given by 


fi(s) =u(& 8(1—e)? +7); 
fa(s) = u(1—e+ &8(1—e)? +7) 


(29) 













(30,) 











(302) 
and 








fs(s) =u(s(1—e) + &, T). 


Since u(z,¢) is non-negative, the inequalities (19), (26) and (27) show that 
each of the corresponding terms of (9) is non-negative and, therefore, none 
of them exceeds their sum, v(2,¢). Hence, if 0<8< t, 


(303) 










t t-5 
(31)  o(2,t) =>—  0.(2,t—s)fi(s)as=— J 62(x,t —s)f,(s)ds. 
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If (z,¢) is an arbitrary point of R, there exists a constant C = C(z, t, 8) 
satisfying 
(32) —6,(24,t—s) =C>0 for 0OSsSit—5S. 


This can be deduced, for instance, from the Jacobi identity 
O(a, t) = I (1— q™) (1+ 2q°"" cos wz + g*"*), 
n=1 


where g = exp(—v7*t). This identity shows the existence of a constant, 
depending on 8, for which 6(2z,¢) =const.>0 if 0<8<tS1l. Also, 
logarithmic differentiation of the Jacobi identity with respect to 2 gives 


— G0(2, 1) /0(a, t) —= Be sin ma 3g (1 + 2g" cos mx + g'*)”. 
n=1 


Clearly, (31) follows from the last two formula lines in view of the definition 
of g. (A similar use of the Jacobi identity was made in [8], p. 410.) But 
(31) and (32) imply that ; 


ts 
C f fi(s)ds S v(q, t). 


In view of the definitions (30,) of f:(s) and (29) of v(a,t), this inequality 
can be written as 


t-§ 


of a(é ¢(1— 6)? 4 Nae Su(e—)' 4610-940. 


If 8, «, é are fixed, but r—>0 (which is permissible in view of the second 
set of inequalities in (28)), it follows from Fatou’s lemma that 


3 
of u(é,s(1—e)?)ds S u(z(1—e) + &, t(1—«)?), 


or, by a change of variables, 
t 
C(1—e)? | u(é,s)ds Su(z(1— ce) + £, + 8(1— €)?), 
0 
where ¢ now stands for (¢ —8)(1—e)’. 


Since e, 8 (> 0) are arbitrary, it is seen that the integral in (14,) and/or 
(14,) exists. If 8,« (> 0) are kept fixed, while 0, the last formula 


Jine implies 
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limsup f u(é,s)dsS (1—e)*u(2(1—9), t+ 81—0)9)/0 <a, 





that is, that (14,) holds. In a similar manner, it can be shown that (14.) 
holds. 

The proof of the existence of the integral in (14;) requires a slight 
modification of the procedure above. By the argument leading to (31), 






(33) v(z,1) =4 f {0(e—s,t) —0(@ +5, t)}fa(s)ds. 





For a fixed ¢ > 0, the function 0(z,t) is even, of period 2 in 2, and strictly 
increasing for 0 << x < 1 (ef. (19)). Hence to any § > 0, there corresponds 
a constant C = (C(8) such that : 







4{0(a-—s,t) —0(a—s, t)} =C>0 for ’SsS1—8. 






In addition, 








(34) 1{0(2—s,t) —O0(a4+ 8, t)}/s ~>— 6,(a,t) as s—>0 










and 


(35) 4{0(24—s, t) —0(a#—s,t)}/(l1—s)> 6.(@ + 1, t) as s— 1. 





Consequently, 






4{0(a— s,t) —O0(a+s, t)} 2 C*s(1—s) for OSs51 






for some positive constant C*, depending on the point (2,t) of S. Thus, 
(33) shows that 






1 


o* f s(1—s)f,(s)ds S v(za, t). 


0 


In view of the definitions, (303) of f(s) and (29) of v(z, ¢), 









o* f s(1—s)u(s(1 —e) +é,r)ds Su(e(1— e) + &£ t(1— €)? +7). 






Keeping «,7 fixed, let > 0. Then, by Fatou’s lemma, 






o+ f s(1—s)u((s(1—e), r)ds S u(a(1—e, (1 —e)? +7). 


0 
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A change of variables shows that, if « > 0 is sufficiently small, 


: 
ox(1—e) f s(1—s)u(s,7r)ds S u(xz(1—e), (1 — e)? + 7). 


A repetition of the above arguments, with xz replaced by 1 — 2, leads to 


or*(1 — 0)? f s(1—s)u(s, jie allt 201 —o, 10 —s* +9), 
4 


where C** is a positive constant depending on the point (1—~2,t) of 8S. 


These inequalities imply that the integral in (14) exists as a Lebesgue 
integral. By keeping « > 0 fixed and letting r—>0 in the last two formula 
lines, the upper limit relation (14;) follows. This completes the proof of 


Lemma 1. 


Completion of the proof of (1X). It is sufficient to verify that each of 
the functions u—u;(a,t) given by (12;), where j — 1, 2,3, satisfies (14,)- 
(14,). For, if (14,)-(14;) holds for two or more functions, it clearly holds 
for their sum. In (12,), it can be supposed that F',(s), a function of bounded 
variation in 0=s St <1, is non-decreasing (for otherwise F',(s) is written 
as the difference of two non-decreasing functions, and each of the two 
corresponding functions (12,) is treated separately). But if F,(s) is non- 
decreasing, then (VII), proved above, implies that (12,) is non-negative. 
Then (14,)-(14,) follow from Lemma 1. In a similar manner, it is shown 
that w= us(z,t), given by (122), satisfies (14,)-(14s). 

If a function F;(s), defined on 0 << s <1 and satisfying (133), can be 
written as the difference of two non-decreasing functions each of which 
satisfies (13;), then it follows, in the same way as above, that u = u;(2, t), 
given by (123), satisfies (14,)-(14,). Finally, it is clear that the usual 
device used for decomposing functions of bounded variation, 


‘ 
& 


P.(s) = f | aF,(8)|—(f |aFs()|— Ful), (0< 8 <2), 
3 3 
yields the desired decomposition. This completes the proof of (IX). 
Proof of (VIII). It will be shown that (VIII) follows from Lemma 1 
and from the assertions (X) and (XI), to be proved below. In fact, Lemma 1 
and (X) imply that, if w(2z,¢) is a non-negative, continuous solution of (1) 
on S, then there exist functions F’,(s), F2(s), F'3(s) satisfying (13,)-(133) 
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and having the property that u(z,¢) possesses a representation (9) in terms 
of (12,)-(12;). Finally, the inversion formulae in (XI) and the non- 
negativity of u(z,¢) imply that the functions F’,(s), F2(s), F3(s) are non- 
decreasing. 

Proof of (X). Let u(a, ¢) be a continuous solution of (1) on S§ satisfying 
(14,)-(14;). Let 0<e¢«< 3} and put 


(36) uf(a,t) =u(x(1 — 2e) +, t(1 — 2c)? + €). 


Then u‘(z,¢) is uniformly continuous on S and represents a solution of (1) 
on S. By (II) and (IV), the function u=—u‘(z,t) possesses a repre- 
sentation (9) in terms of functions (8,)-(8;). The Riemann integrals (8,)- 
(8;) can be written as Riemann-Stieltjes integrals (12,)-(12;). For the 

case at hand, the function F,(s) = F,‘(s) is given by | 


F,£(s) = const. + fue r(1— 2e)? + e)dr, 


or, for a suitable choice of the const., by 


8 (1-2€) 2+e 


F f(s) = (1 — 2e)” ¥ u(e, r)dr, (0 <8< }). 


0 


8 (1-2€) 2+e 


F,(s) = (1—2e)-2 f u(1—er)ar, (0<s<1) 


e 


0 


8 (1—2e€) +e 
P.¢(s) = (1—2¢)* J u(r,¢)dr, (0<s<}). 
3 


uf(x,t) = u,£(a,t) + uf (a, t) + usé(a, t), 


t 
ux* (2, t) ——f 6,(2, t —s)dF,*(s), 
0 


t 
Us’ (r,t) = f 6,(a — 1, t—s)dF.‘(s), 
0 
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(123°) us*(z, t) = rf {0,(a — 8, t) —0,(z + s, t) }dF;*(s). 


Clearly, the assumptions (14,)-(14;) imply the existence of the functions 
(37,)-(37;). Also, (14,) implies that, for any ¢ on 0 < t < 1, the functions 
F,*(s) are uniformly bounded and of uniform bounded variation for 0 Ss > i. 
Helly’s selection theorem implies therefore the existence of a function F,(s), 
0 =s <1, which is of bounded variation on every interval OS st <1, 


and the existence of a sequence of positive numbers ¢,’,€.1,- - - satisfying 
lim «,1 = 0 and lim F,‘(s) = F,(s), («= «,'), 
n>o n—> co 


where 0<s<1. In addition, (17) and Helly’s term-by-term integration 
‘for Riemann-Stieltjes integrals imply that the function (12,£) where « = ,’, 
tends to (12,) as n>, for every (z,¢) in 8. 

The arguments applied to the family of functions F.‘(s), where « = e,', 
also show the existence of a function F.(s), of bounded variation on every 
interval Ost <1, and of a subsequence ¢,”,«7,- - - of the sequence 
€,'.€,",- - -, having the property that (122°), where « —«,”, tends to (122) 
as n—>oo, for every (2, ¢) in 8S. 

Finally, by considering the family of functions F',‘(s), where « = e,’, 
it is seen that there exist a function F;(s), 0 << s <1, of bounded variation 


on §6=s=1-—8 for every small positive 5, and a subsequence ¢,°, e.°,- - - of 
the sequence «,”, «*,- - - in such a way that 
lim F;‘(s) = F3(s) (€ = e,*) 
n> o 


holds on 0<s<1. Furthermore, (14;) implies that 


1 


1 
lim sup fs(1—s)| dF¢(s)| <0, hence f s(1—s)| dF4(s)| <eo. 
€-0 . ; 

Hence, if G(s) and G(s) are defined by dG@*(s) —s(1—s)dF;£(s) and 
dG(s) =s(1—s)dF;(s), respectively, these functions are of uniformly 
bounded variation. If the kernel in the integral in (123°) is divided by 
s(1—s), the relations (34) and (35) and an application of Helly’s term- 
by-term integration theorem show that (12,£) tends to (123) as no 
(where « = «,°). 

Consequently, if « = «,° in (9°) and n->0, the right side of (9*) tends 
to (9), where w,, Us, us are given by (12:), (122), (123), respectively. On 
the other hand, the left side of (9°) tends to u(x,t) as e—>0, by virtue of 
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(36) and the continuity of u(z,t) on S. This completes the proof of the 
representation (9) for the given function u(z,¢) in terms of integrals of the 
form (12,)-(123). 

For the proof of (XI) and (XII), it will be convenient to have the 
following localization theorem: 


Lemma 2. Let F;(s) be defined on 0 <s <1, be of bounded variation 


on every closed interval of 0<s<1, and such as to satisfy (133). Let 
0<8<land 0<8<4<1—8s. Then 


8 
(38) lim} } {6(a@—s,t)—6(a+s, t) }dF;(s) =0 
and . 
(39) lim fi {O(a — s,t) —0(z +s, t) }dF;(s) =0, 


1 
and both of these limit relations are uniform with respect to x and 8 if 
0 < const. = x— 68 and 1—x—68= const. > 0. 


Proof of Lemma 2. If s > 0, the mean-value theorem of differential 
calculus gives 


4{0(x— 8, t) — 6(z + 8, t)}/s = — 0,(2 i §s,t), 


where | | < 1 and é=€(z,s,¢). Since (17) holds uniformly on any interval 
0<% Sr=z, < 2, it follows that, if « > 0 is given, 


4 | 6(a@—s,t) —O(x+5,t)|/s<e 


holds for 0 << s=6 and for sufficiently small ¢ >0. But then the integral 
é 


in (38) is majorized by cf s | dF,(s)| for small ¢>0. In view of (133), 


0 
this proves (38). The relation (39) is proved in the same way; cf. (35). 
The last part of Lemma 2, concerning the uniformity of (38) and (39), 
is clear from the above proof. 


Lemma 3. Let F,(s) be defined on0 <s <1, be of bounded variation 
on every closed interval on 0<s <1, and such as to satisfy (133). Then 


the series 
1 


(40) 23 (kx) sin kaw f sin brs dF,(8) = G(z) 
k=1 


0 
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is uniformly convergent for 0S 21; in particular 


(41) lim G(x) = 0 and lim G(x) = 0. 


z-0 @-1 
Proof. First, it will be shown that (13;) implies 
re 
(42) sf | dF;(r)|—> 0 and sf | dF’s(r)| > 0, 


8 4 
and 


(43) Sf \aron|arce and SF larceias <0. 
0 8 2s 


Let « > 0 be given and let 6 6, > 0 be chosen so small that 


& 


6 6 6 
> franz f rar ies f | dF,(r)| . 


h 
Since, if 8 > 0 fixed, sf | dF;(r)|—>0 as s—>0, the first part of (42) 
5 
follows, « > 0 being arbitrary. The second part of (42) is proved in the 


same way. 
By Fubini’s theorem on iterated integrals, the integrals in (43) are 


3 1 
fs ars(s), and f (1—s)| dF3(s)|, 


0 


respectively, and are finite by (133). 
Let G(x) denote, for a moment, the function defined on 0= 2 < $ by 


@ 


(44,) G(r) = ff ar.(r)ds + ax 
0 8 
and on $ << a1 by 


(445) a2) — ff dF,(r)ds + ax + B, 
2 3% 


In view of (43), these definitions are meaningful. If the constants « and B 


are chosen to be 


2——p—f farina—f f areas 
s 3 0 8 
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it is seen that G(4 —0) = G@(4 +0); so that G(x) can be defined at z= } 
so as to be continuous there. The above choice of a, B assures that 






(45) G(0) = G(1) =0. 





The relations (43) show that G(x) is absolutely continuous for OS7=1 
and that 










0 
), ; ; 
(46) G’ (x) is f dF;(r) + @ or ntl dF;(r) +e 
@ 3 
according as 0< xX} or}S2<1. The k-th Fourier sine coefficient of 
G(z) on 0< X<1 is, by (45), 
Hy r 
2 f G(x) sin kra dx = 2(kr)* f G’ (x) cos krax da, 
0 0 
the last integral existing in virtue of (43). Since (42) implies that 
12) G’(a) sinkra > 0 as x>-+ 0 or e->1-——0, another integration by parts 
and (46) show that the expression on the right in the last formula line is 
he , 


2 (kr) -? f sin kra dF;(2). 
0 












Hence the series in (40) is the Fourier sine series for G(x). Since G(z) 
is of bounded variation, continuous on 0 Sz 1, and vanishes at = 0 and 
«=1, the uniform convergence of the series (40) follows. This proves 








Lemma 3. 





Proof of (X1). Let u(z,z) be a continuous solution of (1) on S, repre- 
sentable in the form (9) in terms of functions (12,)-(123). It will first be 
shown that, for 0 < ¢ < 1, 







t 


(47) lim f(a, s)ds—F,(t—0) — F,(0). 
@—>+0 ¢ 







In the proof of (47,), use will be made of (18) and (20), as follows: The 
function U,(z,¢) has a representation of the form (9) in terms of functions 
of the form (8,)-(83), where fi(s), f(s), fs(s) are F,(s) —F(0), 0,0, 
respectively. Hence, by standard theorems (cf. [1], p. 355), (47,) holds 
almost everywhere. Actually, the limit in (6,) exists and is f,(s—0) for 
every point s at which f,(s) is continuous from the left (cf. [1], p. 355). 
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(This can be deduced from the standard treatment of Lebesgue for “ singular 
integrals ”; cf. the proof of (XII). Incidentally, (47,) follows from (XII) 
itself.) Hence, (47,) holds for every ton 0<t< 1. 

These arguments also show that 

















t 


(472) lim u, (x, s)ds = 0, (0<t<1). 


2-1-0 


The limit relation 
t 


(473) lim u,(z,s)ds = 0, (0 <2 < 1), 
t—>+0 
is a consequence of the existence of the integral (47;) as a Lebesgue integral. 
In the same way as (18), (20) lead to (47,) and (47.), it is seen that 
(21), (22) lead to 


t 
(48;) lim f U2 (x, s)ds = 0, (0<t<1), 
@-—>+0* 
and , 
(482) lim f U2 (2, s)ds = F.(t —0) — F,(0) (0<t<1). 
@->1-0* 
0 


In addition, the proof of (47;) shows that 
: 
(485) lim f u(x, 8)ds = 0, (0<2<1). 
t-—>+0 
0 


Finally, it will be shown that 


t 


(49;) lim } u;(z,s)ds = 0, (0<t<1) 
z—>+0 
and ; 
t 
(49.) lim | ws(2,s)ds = 0, (0<t<1) 
@—1-0 
0 


and that, for0<r¢<y<1, 


y 


(49;) lim us(s,t)ds = 4{F3(y + 0) + F,(y—0)} 


t—>+0 4 


2 —4}{F:(x4 + 0) + F,(a—0)}. 
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If 0<e < #¢, it is clear from (25) that 
: 
J Us (x, $)ds = 2 3 (kar) -*{exp (— k?’e) 
€ tT 1 
— exp(— k?x*t)} sin kre f sin ks dF’;(s). 
0 
Since the integral in (49,) and/or (49.) exists, the convergence of (40) and 
the regularity of Abel’s summation method show that the last equation becomes 
t 1 
J tua(x, 8) de — 23 (ex) -*{1 — exp ( (— ke") sin kez f sin bred, (6), 
0 nie 0 
ase—>-+0. (Strictly speaking, e—-+ 0 is not Abel’s summation method; 
however, if 0 terms are inserted to take care of terms exp(— kr’e), for k 
not a square, Abel’s theorem becomes applicable.) For a fixed ¢ > 0, the 
last series is uniformly convergent for0 S[z=1. Hence (49,), (492) follow. 
In order to prove (493), let 8 be so chosen thatOd <<8<r<y<1—éS. 
Then the uniformity statement concerning (38), (39) in Lemma 2 implies 
that the expression on the left of (493) is the limit of 
y 1-5 
f 4 fi {0(s—r,t) —0(s +1, t)}dFs(r)ds 
o 86 
as {> + 0, provided that this limit exists. For a fixed ¢ > 0, the expression 


in the last formula line is 
nf 


1 
(50) 23 (km)-* exp(— k?xt) {cos ky — cos krx} f sin kas dF;(s). 
=a 
5 

Consider a function of bounded variation H(s) defined on OSsX1 by 
letting dH(s) be 0, dF(s) or 0 according as OSs <6, 8 s<1—6S or 
1—8<sSX1. If the Fourier-Stieltjes sine series of H(s), on OSs 1, 
is integrated from s =z to s=y, the result is (50), when ¢0. Conse- 
quently, when ¢ = 0, the series (50) is convergent and its sum is the expression 
on the right of (49;), since 0 << 8<r<y<1—8s. Finally, (493) follows, 
since ¢> + 0 in (50) is a regular summation process; cf. the remarks in 
the proof of (49,)-(492). 

The inversion formulae (15,), (152), (153) are consequences of (9) and 
(47,)-(473), (48:)-(483), (49:)-(49s), respectively. This completes the 
proof of (XI). 

The proof of (XII) will depend on Lemma 2 and a standard lemma of 
the Lebesgue-Toeplitz type; cf. [4]. 
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tion of bounded variation on the interval |o| S10, and possess the 
following properties: 
(i) lim y(o, 7) = 0 for every fixed ¢ on 0< |o| S71; 


T>+0 


(ii) lim { | dow(o,7)| = 0 for every fixed 8on0 <8 <1; 


T>+0% 


(iii) lim sup | |o| | dop(o,7)| << for some 7 >0; 
T>+0 
lo|<n 


(iv) lim f odoy(o,7) ——1 for every fixed on 0 <8< 7». 
T—>+0 
lol <6 


Let F(x) be defined and bounded for |x| <1 and of bounded variation on ; 


every closed interval on |x| <1. Then 


B 
(51) I(a,7) = { ¥(e—o,7)dF (0), 


where «== max(—/1,2—1l1) and B=min(l,x+1), exists and, for every « 4 


on |x| <1 at which F(x) is differentiable, satisfies 
(52) lim I(2, 7) = F’(z). 


T—+0 
Proof of Lemma 4. The dF(c) in (51) can be replaced by d{F(c) — F(2)} 
for any fixed z. Let r—o be introduced as a new integration variable in 
(51). Property (i) and an application of integration by parts to (51) show 
that J(2,t) exists and that 


@—-a 


I(z, 7) -f {F(x—o) — F(z) }dop(o,7) + 0(1) 
a-B 
ast—>+0. If |a2| <1, then, for some 5, where 0 <8 < 7, 


I(2,2) =— J {F(0) —F(e—e) }dop(o,) + 0(1) 


lol <d 


as r—>-+0, by virtue of property (ii) and the boundedness of F(c). If : 


F’(x) exists, property (iv) implies that 


(2,7) —P(2) = f- (P'(2) — (F(x) —F(e#—«))/o}edoy(a, +) + 0(1) 


lol<d 
asr—>-+0. Finally, if 6, is chosen so small that 


| F’ (a) — (F(x) —F(x—«))/o | <e for lo | < 8, 


Lemma 4. For a fixed tr on0 <7 1, let W(o,7) be a continuous func. 
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it is seen that 


lim sup | [(2,7) — F’(x)| Selim sup f |o| | dow(o,7)|. 


T—>+0 T—+0 ol <a 
Since « > 0 is arbitrary, property (iii) implies the assertion (52) of Lemma 4. 
Proof of (XII). Let u(z,¢) be representable in the form (9), in terms 
of functions (12,)-(12;). It will first be shown that if 0 <s <1, and if 


F,/(s) exists, then 
(53) lim wu, (2, s) = Fy’(s). 


@2—+0 
The identity (16) shows that 
— 0,(x, t) = (2, t) + 42°#0(z, t), 


where #(2z,¢) is the source function (10) and 


o(a,t) — 3 t-*/*{ (a + 2k)exp(—(a + 2k)2/4t 
* + (x— 2k)exp(—(x — 2k)?/4t) }. 
Since this series is uniformly convergent for OS r7Sa,<2 andO0O<tS1l 
and since each term is 0 for x — 0, 
o(z,t) +0, as r->0, uniformly for 0< #51. 


Hence, (12,) shows that (53,) reduces to 
a 
lim f (2, t—s)dF,(s) = F,’(s), 
@—-+0 
0 


provided that this last relation is valid. To insure its validity, it is sufficient 
to show that the function y(o,7) defined by 

¥(o,7) = $(7,¢) (09<7131,0<¢21) 
and y(0,7) —0, possesses properties (i)-(iv), Lemma 4. (In this case, 
¥(o,7) is defined, not for |o|</ but for 0So01. This is irrelevant; 


in fact, w(o,7) can be defined to be 0 for negative a.) 
Property (i) is equivalent to lim ¢(2, t) =0 for 0 < ¢=1, which holds, 


z2—+0 


by (10). Property (ii) is equivalent to 
1 
Lim f | dr (x, s)| ds =0 for 0 <8 <1. 
aie 


Since 2x#¢:(a, t) = — 4at-*/?(3 — 42?/t)exp(— 2°/4t), property (ii) holds. 


Property (iii) is equivalent to 
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n 
limsup f s | o:(s,x)| ds << for some y > 0. 
@->+0 
0 





Since 0(to(za, t)) /dt = (2, t) + td:(z,t), a pair of sufficient conditions for 






(iii) is 

(54) lim sup f | desp(z,8)| <0 

and é 

(55) lim sup f | d(x, 8)| ds <a. 
0 













However, by (10), the function 270(t¢(2,¢t))/0t, being identical with ; 
gat-*/* (42? — t)exp(— 2?/4t), vanishes only for t==42?. Hence, by (10), F 
the integral in (54) is 2(27r)4exp((—4) for all 7; so that (54) holds. 
The integral in (55) is a constant multiple of 
f axs~*/? exp(— x?/4s)ds = 4 sf exp (— s?) ds (42s? > s). 
0 0 


Hence, (iii) is satisfied. Finally, the integral in (iv) is 


é 5 
J s61(2, s)ds— 34(2,8) — f(a, 8) ds. 
0 m 
But 3¢(2,8) > 0, for §> 0 fixed, and 


5 
7 (2, s)ds = 2x* f exp (— s”) ds, (y = 4287). 


vy 


Since y—> 0 as x0 for 8 > 0 fixed, (iv) is satisfied. This completes the 
proof of (53,) for any s on 0 << s <1 at which F,’(s) exists. 
Next, it will be shown that 


(532) lim u2(z, s) = 0, (0<s<1). 


r—>+0 
This is quite on the surface, since 6,(z,¢) 0, as x—>1, holds uniformly 
for 0 << ¢=1, as can be seen from (16), by writing ; 


— 248, (2, t) = 3 t-9/"{ (« + 2k)exp(—(a + 2k)?/4t) 
vous (@—8k-+ B)exp(—(e — 2k — 2)/42)} 





(the latter series is uniformly convergent for 0 << #1 and for z on any 
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| closed interval not containing an even integer, while each term is 0 for z = 1). 
| Hence, (532) follows from (122). Also 


ns for 


(533) lim u3(z,s) =0 (0<s< 1). 


@2—7>+0 


This follows from (25), in view of the uniform convergence with respect to 
) « (for ¢ > 0 fixed). 


Se 


with 
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The relations (53,), (532), (533) imply the statement of (XII) con- 
cerning (6,). Since @(a,t) is even, of period 2 in x (for ¢ >0 fixed), the 
statement concerning (6.) follows from that concerning (6). 

In order to prove the assertion of (XII) involving (63), it will be shown 
that 


(56,) lim u,(z, t) = 0, (0<.2 <1); 
t—>+0 

(562) lim u2(z, t) =0, (0<2<1); 
1—>+0 

and that if 0 << 2 < 1 and if the derivative F,’(2) exists, then 

(563) lim us (x,t) =F’ (2). 
t—>+0 


The formula (12,) can be written as 


t 
us (2,t)—— ff 6,(2,8)dF,(t —8). 
0 
But (17) implies, for 0 < 7 < i, 
° t 
u(t) =0(1) f | dF,(s)| , (t—> 0). 
0 


Consequently, (56,) follows from (13,). Similarly, (56.) follows from (17) 
and (13.). Thus, only (56;) remains to be proved. 

Lett O<a<land0<8<2<1—8. Then Lemma 2 and (25) show 
that, in the proof of (563), it can be supposed that dF';(s) —0 for0 << s <8 
and 1— 8 <s <1; or, more generally, that not only is (133) satisfied, but 
that F',(s) is defined and of bounded variation 0=s=1 (and also that 
F,(0) = F;(1)). Then, if the identity (16) is used, (12,) becomes 


H(tn) 3 { f " exp(—(x—s + 2k)?/4t) dFs(8) 


— f exp(—(a +s + 2k)*/4t)dF(s)}. 


If F3(s) is defined for —o< s <0 by the periodicity condition F;(s + 1) 


12 
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series shows that 


+o 


U3(z, t) = (tr)? f exp(—(x— s)?/4t) dF;(s). 


Hence, (56;) will follow from Lemma 4 if it is shown that the function 
W(o, 7) = 3(rx)* exp(— 0°/4r) 


has the properties (i)-(iv), with 1 oo. 


Condition (i) is implied by y(+0,7) =0 and 
lim 7? exp(—o?/4r) = 0, o ~ 0. 
t—>+0 


For a fixed 7 > 0, the function y(o,7) is a monotone function of o on each F 


of the half-lines —o<o=—6, 8a<oo and satisfies y(0,7) =0, 
Hence, (ii) is a consequence of (i). As in the case treated above (in con- 
nection with (54) and (55)), a pair of sufficient conditions for (ili) is 


(57) lim sup } 7? | doo exp(—o?/4r)| <0 
t—>+0 
and % 
lim sup | 7? exp(—o?/4r)do <0. 
t-—>+0 


However, 0(1 40 exp(— 0°/4r) /do = 7? (1 — $0°/r) exp(—o?/4r)* vanishes 
only for o? = 2r. Hence, the integral in (57) is 2*/?exp(—d4) for all 7; 
so that (57) holds. The change of variables o/27?->o shows that the 
integral in the last formula line is the integral of 2exp(—o”’) over 
—xa<a<o. Thus, condition (iii) is satisfied. Finally, the integral in 
(iv) is . 
+5 
(rn)-¥8 exp(—88/4r) — f $ (rx)? exp (— 0/47) do. 
48 
For 6 > 0 fixed, the first term is 0(1) as r+ 0; while the change of 


integration variables o/27? > o@ shows that the integral is 
at f exp(— o*)do + 0(1) = 1+ 0(1) 


as7—>-+0. Thus, (iv) holds. 
Consequently, (56;) follows from Lemma 4. This completes the proof 
of (XII). 


= F',(s), an obvious change of variables in each of the integrals in the last i 
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Proof of (V). The existence of the integrals (8,)-(83;) as Lebesgue 
integrals follows from the first part of the proof of (IX); cf. the remarks 
following the italicized assertion (X). That the sum (9) of (8,)-(83) is a 
continuous solution of (1) on S is a consequence of (IX). Since (9) is a 
weighted average of the bounded functions (f1, f2, fs) with non-negative 
weights and total weight one (cf. the maximum principle used near the end 
of the proof of (IV)), it follows that (9) is bounded on S. Finally, (6;)- 
(6;) holds almost everywhere by virtue of (XII). This proves (V). 


Proof of (VI). It follows from the assertion (X) that, if u(a,¢) is a 
continuous solution of (1) on S and is bounded on S, then wu has a repre- 
sentation as a sum (9) of integrals (12,)-(123), where F, F2, F3; satisfy 
(13,)-(13;), respectively. On the other hand, an examination of the proof 
of (X) shows that the assumption that wu is bounded implies that Fi, Fo, F's 
are absolutely continuous with bounded derivatives. Consequently, u has a 
representation as a sum (9) of integrals (8,)-(8;), where f, fe, fz are bounded 
measurable functions. That w satisfies (6,)-(6;) almost everywhere follows 
from (V). This completes the proof of (VI). 


THE JOHNS HOPKINS UNIVERSITY. 





REFERENCES. 





[1] G. Doetsch, Theorie und Anwendung der Laplace-Transformation, New York, 1943. 

[2] M. Gevrey, “Sur les équations aux dérivées du type parabolique,” Journal de 
Mathématiques, ser. 6, vol. 9 (1913), pp. 305-471. 

[3] G. Herglotz, “ Ueber Potenzreihen mit positivem, reellem Teile im Einheitskreis,” 
Berichte iiber die Verhandlungen der kéniglich Sdchsischen Gesellschaft 
der Wissenschaften zu Leipzig, Math.-phys. Klasse, vol. 63 (1911), pp. 
501-511. 

[4] H. Lebesgue, “ Sur les intégrales singuliéres,” Annales de la Faculté des Sciences 
de VUniversité de Toulouse, ser. 3, vol. 1 (1909), pp. 25-128. 

[5] E. E. Levi, “ Sull’equazione del calore,” Annali de Matematica, Ser. 3, vol. 14 
(1908), pp. 187-264. 

[6] A. Ostrowski, “Ueber die Bedeutung der Jensenschen Forme] fiir einige Fragen 
der komplexen Funktionentheorie,” Acta Litterarum ac Scientiarum 
(Szeged), vol. 1 (1922-23), pp. 80-87. 

[7] B. Riemann-H. Weber, Die partiellen Differentialgleichungen der mathematischen 
Physik, vol. 2 (1901), pp. 111-118. 

[8] A. Wintner, “The real elliptic 9,-function,’ Duke Mathematical Journal, vol. 15 

(1948), pp. 407-411. 








ON THE DISTRIBUTIONS OF THE ZEROS OF FUNCTIONS 
BELONGING TO CERTAIN QUASI-ANALYTIC CLASSES.* + 


By I. I. HirscuMan, JR. 





1. Introduction. Let f(t) be an infinitely differentiable function 
defined for —oo < ¢ <0, and let M, be a given sequence of positive constants. 
We shall write f(t) e C{M,, k} whenever 


(1) | #™ (t)| < Alm, —n<ct<o, 


for all n and for a suitable constant A which may depend on f(t). 

Let f(t) eC{n!,k}. Then f(¢) is the restriction to the real axis of a 
function which is analytic in a symmetric strip about the real.axis of half 
width 1/k and is bounded in every smaller symmetric strip. Let Z(w) be the 
number of zeros of f(t) counted according to their multiplicities in the closed 
interval —u=t=vu. It is known that if fs<0 then 


(2) lim sup (2/rt) log Z(t) Sk. 
t—> © 


On the other hand if a distribution of zeros is given for which the limit 
superior in equation (2) is less than & then there exists a function 
f(t) e C{n!, k} which has precisely these zeros. See [1; vol. II, p. 111]. 
It is our purpose to extend such theorems to functions belonging to 
certain quasi-analytic classes. A typical example of our results is that if 
f(t) e C{n!(log [n + e])", &} and if Z(u) counts the zeros of f(t) as above 
then 
(3) lim sup (2/zt) log log Z(t) Sk. 


t~o 


On the other hand if a distribution of zeros is given for which the limit 
superior in equation (3) is less than k&, then there exists a function 
f(t) e C{n!(log [n + e])", &} with precisely these zeros. 

An essential step in our procedure is a theorem which we may illustrate 


by the following particular case. 
Let f(t) e C{n!(log [n + e])",&}. If for an infinite sequence of intervals 


|¢—t, | S k* exp[— xK’t,/2], lim t, = +0, 


* Received June 20, 1949. 
1 Research supported in part by the Office of Naval Research. 
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we have 
| f(t) | S exp[— exp exp(zi’t,/2) ], 


and if k’ > k then f(t) =0. A less precise result was demonstrated in [4] 
where it was shown that f=0 follows from the assumption 

| f(¢)| S exp[— exp exp(xk’t/2) ] K>k 
for all large positive ¢. The methods of [4] are however applicable to more 
general quasi-analytic classes than those treated here. 






we 















ion 
ts. 
2. Auxiliary functions and preliminary results. Let M, be a set of 
positive constants such that limn—>o M,"=o. We set, as is customary, 
(1) T(v) = Max v"/M, 0OSv<o. 
n=0 
We note that 
"I (2) Max v"/T(v) <M, n=0,1,°°° 
lf v0 
"= See [6]. Given v = 0 we define nz(v) to be the largest integer n for which 
d v"/M,—T(v). We set 





(3) H(v) = (2/m) { log T (t) t-2dt. 





It is well known, see [6], that the class C{M,} consisting of all functions 
f(t) such that for some k, f(t) eC{M,; k}, is quasi-analytic if and only if 
H(v)—>0 as vo. Thus when C{M,} is quasi-analytic the function $(v) 
which is inverse to H(v) is well defined for 0 =v <<, and 







H(v) 
(4) v == (2/r) 5 log T(t) t-*dt. 





We shall need the following results. 

LemMA 2a. Let M,—n![v(n)]" where v(0) >0, and v(n) 18 non- 
decreasing. If f,(t), fo(t) eC{Mn, h} then f,(t) - fo(t) © C{Mn, k} fork > h. 
We have 
| fi (t)| S AM, —woct<co;i—1,2;n—0,1,---. 








Using Leibnitz’s rule we find that 
[f.(t)fo(t)™ = BOP (Ofer? (t). 





Tfi(é)fe(t) | S AAs Cirh4j \[v(j) Joh") (n — J) '[v(n — 9) 9 





n 


< A,As Sn! [v(n) ]8[v(n) In", S AyAo(n + 1)hen![v(n) ]*. 
$=0 





Our lemma immediately follows. 








398 I. I. HIRSCHMAN, JR. 


By f(x) ~ g(x) and f(z) =[~g(x) we mean respectively that 
lim f(x)/g(x) =1 and that lim sup f(2z)/g(z) S1. 


LemMMa 2b. Let M,=—n![v(n)]" where v(x) is continuously differ- 


entiable for OSxr<o. If v(0) =1, V(r) 20, a(x) /v(x) =0(1) as 


a—o then 


A. H(ar) ~ H(z) a>0,¢4>0. 
B. H(%22) [~H (a) + H(22) Ly, 2 >. 
C. 0H(r) =~ H(z’) ; 0<d0<1,t->0. 
D. log (Ar) = ~Alog §(z) A>1,2 > 0. 


By definition 
log T(u) = Max [n log u— log T'(n+ 1) —n log v(n) ]. 


n=-0,1,... 
Treating n as a continuous variable and noting that log '(n + 1) ~ (n+ 3) 
log n—n; (d/dn) log T(n) = log n + 0(1), we have 
(d/dn) [n log u— log T'(n + 1) — nlog v(n) ] 
= log u— log n — log v(n) — nv’(n)/v(n) + 0(1). 


This implies that nr(w)v[nr(u)] ~u, log T(u) ~ np(u), and, combining 
these, that log T(u) ~u/v[n7(u)]. Noting that v and np are both non- 
decreasing functions, it is apparent that there exists a continuous non- 
decreasing function y(w), for which we may take y(0) >0, such that 
Log T(u) ~ u/p(u). 

We may now demonstrate conclusion B. The other results may be dealt 
with in a similar manner. We have 


H (4,22) ~ (2/7) Jf fey(u) Pau Ly, L200 
1 
~ (2/n) J Luy(uyyrdu + (2/n) f Tiy(w) yaw. 
1 v1 
Making the change of variable z,v =u in the second integral we have 


H (2,22) ~ (2/z) fiw + (2/m) JS Tov aey rae, 


or, since y(w) is non-decreasing, 


H (22) S~ (2/n) f tawyrdu +t (2/2) {Too vy rae 


as desired. 
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We leave to the reader to verify that under the slightly stronger assump- 
tion av’(x)/v(x) = 0 (log x)-* we have log T(u) ~u/v(u). 


Let us agree to write expm x and log» x for 
expexp: - -expa and log log: - - logaz, 
respectively. For m a positive integer we define 
N,(™ =n}, 0=n < expnl; N,™ = n![log n log. n- - -logm n|", 
n = e€XPm 1. 


The class C{N,‘"} is called the m-th logarithmic class. It is easily seen 
from the above remark that for C{N,‘™} we have 


log T(v) ~ v/log v log, v: - - logm v; H(v) ~ (2/z) logms v; 
logms1 (Vv) ~ (27/2). 
See also [4]. 
Definition 2c. A quasi-analytic class C{M,} will be said to be regular 
if M, —n!v(n)” where v(x) satisfies the assumptions of Lemma 2b. 
We shall make fundamental use of the following theorem due to Gorny 
[3] and Cartan [2]. 


THEOREM 2d. If 
1. | P(t) =P, [¢—¢ | S1/A;n—0,1,---, 
c. Ses iP’, 


then 
| FP (¢”) | are” Fe OSkSr. 


3. Functions which are small on a sequence of intervals. 


THEorEM 3a. Let C{M,} be a regular class and let H and § be defined 
as in Section 2. If f(t) eC{M,;k}, if for any sequence of patrs {tn, Tn}, 
0<t<t<--:,limt,=o,0ST,S th, we have in each of the intervals 
(t—T, | S1/kv[G(itr)] the inequality | f(t)| S O(1)exp[ —$(#t,)], 
and tf k’ > k, then f(t) =0. 


We note that it is no restriction to assume that f(t) = 0, for by Lemma 
2a the function f,(¢) = f(t)? also belongs to C{M,;k,} for any k, > k, and 
f, =0 entails f=0. 

Next it is no restriction to suppose that A = 1, k= 1, # >1, O(1) —1, 
since we could consider instead of f(t) the function Bf(tb) for suitable 


constants B and BD. 
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- Let us choose constants 9,0 < mn <1, such that t, = [kta] + mo is an 
integer. We apply the theorem of Gorny and Cartan to f(t) with 
T= Tp, t’ == T, ; A= v[H(Kt,) ] Sv(tn) 5 
P, = exp[— §(K#t,) ] S exp[—7. + 1]; P, = 1,![v(t») ]™. 


It is immediately verifiable that P;=7!P,A7, so that the assumption of 
Theorem 2d is satisfied. We have 


| FO (Tn) | S e*%e-™{ x4 ![ (rn) ]*}/™ < Co%e-™[ r90(tT0) J 
0S kt. 


Let us define ¢,(w) -f elf (T, —t)dt, w=u+iww. For e>0 we 
0 


have | ¢n(e+ iv)| S Mo/e, OS <co. We assert that given 06, 0<0<1, 
the inequality | da(e + iv)| S2/eT(v), 1 SvSr,’, will hold for all n 
sufficiently large. We integrate the formula defining ¢,(w) by parts r times 
to obtain 


on(w) —— (s (— 1)*f (T,)w*-] 4. (— yw f eet pr) (T, — t) dt. 
k=0 0 
This implies that 
| oa(e + iv)| S [S| f(Ta)| 7] + Moore 
k=0 


It is clearly sufficient to prove that 


nyp(v)-1 

"S |f (Ln)| oS 1/7 (0) 1Svswl, 
k=0 

where n7(v) is defined as in Section 2. Now 1/T(v) Ze”, np(v) Sv +1, 

so that remembering that v= 1, T(v) ef, it is enough to show that 


») 


> Gere-™[ tay (tn) ]* <= e-Tn® /¢ 
OStSTh 


for n sufficiently large. Since v(x) —O(2*) for any 8 > 0 this is obvious. 
By the principle of harmonic majoration we now have, for n sufficiently 
large, 


log | ga(1 + €)|S (2/n)( flog (Mo/e) [1 +] at 
+ J “Tog(2/e) log 7 (4) ][1 + #yat 
+ f Tog (Mo/e) [1 + #?]“dt}, = — A[r,*] + C, 
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where C is a constant independent of n. Using Lemma 2b, and remembering 
that 6 <1 is arbitrary we see that 


(1) log | ¢n(1 +¢€)| S~— Ft, n>. 


Now in(l te) = fe Og(T, —t)dt —eoom f ef (— u) du. Since 
0 


Omit +z aie, e“f(—u)du. Thus 
0 


(2) log ¢n(1 + €) 2=~— (1+ )t, n—>o, 


if f=40. Equations (1) and (2) are in contradiction if ¢ is sufficiently small 
and this implies that f(¢) ==0, which is what we wished to prove. 


THEOREM 3b. Let «, O0<e1, be given; then Theorem 3a remains 
valid if the inequalities hold in the intervals | t--T, |S e{kv[$(H tn) ]}7 
instead of in the intervals |t —T, | S {kv O(Mtn) ]}-. 

We shall merely sketch the modifications necessary to prove this slightly 
more general result. Let 3, = 2e/kv[$(k't,)], and let N be an integer so 
large that (2N-+1)e=1. We consider instead of the function f(w) the 
sequence of functions 


Pn(u) = [f(u)f(u + bn) f(u — bn) f(u + 28n) > > > f(w+ N8n)f(u — N8,)]?. 


If k, is any constant k< k, < k’, then by Lemma 2a, we can choose A, 
independently of n so that 


[Lf*n(u) ]™| S Arky"Mn, —wocuco;m=—0,1,°°-. 


Further | f*,(u)|S O(1)exp[— $(#'t,)] for |u—T, | S1/b[O(Mt,) ]. 
As before we may suppose k, —1, etc. We define 


on(w) = j e-wuf*, (T, — u) du. 
0 
Our assumptions lead, by the arguments used previously, to the relation 


lim ik u)du == 0, 
n> o 0 
which is impossible unless f(w) = 0. 

If we apply Theorem 3b, with « = 1 and T,, = t,, to the first logarithmic 
class, then we obtain the theorem quoted in the introduction. If we apply 
Theorem 3b to the analytic class and then make an exponential change of 
variable, we obtain the following result. 
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Corotuary 3c. Let f(z) be analytic and bounded in the half plane i 
Rlz=0 and let «>0 be gwen. If for an infinite sequence of values F 





0<%y<a%2,<---, lima, =o, we have in each of the intervals 
n> eo 









(l—e)m SrSs(1_+e)m 





the inequalities | f(x)| Se" and if k >1, then f(z) =0. 





This special case can serve as an indication of the degree of precision | 
of our results; see [5; Chapter VII]. 




















4. The zeros of functions belonging to regular classes. 
Lemma 4a. If 
1, | F™(t)| S AkeM, —woct<co;n=—0,1,:-:-. 


2. E(t) has N zeros, cownted according to their multiplicities, in the 
interval aStSb, b—a=—1/d. .Then for every n, OSnZN, we have 
| F(t)| SA(k/A)"M,/n! aStSob. 


Although this is doubtless well known, we shall, for the sake of com- 
pleteness, give the proof. Let £:,f,- - -,€n be zeros of F(t) with possible 
repetitions in the case of multiplicities. Consider a value tjaSt=b. If 
F(t) =0 there is nothing to prove. If F(t) #0 we form the function 


F(u) I (t —&,) -- F(t) I (u— &). 


This function is zero for u—t, €,,€,°-+,&n, and therefore, by Rolle’s 
theorem, its n-th derivative must vanish at some point u—=& a<é< b;i.e. 


F(t) =F (é)[n!]> 7] (t—&). 
4=1 
Since | ¢—&; | S1/,| F(™ (€)| S Ak"M,, we obtain the desired inequality. 


THEOREM 4b. Let C{M,} be a regular quasi-analytic class and let 
f(t) e C{M,, k}, f(t) #0. If Z(t) ts the number of zeros of f(u) in the 
interval —t = ust counted according to their multiplicities, then 


(1) lim sup (*H[Z(t)] Sk. 


Because of conclusion A of Lemma 2b it will be enough to show that 


lim sup (7 H[Z,(t)] Sk 
too 
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where Z,(¢) is the number of zeros of f(w) in the interval OSuSt. 
If equation (2) is not true, there exists a constant k’ >, and an infinite 


sequence of values 0 <t, < t2: ++, limt, oo, such that 

(3) H(Z.(tn)) = Wn sidan Bytes 
or, equivalently, such that 

(4) Z.(tn) = §(tn) pam Were 


By conclusion D of Lemma 2b we see that if we choose kK’, k<k’ <F, 
then for all sufficiently large n 


Z.( ty) = BketyS(K’tn) vO (tn) J. 


We divide the interval 0S ¢ S t, into subintervals of length 1/{4kv[6(k’tn) ]} 
beginning at ¢, and proceeding to the left. There may be a fractional interval 
abutting zero. There are less than 5kt,v[9(k’tn)] of these intervals and 
therefore one of them, which when n is large cannot be the one abutting zero, 
must contain more than §(k’t,) zeros. Let rt, be the smallest integer greater 
than or equal to §(k’t,) and let T, be the center of the interval in question. 
Applying Lemma 4a we find that if 


(5) | ¢—Ty | S (8hr[H (kta) 1}, 
we have | f(¢)| S A {kv(tn)/4hv[O(ktn) ]} 7. But lim v(t) /vp[G(ktn) | = 1, 


which implies that for n sufficiently large | f(t)| S exp(—-n), or 
(6) | f(t) | S exp[— H(k'"tn) J. 


Equations (5) and (6) and Theorem 3b show that f(t) ==0 contrary to our 
assumption. Thus equation (3) must hold and our theorem is proved. 


Corotnary 4c. Let f(t) eC{N,“™,k} and let Z(t) be the number of 
zeros of f(u) vn the closed interval from —u to u, counted according to their 
multiplicities. Then we have lim sup (2/rt)logm.s Z(t) Sk. 


t— 0 
5. On the construction of functions with prescribed zeros. We know 
from Section 2 that if C{M,} is a regular quasi-analytical class, then 
log T(u) ~ u/w(u), where ¥(u) is continuous, non-decreasing and ¥(0) > 0. 
We set 


(1) dae fas Jf Cup (u) Pade, 
(2) R(u) =log H*(u), = p(u) = ¥[H*(u)]. 
We have 
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(3) v(exp R(u)) = p(w), R(u) = (n/2) f ‘o(z)da. 


The first of these relations is immediate; the second may be demonstrated : 
by differentiating equation (1) and the first equation of (2) to obtain 


R’(u) = (2/2)p(u), and then noting that R(0) —0. 

Let « > 0 be given. It will be convenient to write A for 1 + «. 

Let Sz be the strip in the z plane, z =a - ty defined by the inequality 
| y|< 2/2 for —o<4<o, and let S.» be the curvilinear strip in the w 


plane, w = u + iv defined by the inequalities | v | = 1/Ap(0) for —o< u<0, 


|v |S 1/Ap(u) for OSu<o. Let x(w) be the function which maps S, 
onto S: conformally and is normalized by the conditions (0) = 0, y’(0) > 0. 
Let F(z) be analytic and bounded in S8;. 
We define 


(4)  f(w) = [4p(0)* + w*}* exp{— d(A)exp[x(w) /A] }F[x(w) ], 
where d(A) = exp(42/A) /cos (2/2A). 


THEOREM 5a. Let C{M,} be a regular quasi-analytic class and let f(w) 
be defined by equation (4), then fe C{My, At}. 


We shall throughout the present discussion denote by A any constant 
depending only on C{M,}, and the bound of | F(z)! in S.. Let us define 


(5) o(t) = { cif (u) du, 
We begin by establishing that : 
(6) | $(t)| <A exp[— | t |/ay(|t|)], 0 <t<o. 


It is sufficient to consider the case {= 0. We deform, as we evidently may, 
the path of integration in the integral (5) until it becomes the upper 
boundary P of Sx. If P’ and P” are the parts of P in the left and right 
half planes respectively, then 


oy — J ete F(w)dw + fct©f(w)dw = $1". 
r ae 


Now | f(w)| SA(1+u?)* on P’ so that | I’ | = A exp(— t/Ap(0)) and, 


a fortiori, | J’ | = A exp[—t/aAy(t)], £20. In order to estimate J”, we 
appeal to Ahlfors’ distortion theorem, see [1], to show that for w on 
P” we have Rly(w) 2AR(u) —4r. This implies that for P on W” 


exp{— d(A)exp[x(w)/A]} S exp[—exp R(u)]. If o(v) is the are length 











ic BOD To teed ne ab RATE Heo AM rose m e U Aa  the 


Pret a RRR ahaa ei A SO REP 
































QUASI-ANALYTIC CLASSES. 405 


ee 


along P”’ between the abscissas u = 0 and u = v, then o(w) Su-+ (Ap(0))-, 
» and 


rated ‘ \I”|<A f expl— t/Ap(u) Jexp[— exp R(u)](1 + u?)“*do(w). 
btain ’ 


Let us put ¢—Ap(r) exp R(r). We split the above integral into two 
integrals corresponding to the ranges of integration (0,7) and (7, 0). 
Since p(w) and R(w) are non-decreasing we find by simple estimations that 
| I” |= A exp[—exp R(r)]. Thus to prove that | I” |= A exp[—t/ay(t)] 
we need only verify that for + sufficiently large we have exp[— exp R(r) ] 


ality 
he w 
=0,F 
S Sy 1 < exp[— t/Ay(t) ], which, inserting for ¢ its expression in terms of 7, will 
) be true if y(exp R(r)) =p(r). The validity of this inequality follows from 
4 equation (3). Thus equation (6) has been established. 


Since log T'(u) ~u/y(u) we have 


Si Recarse elbMaERGSAS 




















| o(t)| SA/(T([t |) ™, —ao<c ico. 
1 By the Fourier inversion formula 
(wy BP ilu) = (ey fee (eydts 0 (u) — (Be) Fee (— it) ng (at, 
i Hence 
ant | [f(a Sa f Te ery ymrae. 
a 0 
e § 
We split this integral into two integrals corresponding to the ranges (0,1) 
4 and (1,0). The first of these integrals is O(1) as no. Now 
fit I"[ T(t) at -{7 t |-2{| £ | m2) T(t) } de. 
a 1 1 
‘ Let nm, be the smallest integer greater than or equal to (n+ 2)A?. Then 
ay, i by (2) of Section 2 we have 
ver | Max ¢(™*2)/T(t) < Max t/T(t) S My. 
s ist< © 0st< © 
sht ' Hence 
: J lt \"[ T(t) Jat = A(ny!) [vy (my) ]™. 
4 1 
Hl By Stirling’s formula we have (m!)* = AdA‘n!. It may be easily deduced 
ae from the relation rv’ (x) /v(x) = 0(1) that v(ar) ~ v(x) for any a > 0 so that 
ve Fi [v(m,) }** S Adr*[v(n) ]”. 
ve Combining our inequalities we have 
7 | F™ (u)| S Ant[o(n) Ja —a<uca;n—0,1,- °°, 
| as desired. 
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trary set of real zeros with associated multiplicities be given, and let Z(u) 
be the number of these zeros counted according to their multiplicities in the 


closed interval from —u to u. If limsup t*H[Z(t)] < k, then there exists F 
t— 


a function fe C{M,, k} which has precisely these zeros. 


Because of Lemma 2a we may restrict ourselves to the case where the 


zeros are non-negative. It will also be sufficient to suppose k <1 and to , 


prove that fe C{M,, k’} for any pre-assigned k’ > 1. 


Choose « > 0 so small that if A = (1 + e) then A*= VP’, and let x, R, ete. F 


be defined as in Theorem 5a. Let OS 0,505; :--, be the given 
zeros arranged in order of increasing value and repeated according to their 
multiplicities. Let 2, =y(&) m=1,2,- - +, and let X(w) be the number of 


z;’s in the closed interval from 0 to wu. By Ahlfors’ distortion theorem we 
have X[AR(u) —4r] =Z(u). By assumption we have for all w sufficiently 


large Z(u) [G(u). Thus if r—R(u) we have for r sufficiently large | 


X[Ar— 4r] Se’, i.e, X(r) = Ole"), ro. It follows, see [1], that 
there exists a function F(z), analytic and bounded in S; which has the zeros 2; 
with the correct multiplicities and such that these are the only zeros of F'(z). 

If now f(u) is defined as in equation (4), then f will have just the 
prescribed zeros and, by Theorem da, f ¢ C{Mp, k’}. 


HARVARD UNIVERSITY AND WASHINGTON UNIVERSITY. 
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BESSEL FUNCTION APPROXIMATIONS.* 


By R. S. Puizurres and Henry MALIN. 


In this paper? we have obtained the following bounds for the logarithmic 
derivatives of the modified Bessel and Hankel functions: 


dn{v, [n(n +1) ]8} < vLy(v)/In(v) < dn(v, 0), 


(1) dn(V, 2) <<— v7 Ky’ (v)/Kn(v) < daf{v, [n(n — 1) ]*} 
for v > 0 and n= 1, where 
(2) gn(v,%) = (n/v*)[1 + (v/a)? ]?. 


These inequalities'result from a study of the behavior of the functions 


Xn(v) = vLn’ (Vv) /Ln(v) -- on (¥, &) 5 


(3) Yn(v) =— v7 Ky’ (v) /Kn(v) — on(2, &) 


by means of the Ricatti differential equation which they satisfy. 


TueoreM 1. Jf 0 << an, then Xy is negative and monotonic increasing, 
and its graph approaches the v-axis from below; if n<a<[n(n+1)?(n+2)]%, 
then X» has exactly one maximum and no minima, and its graph thereafter 
approaches the v-axis from above; if «= [n(n+ 1)?(n+ 2)]%, then Xp» ts 
positive and monotonic decreasing, and its graph approaches the v-aais from 
above. 

This theorem is valid for all integers n= 0 and v > 0. 

Making use of the fact that I,(v) satisfies Bessel’s differential equation, 


it is readily found that X, satisfies the differential equation 
4) dZ /dv = — vZ? — 2/v{nf1 + (v/a)?]? + 132 4+ v7 
( —(n/a)?v-t — (n/a?) v7 [1 + (v/a)?]-4. 


One can likewise write down the series and asymptotic expansions for Xn(v) 
from known expansions for J,(v); they are: 






* Received June 27, 1949. 

1 The work of this paper was done under funds granted to New York University by 
the Watson Laboratories of the Air Material Command, Red Bank, N.J., under contract 
W28-099-ac-170. 
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(5)  Xn(v) = {[2(m + 1) ]* — n/(20?)} 
— {[8(n + 1)?(n + 2)]* —n/(8a*)}o? +-- -, 


(6) Xn(v) = [1— (n/a) Ju*— (1/2)v?+---. 


The differential equation (4) associates a direction to every point in the 
(v,Z)-plane. The point and associated direction are known as a line-element. 
In particular we will be interested in the locus of all points where the slope 
of the line element is zero. Setting dZ/dv equal to zero results in a quadratic 
equation in Z. The roots of this quadratic in Z are two functions of v. 
Let U(v) be the greater and L(v) be the smaller of these two roots. The 
curves representing these two functions divide the half-plane v = 0 into three 
regions: the region above the U-curve in which dZ/dv is negative; the region 
between the U- and Z-curves in which dZ/dv is positive; and the region below 
the Z-curve in which dZ/dv is again negative. 

Most of the proof is concerned with an investigation of the U- and L- 
curves. The behavior of the X, curve for small v is known by the series (5). 
We know therefore to which of the three regions XY, belongs initially. Recall 
that X, belongs to the family of Z-curves. It follows that X, will be mono- 
tonic increasing (decreasing) until it intersects with zero slope, a U- or L- 
curve, after which it is monotonic decreasing (increasing) ; etc. The known 
behavior of the X, at infinity enables us to complete the theorem. It turns 
out that the X, behave like U = U(v;a,n). 

We begin, then, by setting dZ/dv equal to zero in equation (4) and find 
that the explicit expressions for U and L are 


(7) U,L=v[—v(ns + 1) 
+ {1+ (n? + 1)v? + (m/s) (a* + 20-*) }4], 


where s = [1- (v/a)?]?; the plus sign goes with U, and the minus sign 
with Z. It is clear from equation (7) that U and L are always real valued 
so that their graphs actually do divide the right half-plane into the three 
regions described above. 

One sees from equation (7) that Z(v) is the sum of negative monotonic 
increasing terms and hence is itself negative monotonic increasing. Further- 
more, L(v) has a pole at the origin. It follows from (5) that the graph of 
X,, starts out above that of Z(v). Furthermore if it should ever touch the 
L(v)-curve it would cross (having a zero slope at this point) and enter a 
region of negative slope. It could never again intersect the L(v)-curve 
since L(v) is a monotonic increasing function. The value of X, at this point 
of intersection would thereafter be an upper bound for X,. Since this value 
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| is necessarily less than zero, this would be contrary to the fact that Xn 


approaches zero asymptotically as v->0o. Consequently the graph of X, lies 
above that of L(v) for allv=0O. 

The quadratic equation in Z obtained from equation (4) by setting 
dZ/dv equal to zero can be rewritten as a cubic function of s.2 The result is 


(8) F(s) =0Z?s? + 2nZs? — [a?Z? + 1 — 2Z —— n?/a?]s + n/a? = 0. 


To a given value of Z and a root s=1, there is a v=0 such that either 
U(v) =Z or L(v) =Z. (This value of Z need not of course be assumed 
by the function X,.) Since F(—o)——o, F(0)— n/a’, and F(«o)=— 0, 
it follows for a given Z, F(s) has at most two roots for which s=1. Since 
L(v) takes on all negative values, it follows that for Z < 0, one of these roots 
and only one necessarily corresponds to a point on Z(v). Hence in the 
region where U(v) is negative, it must be monotonic increasing. On the 
other hand, for positive Z, either zero, one, or two roots can lie on U(v). 
Hence in the region where U(v) is positive it is either monotonic or has a 
single maximum (since, as is readily shown, the graph of U(v) approaches 
the v-axis asymptotically as v0). 

To conclude our description of U(v) we make use of the series and 
asymptotic expansions of U(v) which are readily obtainable from equation (7). 


(9) U(v) — {[2(n+ 1) ]}* —n/(20?)} 

— {[8(n + 1)*]-*— (n(n + 2))/[8(n + 1) a] } 0? 

+ {[16(m+ 1)*]7* — n/[16(n + 1)*a*] 

— [n(n + 8) ]/[16(n + 1)a®]}o*+---, 
(10) U(v) = [1 — (n/a) Jw — [1 —n/(2a) Jw? +--+. 
For «<n, U(v) is negative for v near zero and also for sufficiently 
large v; thus U(v) is always negative and monotonic increasing. For 
n<a<[n(n+1)?(n+ 2)]%, U(v) has a positive slope for small v and 
is positive as v0, which implies that it has a single maximum and no 
minima. Finally for a=[n(n+ 1)?(n+ 2)]%, U(v) has a negative slope 
for small values of v and is positive as v >, and therefore is always positive 
and monotonic decreasing. 





* The change of variable s? = 1 + (v/a)? establishes a 1-1 relationship between the 
two half-planes s=1 and v2=0. The strip 0=s < 1 does not, of course, correspond to 
any part of the real v-plane. Curves in the s-half-plane go over into curves in the v-half- 
plane under a horizontal stretching process; the property of being monotonic and the 
property of having a horizontal tangent are preserved by the transformation. It is for 
this reason that we shall translate freely these properties proved in the s-variable into 
the v-variable without further comment. 


13 
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We now return to the function X,. A comparison of the series expansion 
for XY, and U [equations (5) and (9)] shows that for a = [n(n + 1)?(n + 2)]% 


the graph of A, starts below that of U(v). Now the graph of X, cannot 
intersect that of U(v) from below at a point at which U(v) is increasing, F 


because at such a point thé slope of X, would be zero (by definition of U), 


For «=n, U is always monotonic increasing so that X, remains between f 
L and U, that is in the positive slope region. Consequently in this case X, F 


is negative and monotonic increasing. 


For n<a< [n(n+1)?(n+ 2)]%, Xn can intersect U only at a point FF 
at which U has a non-positive slope. At such a point it must necessarily FJ 
cross to the region above U, since U is either decreasing or at its maximum, fF 


whereas X, has a zero slope and can only decrease by crossing over to the 


region above U. Further, it is clear that X, must cross into this region since 


it approaches the v-axis from above and hence eventually is decreasing. Once 


in the region above U’, X, must remain there for all larger v, since U is there- 
after a monotonic decreasing function and X, would necessarily have a zero | 


slope at any point of intersection. Thus X, is increasing at the start, has 
its maximum at the point of intersection with U and is thereafter decreasing, 
approaching the v-axis asymptotically from above. 

Finally, for « > [n(n + 1)?(n+ 2)]%4, Xn is greater than U at the 
start and since U is monotonic decreasing for v > 0, it follows, as above, 
that X, must remain above U for all v>0. Hence in this case X, is 
positive and monotonic decreasing. This is likewise true when the inequality 
is replaced by an equality since the functions X, are continuous in a. This 
concludes the proof of Theorem 1. 

Upper and lower bounds of the functions wv I,’(v)/In(v) and 
[v-tTn’(v)/In(v) ]’ can now be readily deduced. If a?—n(n-+1), the 
function XY, = 0 for v0 and is thereafter positive; for a =n, X, is always 
negative. If a—[n(n+1)?(n+ 2)]%, then X,’ is negative for v >0; 
whereas if a—n, X,’ is positive for v >0. These results are summarized 
in terms of ¢n(v,%) [see (2)] by means of the following corollary: 


CoroLuaRY 1.1. For all v >0 and n=1, 
dn{v, [n(n + 1) ]#} < v1Ly’(v)/Tn(v) < dn(v, 0), 
gn’ (v,n) < [vln’(v)/In(v) ’ < gn’{v, [n(n + 1)?(n + 2) ] 4}. 


We next proceed to prove a theorem similar to Theorem 1 for the func- 
tion Y,(v) related as in (3) to the modified Hankel function K,(v). 


THEOREM 2. If aS [n(n—1)?(n—2)]*%, then Y, is negative and 
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monotonic increasing, and its graph approaches the v-axis from below; tf 
[n(n —1)*(n—2)]%* <a<n, then Yn has a single minimum and no 
maxima and its graph thereafter approaches the v-axis from below; if a=n, 
then Y, is positive and monotonic decreasing, and its graph approaches the 


v-axis from above. 


This theorem is valid for all v > 0 and n=O. 


The series and asymptotic expansions for Y, are: 


Yo=— [v? log(yv/2)]*+---, 
(11) Y, =— log(yv/2) — (2a?) - -, 
Y, = {[2(n—1)]* — n/(2a”)} 
— {[8(0— 1)*(n— 2) ]° —a/e*}* 4° 


for n > 1, where C = log y =0.577- - - is Euler’s constant. 
(12) Y, =[1—n/a]ot + (1/2)v7+- - 
for n=O and large v. Further Y,(v) satisfies the following differentiai 


equation : 


(13) dZ/dv = vZ? +. (2/v) {n[1 + (v/a)?]? — 132 — vo 
+ (n/a)?v — (n/a?) v7[1 + (v/a)?]-?. 


We shall first show that Y,(v) is a positive monotonic decreasing function 
of v for allv > 0. It follows from (11) that Y, is positive for small v; it is 
further analytic in v for v>0. If Yo were ever to become negative, there 
would exist a vv, such that Y,(v,) =0. For such a v—v,, equation 
(13) shows that dY,/dv becomes —v,1< 0. Hence, although Y, could 
presumably become zero and take on negative values, it could never thereafter 
become positive. However, by the asymptotic expansion (12), Y» approaches 
the v-axis from above as v->0. This behavior is consistent only with the 
assumption that Y, >0 for all v > 0. 

To go on to the monotonicity of Yo, we see from equation (11) that 
dY,/dv is negative for v small. Differentiating equation (13) we get (n= 0) 


(14) d?¥,/dv? = [2vY, — (2/v) ]dY¥./dv + Y.? + (2/07) Y, + v™. 


For any vv, at which dY,/dv =0, equations (13) and (14) show that 
d°Y,/dv? reduces to 2[¥o(v,)]? > 0. Hence if dY,/dv were ever to vanish, 
it must change from negative to positive values. That is to say if dY)/dv 
ever becomes positive, it must remain so. This is inconsistent with the 
asymptotic behavior of Y, as v->2. Hence dY,/dv is negative for all v > 0. 
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We next consider the general case n=1. As in Theorem 1, we are 
interested in the locus of points where dZ/dv=—0. This locus is obtained 
as the solution of a quadratic in Z and defines the two functions U(v) and 
L(v) which are respectively the greater and the smaller of the roots of this 
quadratic. From equation (13), the explicit expressions for U and L are: 


(15) U,L=v?*(1—ns) + {1+ (1+ n’) 0? — (n/s) (a? + 20) }}, 


where s = [1+ (v/a)?]?; the plus sign goes with U and the minus sign 
with L. 

It is no longer true that U and L are defined for all v and n. One can 
therefore not expect U and L to have the simple properties that they had in 
Theorem 1; it is precisely this fact that complicates the proof of the present 
theorem. If U and L are everywhere defined, the half-plane v >0 breaks 
up into three regions in each of which the sign of dZ/dv is everywhere the 
same: the region above the U-curve in which dZ/dv is positive, the region 
between the U- and L-curves in which dZ/dv is negative, and the region 
below the L-curve in which dZ/dv is positive. When U and L are not every- 
where defined, the U- and L-curves have two branches; in the regions interior 
to the U-, L-curves, dZ/dv is negative; in the region exterior to the U-, L- 
curves, dZ/dv is positive. 

One can readily obtain the series and asymptotic expansions of U from 
equation (15). They are 


U, = vt— (2a?) 2+---, 


(16) Un= {[2(n — 1) ]* — n/ (2a?) } 
— [8(n—1)]*{(n —1)* — n(n —2) /at}o? +--+ (n> 1) 

for small v, and 
(17) Un,=[1—(n/a)]u7 + [1—n/(22)]o?+-- -, (n= 1), 
for large v. | 

We see from equation (15) that for those values of v for which L exists, 
L is the sum of two negative terms and is therefore itself negative. Further- 
more, LZ has a pole at the origin. It follows that any solution curve which is 
bounded from below at the origin (hence Y, in particular) starts out above 
the L-curve. 

As in Theorem 1, we shall again study the U- and L-curves by means 
of the cubic function of s obtained from equation (13) by setting dZ/dv = 0, 
namely, 


(18) F(s) = a?Z*s* +- 2nZs? — {a?Z? + 2Z + 1— (n?/a?)}s — n/a? = 0. 








e are 
ained 
} and 
this 
are: 


rom 




















ts Peta ren tists aaa ai aan, 
















Sheet 
Scores! 


Sia DSR Nf SEE 


Babies 


ie TI, idee aia tenis Lhe ORS eee ce ae eee ee 






413 





BESSEL FUNCTION APPROXIMATIONS. 


To each value of Z and a root s= 1 of F'(s) = 0, there is a v such that either 
U(v) =Z or L(v) =Z. 

We shall first consider the case «=n. It is easy to see that the radicand 
in equation (15) is positive since 1 > (sn)*=n/(sa?) and 1+ n?= 2n 
> 2n/s for s >1. It follows that U and L are defined (and single valued) 
for alls >1. Furthermore, for Z > 0 and « = n we see that the coefficients 
of F(s) have the signs (+ -+-—-—) in the order of decreasing powers of s. 
Thus there is just one variation in sign, and by Descartes’ rule of signs there is 
precisely one root for s >0. Now the U-curve has a positive ordinate and 
negative slope at s = 1 and approaches the v-axis from above as vo. If 
U were to have a minimum, there would be values of Z such that U(v) =Z 
for at least two different values of v, and hence two different positive values 
of s. Thus F(s) —0 for more than one positive value of s. Since this is 
impossible, U can have no minimum and we conclude that U is positive and 
monotonic decreasing for «= n. 

From the expansion of Y, [equation (11)] we see that the graph of Y, 
starts off positive with a negative slope and hence lies between the U-curve and 
the L-curve for small v > 0. Since U is monotonic decreasing, the graph of 
Y, could cross that of U with zero slope. If it did so, however, it would 
thereafter be in the region of positive slope above the graph of U and hence 
would be bounded away from zero, This is contrary to the fact that Y, 
approaches zero from above as v approaches infinity [see equation (12) ]. 
Finally if Y,, were ever zero, the asymptotic behavior of Y, indicates that it 
would be zero an even number of times. This means that, at the points of 
crossing, its slope would alternate in sign. This is impossible since for 
Y, = Z = 0, equation (13) reduces to 


dZ/dv = — v'[1 — (n/a)?] — (n/a?) v4 [1 + (v/a)?]-? <0 for all v > 0. 
It follows that Y, is positive and monotonic decreasing for a= n. 
We have as a corollary to the first part of the theorem that 
(19) — 01K’, (v)/Kn(v) > (n/v?)[1 + (v/n)?]8 
for all v > 0. Hence if we define the auxiliary function 
(20) U(v) — (m/v) {1 + (v/n)2] — [1 + (0/a)?}} 
it follows from (19) that, for all v > 0 and all a >0, 
(21) Y,(v) >¥(2). 


We now consider the case a< n. In this case U and LZ need not be 
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defined for all v= 0. It will be convenient to consider U and L as functions ' 
of s; that is, as roots of F(s) = 0. 
U, L = [a?(s? —1)]7*{1— ns + [1+ n?+ @?(s?— 1) — (n/s) (1+ 8?) ]*}. 
For s small and positive, the radicand is negative so that the curves do not 
exist in this region. Each curve has its only positive singularity at s=1. 
This can be seen from the expansion of U about s = 1 

U = (1—n)/[a?(s—1)]+--- (s<i,n>1) 

U =a([2(s—1)]?+--- (s>1,n=—1). 
Now for Z > 0 the coefficients of F(s) have the signs (+--+ +—) and 
hence F(s) has one and only one positive real root. If Z=—0, F(s) =0 for 
s = [n(1—o)]”, where we have set o= (a/n)*. For any Z = 0 the value 
of s satisfying /'(s) =0 makes U(s) —Z. Hence, the graph of Z = U(s) 
crosses the s-axis at P,: ([n(1—o) ]~“*, 0) and crosses every line Z = constant 
> 0 just once. If we try to trace the curve Z = U(s) we find first that for 
n> 1 it approaches the line s 1 asymptotically from the left; it cannot 
cross the Z-axis, so that it must double back on itself; since it crosses each 
horizontal line (Z > 0) just once it can have no minimum; F’(s) is quadratic 
in Z and hence the curve cannot double back on itself more than once for 
s <1; for s>1 it cannot double back on itself above the s-axis, since this 


would imply a root L > 0, which is impossible for s >1 (i.e. v>0). It 
follows that for Z > 0 and n> 1 the curve must look like the sketches in 


Fig. a and b. 

If n =1, the graph of Z =U approaches the line s = 1 asymptotically 
from the right, and since it crosses the s-axis at (1—o)"' >1, it must 
decrease monotonically until it reaches this point. (See Fig. c; Z > 0). 

We shall study U for Z<0 by means of the auxiliary function 
w(v) defined by equation (20). At v0, U = [2(n—1)]7* — n/(22?), 
y= (2n)-' — n/(2a7), and L——o as v-->0- therefore y lies between 
U and L at v0. In order to determine the points at which the graph of 
y intersects that of U or L we go back to the equation defining U and L: 
that is, we insert Z = y(v) in equation (13), setting dZ/dv =0. One obtains 
by direct substitution of (20) into (13) 

(2n/v*) ([1 + (v/a)*]? — [1 + (v/n)*}} — [n/(wa®) [1 + (0/a)*]4 0. 


Solving for the real roots in v (that is s 21), we get (v/a)? = 40/(1— 40), 
(o = (a/n)* > 0), if and only if o< 1/4. For this value of », 


*It should be noted that for 0 < s < 1, L can be positive; whereas for 1 Ss (i.e. 
v > 0) Z must be negative where it exists. 
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y = — [n/(2a?) ][1— 40]? and s = [1—4o]*#. 


It follows that for n/2Sa<_n, the graph of w intersects neither the 
U- nor the L-curves for v = 0, since in this case o= 4. This implies that 
U and L are not connected and hence must exist and be single-valued for 
allv > 0. The graph of L starts at minus infinity and approaches the v-axis 
asymptotically from below. Hence L must assume all negative values of Z 
at least once. For a given value of Z < 0, U can therefore correspond to at 


Z 








U U 





Ss. 




















(a) (c) 


most two roots of the cubic F(s) 0. Since the U-curve crosses into the 
region Z < 0 from above and approaches the s-axis asymptotically from below, 
U can have but a single minimum for @ in the range n/2 seca RS 
clear that U > > L. The situation is therefore represented by the sketches 
in Fig. a, b, c.* 

For a < n/2, the function y has just one point in common with U or L 


(v=0), namely P,: 


({1— 4e]-?, — (20n)-*[1 — 40]#) 


‘It should be noted that for s21, U is single-valued because of the existence of 
L below it. For s < 1, however, the extension of U to the left of s = 1 (the lower part 
of which would properly be called L) is double-valued because of the existence of the 
upper branch of U which approaches s = { asymptotically from the left (if m > 1). 
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(in the (sZ)-plane). Now 
y— (U+ L)/2 = {n[1 + (v/n)?]# —1}0* > 0; 

thus y is always greater than the average of U and L (v=0), and hence 
the graph of y certainly lies above that of Z. Therefore it intersects the 
graph of U once (v=0) and thereafter lies above both the U- and the 
[-curves. 

We now wish to show that to the left of P2, that is, for 0 << s =[1— 40]*}, 
U has at most one minimum and no maximum. We show first that in this 
range, F(s) has precisely one root for --(2nc)"[1—4e]? << Z< 0. It 
follows that there is one value of s for each Z in this range for which 
U(s) =Z. We define G(Z) as follows: 


G(Z) = [ (40?n?) (1 — 40) -*/7]Z? + 2[n— (1 — 40) *#] [1 — 40] 7Z 
+ [n(1—o) — (1—40)*][no(1 — 40) J" = F[(1 —40)-4]. 
G(Z) is thus a parabolic function of Z, and 
G(0) = [n(1—o) — (1 — 40)! ][no(1 — 40)?#]7* > 0, 
since [1—40]?/n = [1— 40]? << 1— 20 << 1—co. Further since P, lies 


on U, G(—[1— 40]?/(2nc)) =0. The minimum of the parabolic function, 
G(Z), is 


Zm = — [1 — 40]?/(2no) - [n — (1— 404] /(2no) < — [1 — 40]#/(2no), 


since as above (n—[1—40e]?) >2no. Hence Z» lies below P.. Now 
G(Z) =0 for Z =— [1— 40]?/(2nc) and the minimum of G(Z) occurs 
for Z < — [1— 40]?/(2ne) ; it follows that G(Z) is greater than 0 for all 
Z in the range — [1—4o]?/(2nc) <ZS0. Returning to the function 
F(s), we have 


F(0) =— n*/2? < 0 (Z arbitrary) ; 
F({1—40]"?) =G(Z) >0 (for — [1— 40]#/(2nc) <Z=0). 


Hence the equation F(s)—0O has an odd number of roots for 0s 
<= [1—40]"? and fixed Z, (— [1 — 40 ]#/(2nc) < Z=0). If we can show 
that the graph of F(s) has no point of inflection in this region it will follow 
that there is exactly one root. Now F’(s)=0 for s=—2/(3noZ). 
For Z > — [1— 4e]?/(2ne), i.e. Z< [1—4e]?/(2ne), this value of 
s > (4/3) (1— 40)? > (1— 4e)?; thus the point of inflection is to the 
right of Po. 
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As we have seen, the U-curve enters the lower half of the (s, Z)-plane 
by crossing the s-axis at the point P,;. Since F(s) has precisely one root 
to the left of P. for each negative Z above P2, the U-curve must proceed 
downward without a maximum or a minimum in the region R above and to 
the left of P:. It must pass out of R at P. or to the left of P.2, since P, 
would otherwise lie on ZL. If it passes out of F to the left of P. it can not 
again enter R, because if it were to do so /’(s) would have more than one 
root for some value of Z in R. On the other hand, the curve eventually passes 
through P., so that it must have a minimum below P,. Furthermore it can 
have no other extremum below Pz, since F(s) can have at most three roots 
for any value of Z. Finally for v in the range 0 Sv S 2a[o/(1 — 4e) ]? 
(i.e. 1 Ss S[1— 4e]+), the curve L exists below y; if follows that U(v) 
is single-valued in this range. Thus U(v) is single-valued and has at most 
one minimum but no maxima to the left of P,. There are thus only 
three possible descriptions of U(v) to the left of P.. U(v) is monotonic 
decreasing: U(v) has a single minimum and no maximum; U(v) is mono- 
tonic increasing. The latter case occurs only if U(v) is initially increasing, 
ie. if aS |[n(n—1)?(n— 2) ]*%. 

The proof of the theorem for «<n is now straightforward. When 
[n(n — 1)*(n—2)]4 <a <n the graph of Y, starts off below the U-curve 
with a negative slope. In the upper half-plane, U decreases monotonically 
until its graph intersects the v-axis. The graph of Y cannot intersect that 
of U above the v-axis, for if it did so it would enter a region of positive 
slope and remain bounded away from the v-axis; this is contrary to the 
behavior of Y, at infinity. Furthermore, the graph of Y, cannot intersect 
(with zero slope) that of U where U is increasing. On the other hand, since 
Y, is eventually increasing, it must enter a region of positive slope at some 
time. Now Y,>yW> L. Hence the graph of Y, intersects the U-curve 
below the v-axis at a point at which U is decreasing. Thereafter Y, cannot 
enter a region of negative slope. For if it intersected the graph of U again, 
the intersection would have to occur at a point of increasing slope for U 
(to the left of P, if «<n/2). In this case Y, would become trapped 
between y and a monotonically increasing portion of U; it could never again 
enter a region of increasing slope. This is contrary to the behavior of Y, 
at infinity. 

For «= [n(n—1)?(n— 2) ]%, the graphs of both Y, and U start out 
with positive slopes and with Y, above U. In this case U is monotonic 
increasing at least up to the point P,. Hence if Y, ever entered a region of 
decreasing slope, it would have to intersect the U-curve to the left of P.. 
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As before Y, would thereafter be trapped between y and a monotonically 
increasing portion of U. In this case Y, would remain in a region of 
decreasing slope and therefore be bounded away from the v-axis; this is 
contrary to the behavior of Y, at infinity. It follows that Y, is monotonic 
increasing for all v >0. This concludes the proof of Theorem 2. 


Theorem 2 furnishes us with some useful bounds on the function 
— v'K’,(v)/K,(v) and its derivative. For «2 =n(n—1), Yn is initially 
zero and is negative thereafter; for an, Y, is always positive. For 
a = [n(n —1)?(n—2) |%, dY,/dv is positive (v > 0); for a—=n, dY,/dv 
is negative (v >0). We have thus proved 


CoroLuaRyY 2.1. For all n=1 and all v>0, 
dn(v,n) <—vtK,’(v)/Kn(v) < gaf{v, [n(n — 1) ]*}, 
dn {v, [n(n — 1)?(n— 2) ]4*} < [—- v1 Ky’ (v)/Kan(v) )’ < dn’ (0, 0). 
Combining the results of the previous corollaries to Theorems 1 and 2, 
— Ky’ (v)/Kn(v) > on(v, 2) > on’ (v)/In(0). 
In other words, In’(v)/In(v) + Kn’(v)/Kn(v) < 0, and hence: 


CorotuaRY 2.2. For all v=0 and nZ0 
oom >] 


[In(v)Kn(v)]’ < 0. 


The case n = 0 requires a special and somewhat tedious argument. For 
the details of the proof we refer the reader to the original report of which 
this paper is a part.° 


THE UNIVERSITY OF SOUTHERN CALIFORNIA, 
COLLEGE OF THE CITY OF NEW YORK, 
NEw YorK UNIVERSITY. 


5 See pp. 54-57 of ‘A Helical Wave Guide’ by Phillips and Malin, New York Uni- 
versity Mathematical Research group, report No. 170-3, Army Air Forces, Watson 
Laboratories. 
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ON THE APPROXIMATION OF IRRATIONAL NUMBERS BY THE 
CONVERGENTS OF THEIR CONTINUED FRACTIONS, II.* 


By ALFRED BRAvER and NATHANIEL MACON. 





Introduction. This paper is a continuation of our previous paper with 


| the same title [this JouRNAL, vol. 71 (1949), pp. 349-361]. The enumera- 
© tion of the chapters, theorems, and equations will be continued here. We 


are now able to improve the results of Chapter 4, in which we obtained lower 


: bounds for the sums of two, three, four, and eight consecutive A, and used 


the results to obtain a lower bound for lim (s ui)/m. In this paper, these 
nn. 


results are not only improved, but in addition we obtain the best possible 
bound for the sum of k consecutive A, for any given k, and the best possible 


m—1 


bound for lim ( } Ai) /m. 
~~  4=0 


If 
(45) f-2 = i f-1 == (), fo = 1, fi = 5 f= 2, f= 3, i= a? a 


are the numbers of Fibonacci, then we set 


(46) Boe : fixr/fe 


It will be shown that for every irrational number é, for every &, and for 
k-1 
every n, we have SAnswe >k-+ 2F;, but for every integer k and for every 
kK=0 
k-1 
«> 0 it is possible to construct irrational numbers é for which 3 Anw < k 
K=0 


+ 2F, +, for infinitely many values of n. 
A theorem of Hurwitz [10] can be formulated as follows: 


m—1 
lim (>i) /m = 5? 
moo ¢=0 
for = (1+ 5')/2 and equivalent numbers €. 
The following generalization of this theorem will be proved. For every 


m—1 
irrational number é, we have lim ( } Ai) /m Z 5}. 
“Shins oe 
* Received May 2, 1949. Presented to the American Mathematical Society, December 
29, 1949. 
419 











420 





ALFRED BRAUER AND NATHANIEL MACON. 











5. Some lemmas. Let = [q,9:,- - -,Qn,* - *] be a given irrationa 
number. We shall consider the sum An -+ Ana +* * *-+ Anka for any given 

nand any k>1. 
Let ¢ be an integer such that 1S¢=k, and let gnaiz+ 1 == g*,,;, 





















Consider the irrational number £* = [qo, qi,° * * 5 Qnst-1) U*nsts Qnsters* * *], P 
and denote by A*nse, E*nix, *n+x the values corresponding to Anse, Ense> dry 
respectively, for é*. q 


LEMMA 2. We have 


(47) > Tee wee | 








Proof. It follows from (6) that 





(48) Enan = [ Qnsks Qn+x+19 is “ds 


Hence €*nic Ens, (k = t+ 1,¢-+ 2,-- +), and it is sufficient to show that 4 


(49) z (€* nex eon Ensx) > 4. i, 


Now 








(50) Pia ——becee id, : 
and ; 
ci Bases gnc 1) Ghee + 1) gress — bine 

= — 1/bnt (Ent + 1). : 


Since én.t > 1, we have 
(51) —} 4 EF nst-1 ae Enst-1 < 0. 


Moreover, EF ns — Ensn-1 = Fe = 1/En+x — (€nsx : ge / (énex€* nse), 
(x =t—1,¢—2,--,1). Hence the left member of (49) is an alter- 
nating series with decreasing terms. Thus it follows from (50) and (51) 


that > (EF nx — Enix) > 1— 4 — 4. 
K=t 
LEMMA 3. We have 
k 
(52) > (b* nsx ag dnik ) > ea 4. r 


Proof. It follows from (7) that dnase = [0, Qnsx-1> Qnsx-2° °°» Qi]. Hence, 
b* nsx = dnix, (kx =1,2,--+,¢), and we only need to show that 








(53) Pts kay eg 


K=t+1 











ational . 
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eRe eater reins cr te.) sin 
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Now $* nster — Onstes = 1/(Qnst +1+ Pnst) ai 1/ (nat + dnt) ——— 1/(Qnst 
+ 1 + dnit) (Qnst “- dnst)- Hence 
(54) P* nste1 =e Pnst+1 a” —m 4. 
In addition, for ce —=t+1,¢+2,---, 


: b* nek —" nik = (p*¥ nix + nsx ) ance’ (dn+x + Qnsk ) 7 1/* nsKs1 rao 1/onsx+1 














Q* nt 
od 
C9 Pris 
r that 7 

° 

a 

4 
1k); 4 
ter- | 
51) 


Ce, 








= (bn+xst a D* nana) /Pnsks1P nse: 


Since 0 < dnsxiib* nics: < 1, the left member of (53) is an alternating series 


with decreasing terms. Thus (53) follows from (54). 
k-1 
Lemma 4. For every k >1, we have > (A*nse —Ansx) > 0. 
K=0 


k-1 k 
Proof. By Lemmas 2 and 3, we have 3S (A*asxe —Anex) =D (E* nox 
K=0 k=1 
k 
—énix) + Dd (b* nsx — bnex) > $—}—=—0. By successive: application of 
K=1 
Lemma 4, we obtain 


Lemma 5. Let §€ = [o,Qiy° * *5 ny Yns29° * > Qnsks Qneksi,’ °°] be an 
arbitrary irrational number. If we set 


(55) E= [ Go ss. 5s yA a ‘ ‘om Qn+k+19 Un+k+29° ° - 


k-1 k-1 be 
then S\Anse = DS Xx where the Xun are the r-values associated with &. 


K=0 K=0 
Lemma 6. Let a be the finite continued fraction [qo,q1,° °°, Qn, 1,1, 
-+ +1] where the last k partial quotients are each umty. If the complete 


k 

quotients are denoted by av, then Si tnx =k + Fy, where Fy, ts defined by 
K=1 

(45) and (46). 


Proof. It follows from the recursion formula for the convergents that 
(56) Tnk-t = fir/Tfe (1=0, i,° : -,k—1). 
k k-1 k-1 
Hence Zz lnk = Zz fis /fi — k + p> fia/fi — k + F;. 
K=1 4=0 4=0 
Lemma %. Let & again denote the continued fraction (55). Then the 


k 
complete quotients satisfy the inequality > Ens > k + Fr. 
K=1 


Proof. From (48) we obtain here &n..-i=[1,1,- - -,1,€sna], (+= 9, 
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1,- - -,&—1), where the first 1+ 1 partial quotients are 1’s. It follows 
from the recursion formula for the continued fraction and from (56) that f 


(57) ; ae — (fesrerne + fi)/ fEnskee1 + fi-), (a aes 0, ay ce a k 7 1). 


Differentiating with respect to Suckers we have dén.xi/dénike = (fifisrEnsen i 
+ fi-sfier — fifierEnsisr —f?)/(finsesr + fir)?. Using the formula fisfi, 9 


— f;? = (— 1)** for the Fibonacci numbers, we obtain 


dEn.x-i/ dEnskess —_— (— 1 ) 1 / (feb ssnes + fi-1 ) °, 
4, k-1 : a ' 
Hence > (dénsx-i/dénsxer) = DX (— 1) **/(fi€nsner + fir)®. The right member | 
i=0 i=0 


is a finite alternating series with decreasing terms. Since the first term is J 


Oe 
negative, the sum is negative. Hence 3% én.« is a decreasing function of Ensx.:. | 


K=1 
Therefore, by (57), 


D En > te at ee TT ee ey 


Enikit > © i=0 


k-1 k-1 
= 2 fia/fi= 2X (1+ fia/fi) = h + Fr. 
i=0 i=0 
Corresponding to Lemma 7, we have 


k 
LemMA 8. DS dnic = Fy, the equality holding only if n=0. 


K=1 


Proof. It follows from (7) that 
(58) dni = [0, Qnsxry nex-2y° °° > Qi]. 
If n = 0, then proceeding as in the proof of Lemma 6, we obtain ¢n.<« = de § 
= [0,1,1,- + -,1] = fie-o/fear, (k =1,2,---,k). Hence Doe = 3 fes/fes ‘ 
= S fea/fe— Fe 


Now consider the case n = 1. We obtain from (7) dane = [0,1,1,---,1, 9 
Qn + dn], where the 1’s occur x —1 times. Similarly to (57), we get 


(59) n+ ai [fr-2(Qn + on) + fr-s)/ [fr-1 (Qn + on) + fr-2]. 


Upon differentiating with respect to gn + ¢, and summing, we obtain 


E Uron/d( + dn) -> (— 1)*/ [fe_1 (Qn =- dn) + fas]. 


k “ 
It follows as in Lemma 7 that > dnix is a decreasing function of gn + dn § 


k=1 





follows 
}) that 


-1). 


r1Snsky : 


fi-sfia ‘ 


ember 


rm is § 


Seen 


APPROXIMATION OF IRRATIONAL NUMBERS. 
Therefore, by (59), 


D Fn > lim 3 [fe-2(Qn + bn) + fis )/[fe+ (Qn + on) + fr-2], 


where Gn + $n ; 1.€., 


k k-1 
x bun > = fe+/fe= Fr. 


6. A generalization of a theorem of Hurwitz. We are now able to 
prove the following theorem: 


THEOREM 17. For every irrational number &, for every k > 0, and for 
k-1 
every n, we have > Ans > kh + 2K. 
k=0 


Proof. For k=1, the theorem is trivial. For given n and k >1, we 


define € as in (55). It follows from Lemma 5 that 
k-1 ee 

(60) pe ep op ee 
K=0 kK=0 

and from Lemmas 7 and 8 that 


(61) po gad > (Ensx + dnsx) = k - QF. 


The theorem follows from (60) and (61). 

Theorem 17 contains Theorems 4, 12, 13 and 15 as special cases. More 
exactly, it follows that the sum of any three consecutive A, is greater than 6 
for every irrational number é. For the sums of four, five, six, seven and 
eight consecutive A,, we obtain correspondingly 25/3, 158/15, 767/60, 
11711/780, and 31399/1820. Using this last bound for eight consecutive An, 


m-—-1 

we obtain lim ( } A;)/m > 2.1565 instead of Theorem 16. However, this 
i=0 

result can be improved as follows: 


THEOREM 18. For every irrational number &, we have 
m-1 
lim ( }Ai)/m = 5}. 
i=0 


m-—1 
Proof. From Theorem 17, we have }Ai/m > (m+ 2Fm)/m. Now it 
i=0 


is well known that the quotient of two consecutive Fibonacci numbers fi/fi-1, 


tends to (5!-+1)/2 as 7 tends to infinity. Thus it follows from (46) that 


m—1 
lim Fy,/m = 2/(5¢+-+1). Hence, lim ( ¥A)/m 21+ 4/(5? + 1) = 5}. 


4-0 





424 ALFRED BRAUER AND NATHANIEL MACON. 


The example € = (5! + 1)/2 shows that Theorem 18 cannot be improved. 
In addition, we wish to prove that the bound given in Theorem 17 is the 
best possible. 


THEOREM 19. For every given integer k and for every «>0 itt is 
possible to find irrational numbers & such that, for infinitely many values of n, 


k-1 


DAnx <b + 2F_ +e. 
«=0 


Proof. Let n be an arbitrary positive integer, and choose any number 
€ for which gnix = 1, (ek =1,2,---,%). Then it follows from (57) that 


k-1 


2 Ens — = (fisrEnstees + fi) / (fienexes + fi-1). 


k 
ps En+k — 
K=1 


i= 
It was shown in the proof of Lemma 7 that this sum is a decreasing function 
of En.x+1 and that the right member tends to k + Fx as €nx.1 becomes infinite, 
i. @. @8 Qnsz+1 becomes infinite. Thus, for sufficiently large gniz.1, we have 


(62) SEcchi he tk 


K=1 


k 
Similarly, it follows from the proof of Lemma 8 that lim © ¢@nue << & + Fy + te. 


Qn © K=1 


Hence, for sufficiently large qn, we have 
k — 
(63) DX gnc < Fi + te. 
kK=1 


If we choose an irrational number é such that ni: = (nig =* °° = nek = 1 
and such that gn and Qn... are so large that (62) and (63) are satisfied, 


k-1 
then ») Answ < & + 2F;, + for this number é. 
«=0 


If ny < m2 <- - - isa set of positive integers such that ni. — mj = k + 2, 
(¢—=1,2,-- -), then in the same way we can construct irrational numbers 
é such that 


k-1 
DAnwx Kk + 2Fe te, (i=1,2,--- 
K=0 


Thus the proof is complete. 
We use the opportunity to remark that in the statement of Theorem 11, 


“n >2” should be inserted after An-2, An-1;° * * 5 Ansam-1- 
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